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An Entropy Theorem for Computing the Capacity of
Weakly (d, k)-Constrained Sequences

Augustus J. E. M. Jansse8enior Member, IEEEand
Kees A. Schouhamer Imminkellow, IEEE

Abstract—n this correspondence we find an analytic expression for the
maximum of the normalized entropy — >, . p; In p;/ 3, . ip; where
the setT is the disjoint union of sets.S,, of positive integers that are as-
signed probabilities P,, >, P,, = 1. This result is applied to the com-
putation of the capacity of weakly (d, k)-constrained sequences that are
allowed to violate the(d, k)-constraint with small probability.

Index Terms—Capacity, constrained code,(d, k) sequence, entropy,
magnetic recording, RLL sequence, runlength-limited.

|. INTRODUCTION AND ANNOUNCEMENT OFRESULTS

LetT be a set of positive integers, and assume Thit the disjoint
union of a (finite or infinite) number of nonempty sefs, n € M.
Also assume that there are given numbErs > 0, n € M, with
>. Pn = 1. We show the following result.

Theorem: The maximum of

-2 pilnp;
> ips @
€T
under the constraints that > 0 and
Zpi:Pn, n €M
i€Sn
equalszg, wherezy > () is the unique solution of the equation
- > PilmQuzx)==> PP, 2)
neM neM
with Q. (z) given forz > 0
Qn(z):= Z e ', n € M. (3)
i€Sy
Moreover, the optimap; are given by
Pn —1z . y
pi = =0, 1€85,.neM (4)
Qn(20)
and for these; we have that
. d
Z ipi = c;f -S> Pm Qn(:)} (20)- (5)
ted neM

As an application of this result we consideeakly constrained
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sequences. Clearly, the extra freedom will result in an increase of the
channel capacity. Ad, k)-constrained sequence can be thought to be
composed of “phrased0’, d < i < k, where0* means a series of
“zeros.” In order to compute the channel capacity, i.e., the maximum
z0/In 2 of the entropyH /In 2, we define

T={l,---,dyU{d+1,---, k+1}U{k+2, E+3, -}

2151 USZ US;; (6)
whered = 0,1, ---,andk = d + 1, d + 2, --- are given, and we
compute the capacity for the case that the probabilffies; assigned
to the setsS;, S3 are both small. Clearly, the quantitiés and Ps
denote the probabilities that phrases are transmitted that are either too
short or too long, respectively. We find that the familiar capacities of
(d, k)-constrained sequences [2] are approached from abovg,as
Py — OwithanerrorA( P, ln Py +P; ln Ps), where we can evaluate
the A explicitly. We obtain a similar result for the case tffats as in
(6) with Sy, S; merged into a single s&; U Ss.

Il. PROOF OF THETHEOREM

We present the proof of the theorem for the case that thé sand
consequently the sef®/ and.S,, n € M, are finite. The case that
some of these sets may be infinite gives no particular problems, but
complicates the presentation given below somewhat. At the end of this
section, we shall indicate some modifications that are needed to have
the argument work for this more general case as well.

The plan of the proofis as follows. We fix> 0 inaranggz—, =]
to be specified below, and we maximize, using Lagrange’s theorem, the
quantity

-1
— p: In p; (")
€T
overp; > 0 under the constraints that
Z ipi =, Z pi = P, n € M. (8)

ieT i€S,
The maximum value of (7) thus obtained is maximized over
x € [z—, z4+] and this yields the maximun# in (1) under the
constraints on the; in the theorem.
The range of: to be considered in (7) and (8) is equalto., x],

where
Z P, Z .
L4 = |S— 2.

r_ = E P, min 1 |
=
neM " neMm N es,

9)

(d, k) sequences [1]. A binanyfd, k)-constrained sequence haslO see this, we observe that for any choiceppfi € T, satisfying

by definition at leasl and at most: “zeros” between consecutive 2_ics Pi = Fn, We can increase the value Bt in (1) by ordering the
“ones.” Such sequences are applied in mass storage devices sudh &er sets. decreasingly. Indeed, this does not change the values of
the compact disc (CD) and the DVD. Weakly constrained codes do mo_;cr Pi ln pi and}_. .o pi, n € M, while it decreases the value
strictly work to the rules, as they produce sequences that violate fe>_;c 7pi- Nowz_ corresponds to the case that all m&sf 5., is
specified constraints with a given (small) probability, see Section [@ssigned to the minimal element®f, n € M, while = corresponds

for an explicit description. It is argued that if the channel is not fre® the case that all elements®f are assigned equal mas$gs| " P .

of errors, it is pointless to feed the channel with perfectly constrained To minimize (7) under the constraint (8), we observe that (7) is a con-

tinuous, strictly concave function of the's restricted to the convex set
described by (8) angl; > 0,4 € T". Hence the maximum of (7) under

Manuscript received May 20, 1999; revised November 19, 1999. The matefiaé given constraints exists and is unique. By applying Lagrange’s mul-
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?irst constraint and the second constraints in (8), respectively, such that

thep;’s in (10) satisfy (8). From what has been said above we have
A > 0.

0018-9448/00$10.00 © 2000 IEEE



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 3, MAY 2000 1035

It is easy to show that the constraints (8) imply that As in (14) and (15) we have thaR?,,(z)/Q(z))" < 0, with equality
signs for alln only in trivial cases, whencé\(z)z)' < 0. Also, it is
une +1=[Q.(Ax)/P.], neM (12) easy to see that
with Q.. given in (3), and that hﬁn M)z =0 1|1m Moz = oo 22)
RU(AI) ey rlx
r= P, 12 . . -
" ; Qn(Aw) (12) as required. Hence, except in trivial cases, we have that

P, 1 increases fromc to
with R,, given forz > 0 by 2 n @n(Ma)z)

Ro(z):= Y ie™" ==Qh(2), n€DM. (13) D Pa Sl 20> Pl Py
1€ESy

We shall now show that for any € (z_, z.] there is a unique asx increases from_ to x4. Therefore, there is a uniqug such that

: ‘ ) (20) holds.
solutionA € [0, e0) of (12). Indeed, we have far > 0 fixed that Evidently, H(z) assumes its maximum at the of the previous
d {R,,,(Ax)} - R, (A2)Q.(Az) — R, (A2)Q, (A\z) (14) paragraph, and we have at this from (17) that
Qa) | T 2 (A

@n(Ae) (Az) H(xo) = AMwo)ao =: z0. (23)

and forn € M,z >0
, Thus we see that the maximumHf(x) overz € (x_, 24| equalsz,

R, (2)Qn(z) — Ru(2)Qn(2) , wherez, is the unique solution = A(z)z of the equation

= _ Z eT Y T (Z ic‘”) <0 (15) - P Qu(z)==> P.lnP,. (24)

€Sy 1€Sy €Sy n n

by the Cauchy-Schwarz inequality with equality if and onlfifis @  This proves (2) of the theorem. From (12) and (13) and the definition
singleton. Also of A\(x) we get the formula (5), and the explicit expression forjthe
in (4) follows from (10). This completes the proof of the theorem.
Z P,L R ( =4 hm Z P,L R ( =x_.

Hence, except in the trivial case that 8J]'s with P, > 0 are single-
tons, the right-hand side function in (12) strictly decreases fronat

We now briefly comment on the required modifications to have the
argument of the proof also work for the case that some of theSsets
are infinite. Nowr4+ = oo, and we must consider€ (x—, x1). Also,

. for = x_, oc) fixed, the right-hand si f (12) strictl r
A= 0tor_ ath = oo, as required. for = € (x—, oo) fixed, the right-hand side of (12) st ct_ydecz_aases
in A fromoc atA = 0tox_ atA = oc, whence there is a unique

Denoting the unique solution ofof (12) byA(x) for« € (-, 4], solution\ = A(x) of (12). Finally, the maximization of (x) over
we find from (11) and (12) for the maximum value of (7) under the . 7 ) )

z € (z_, oo) can be done in a similar way as in the case of fiffite

constraints (8) that

H(z) = Xaz)z — — Z P, 1n P, + ZP,L In Q. (A(z)z). . .
We shall now apply our theorem to the computation of the capacity
(17)  of weakly (d, k)-constrained sequences, these being allowed to vio-
To maximizeH (x) overx € (x—, v4] we differentiateH (=) with  |ate the(d, k)-constraint with (small) probability. Accordingly, we let
respect tor, and we get using (13) d, k be two nonnegative integeris,> d (with & possiblycc), and we
consider the sef’ = {1, 2, - - -} partitioned as

ll. A PPLICATION TOWEAKLY (d, k)-CONSTRAINED SEQUENCES

H' () =(Ma)2) Z P, 1n P,
T={1,---,d}U{d+1,---, k+1}U{k+2,k+3,---}
+_—ZP In Qn(Ma)x) =5USUS; (25)
R,L(/\(t)x) where the set§,,, n = 1, 2, 3 are assigned probabilitids, > 0 with
A(l) ) Z By Qn (A Vr)© (18) P, + P, + P; = 1. For this kind of application it is customary to

consider the normalized entropy
By (12) and the definition ok(x) it thus follows that

—Zp,- log, pi
1 H=—"— = _—"H 26
Hl(.c) == (Z P, In P, — Z P, In Qn()\(.l)i)> . (19 Z:zpi In 2 (26)
We shall next show that there is a unique€ (v—, x4+ ) such that With H of (1).
We compute for: > 0
H'(20)=0; H'(z)>0,2<zo; H(z)<0,2>ax0. (20)
d dz
. 1—e _.
We first observe thax(«)« decreases frorw to () asx increases from Q1(z) = Z e = 1 _e —ec (27)
2— to x4+. Indeed, from (12) and the definition af ») we have i=1 ¢
4 [Ra(A)2) S e
x)a 2) = IR g —F
1= p, & | S AL Q2(z) = e = — e (28)
; dz {Q (/\(w)x)} i=d+1 1—e
%0 ) —(k+1)=
d R,l z —uz e —z
=(\x)z) Z P, < ))) (z = Az)x). (21) Qs(z) = Z S (29)
= i=k+2
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By the theorem, givei?;, Ps, the maximum valu€'(d, k; P, Ps)
of H under the given constraints is equal#gq P, P5)/In 2, where
zo = zo(P1, Ps) is the unique solution of

=Py In Qi(2) = Py In Qa2(2) — P3 In Q3(2)
—P1 In P] bl PQ In P2 bl P3 In Pq

(30)

WItth =1-P — Ps.

We are particularly interested in the behavioctfd, &; Pi, Ps) as
a function of P, P; small. We first observe that faP, = I3 = 0,
P, = 1, (30) reduces to

efd;, _ 67(k+1);

i.e., withy = ¢” to
yFt2 gkt _kmdtl g ) (32)

This is the familiar equation associated with perfeatlyy #)-con-
strained sequences for which the capadityd, k) is given by

logs yoo = zoo/In 2, wherezgo is the unique positive solution of (31)

andyoo IS exp (zo0). Since thel,, (=) are smooth functions of > 0,
there holds for: close tozoo

Qn(z) = Qu(z00) + (2 — 200)Q (200) + O((z — 200)°).

From (30) it follows from some elementary considerations that

(33)

Zo(Pl, P3) = Zpo + O(P1 In Pl + .P;g In P3)
For smallP;, P; we thus get thato (P;, Ps) satisfies

In Qu(z0(Pr, Ps))
:Pl 111 P1+P5 111 PJ_(P1+PJ) - P1 111 Ql(Z()o)
—P3 111 Q;3(200)+O((P1+P3)(P1 111 P1+P3 hl P3)) (34)

Hence, using thaf)2(za0) = 1

Q2(z0(P1, Ps)) = Q2(z00) + A + ¢ (35)
where
A=P InP +P;In Ps— (P, + P3)
— P In Qi (200) = P3 In Q3(200) (36)

and here and in the sequetienotes ari)-term as in the third line of
(34). Therefore,

A

z20(Pr, P3) — 200 = =—— + 37
0( 1 3) 00 Q'Q(Zoo) € ( )
and it follows that
Cld ks P Py — C(d, by = P B Z2o0 A
111 2 QQ(,‘J[)())
(38)
with
_ A )
A= - :Pl10g2P1+P310g2P3—P110g2621(200)
log, 2
P+ P
— Py log, Qa(z00) — " (39)
In2

Thus the differenc&’(d, k; Py, Ps) — C(d, k) consists of a linear
combination of termd” log, Py, Ps log, Ps, P, P5, and are-error
asP, | 0,P | 0.
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Fig. 1. The capacity’(d, oo; P;) of weakly d-constrained sequences as a
function of the probability?; that the sequence violates the giveoonstraint.

Example 1: Takek = oo so that the terms with indeX disappear
altogether. We have now

e?* —1 i 1
Q)= mm o @B = gmn o ¢0
Equation (30) becomes
=P ln Qi(z) = (1 — P) ln Q2(z)
:—P1111P1—(1—P1)111(1—P1) (41)
with solutionzo(P;) for 0 < P; < 1. Observe that
. _ _ /‘.’0(0) _
C(d, o0; P, =0) = w2 = C(d, o)
C(d, 003 P, = 1) = /’10(12) — 00, d—1). (42)
n

In Fig. 1 we have plotted'(d, oc; P ) as a function of”; € (0, 1)
ford =1, 2, 3. Itis seen that’(d, co; P;) has maximum unity, and
we shall show that this maximum occurst = 1 — 27¢, Indeed,
using (40) and (41) we get far= zo ()

In e® + ln(e* —=1)—- D1, ln(edz — 1)

=-PlnP—(1-P)u(l-"F). (43)
Differentiating implicitly with respect ta? and setting
(dzo(P1))/dPy =0
we easily obtain
P =1— 90, (44)

Substituting thisP; back into (43) we then exactly obtaig (P )
In 2, as required. The above result can also be understood by noting
that if the capacity is unity, the distribution is giveny= 27",i > 1

[3], so that the maximum occurs & = 1 — 277,

We next present two examples. The first example is merely meant toas to (38) and (39), we lafoo = exp (z00), SO thatyeo is the unique
check that the theorem yields results that are in agreement with whglytiony > 1 of

one can also obtain by more elementary means. The second example is

relevant for storage practice. y (45)
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Fig. 2. The relative capacity gaifi(0, k; P5)/C(0, k) — 1 of weakly k-constrained sequences as a function of the probalftlitthat the sequence violates
the givenk-constraint. The upper curves are computed with full accuracy, while the lower curves are computed with approximation (55).

and we compute The formulas (38) and (39) yield fdfs — 0
Qi(z00) =¥oo =1 Q4(z00) = —(d + 1 +yo)- (46) (0, k: Py) — C(0, k)
P; log, P — P31 Q3(woo) — Ps/In 2
Therefore, there holds =3 08 Ta T s (,)gQ @a(woo) = Py/In +e (53)
Q3 (woo)
C(d, 003 1) = C(d, o) » We compute, using (52) repeatedly
_ Pi(log, P —logy(yo0 — 1) — 1/In2)
T d+1+yg “7) 1
Yoo Qs(woo) = T
&£ —
and, indeed, Fig. 1 shows-aP; log, P,-behavior ofC'(d, oo; P1) — 0o 5
C(d, o) nearP; = 0. Qb(woo) = — 2+ T (54)
Too —

Example 2: We now consider the case that 0 andk > 6, so that
Finally, whenk > 6 we have (see the second formula in (52)) that
T={{1, -, k+1}U{k+2,k+3,---} =5 US3 (48) s close to2, whereQs (woo) = 25+, Q5 (woeo) &= —2. This yields
the approximation ags — 0
where the set$, andS; are assigned probabilitie®, and Ps, P> +
Py =1, with 5 small. In fact, this is Example 1 withl replaced (o, &; P5) — C(0, k)
by k 4+ 1, S; replaced by5., S2 replaced bySs, and P, replaced by 1
P, = 1 — P5. Hence we consider Fig. 1 at the far right-hand side of ~ 5(=Ds logy Ps — (k+1)Ps logy woo + P3/ln2). (35)
the P; -axis. Accordingly, we have
In Fig. 2 we have plotted the relative capacity gain

€(k+l)w -1 1
@)= mme —cmoe @)= Came e C(0, k; P3) — C(0, k)
. . o @9) C(0. k) (56)
where we have writtew rather than: to avoid confusion with the in
Example 1. Equation (30) becomes fork = 6, 7,8, 9andP; € (0, 0.002]. It is seen that (56) exhibits

the expecte(éP;S log, Ps behavior forPs; very near to zero, but that
—(1=P5) In Qa(w) = Ps In Q3(w) the linear terms at the right-hand side of (55) dominateRhéog, Ps
=—(1-P)In(1—-PFs)— Py In Py (50) termfromP; =2 %! onwards (see end of Example 1). As we can see
in Fig. 2, the approximation given in (55) is quite accurate, especially
the solutionw of which we denote byuo(Ps). For the corresponding for larger values of.
capacity atP; = 0 we have We finally consider the case that, withand k as before, the set
T = {1, 2, ---} is partitioned as

C(0, ks Py = 0) = '“I’D(g) = C(0, k). (51)
. T={1,--,d.k+2,k+3, -} U{d+1, -, k+1}=5,US,
Denotingwq(0) = woo andzoo = exp (woo) We have thatq is the (57)

unique solution: > 1 of the equation

2 - ) 1 sothatset$:, Ss in (25) are merged into one s&t, with probabilities
T =227 +1=0, le,x=2- prsg (52) P, P, assigned t5;. S». The analysis for this case proceeds along
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the same lines as for the partitioning’Bfas in (25). In particular, we  In a finite-state encoder, arbitrary user data sequences are encoded

have now to constrained data sequences via a finite-state machine. The encoder
1= e 4 pektbs is said to haveate p : ¢ if at each step of the encoding process, one
Qi(z) = 1—e = e p-tuple of user data is encoded to op¢uple of constrained data in
e—ds _ o=kt 1)z such a way that the concatenation of the encagtuples obeys the
Q2(2) = B P — e’ (58) given constraint. For the purposes of limiting decoder error propaga-

tion, decoding is usually implemented via a sliding-block decoder. One
method of constructing finite-state encoders isdtae-splitting algo-
rithm (also called the ACH algorithm) [1], [14]. The main purpose of

, , our correspondence is to show how to adapt the state-splitting algo-
C(d, k; Py —C(d, k) = Pi(logy Py —logy Qu(z00) =1/W2)  yithm to the time-varying setting and to use it as an outline for con-

(the same)- asin (28)), and’(d, k; P, = 0) = C(d, k). Also, zoo
is the same as before, and for the behavio€'6#, k; P) asP | 0
we now find

@5 (z00) structing high-rate codes with limited error propagation.
2
+ Oy log, I1). (59)  The state-splitting algorithm begins with a representation of the de-
sired constraint and iteratively constructs a sequence of graphs, ulti-
IV. CONCLUSIONS mately arriving at a graph that can be used as an encoder. The last step

in the construction is theata-to-codeword assignmemthere input la-

We have presented an analytic expression for the maximum of fh&ls (or tags) are assigned to the edges of this graph. At each state this
normalized entropy- >, . pi In p;/ 37, ép: under the condition amounts to a 1-1 assignment between the set of all bjndmples and
thatT" is the disjoint union of set§,, of positive integers that are as-2? of the outgoing edges. The choice of assignment can significantly
signed probabilities”,, >, P = 1. This result has been applied toaffect the complexity and performance of the code.
compute the capacity of weakiy, k)-constrained sequences that are \yhen;, is relatively small, one can usually find a reasonably good
allowed to violate théd, k)-constraintwith a given (small) probability. assignment simply bgd hocexperimentation. But whenis relatively

large, there are far too many possible assignments and a poor choice
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