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A Practical Method for Approaching the
Channel Capacity of Constrained Channels

Kees A. Schouhamer Imminl&ellow, IEEE

Abstract—A new coding technique is proposed that translates  For reasons of hardware and error propagation [3], current
user information into a constrained sequence using very long channel code implementations are very often small and byte-
codewords. Huge error propagation resulting from the use of long oriented. The efficiency of such small codes, in terms of

codewords is avoided by reversing the conventional hierarchy o .
of the error control code and the constrained code. The new channel capacity, is typically less than 97% [2]. In accor-

technique is exemplified by focusing or{d, k)-constrained codes. dance with the adage “The bigger the better,” a greater code
A storage-effective enumerative encoding scheme is proposed forefficiency can only be realized by codes with codewords

translating user data into long dk sequences andice versaFor  that are much longer than currently in use. Although we
dk runlength-limited codes, estimates are given of the relationship know how to construct such efficient codes in theory, the

between coding efficiency versus encoder and decoder complexity.k bstacle t ticall hi h | ity i
We will show that for most common d, k values, a code rate ey obstacle 1o pracucally approaching channel capacity 1S

of less than 0.5% below channel capacity can be obtained by the massive hardware required for encoding and decoding,
using hardware mainly consisting of a ROM lookup table of size as hardware grows with the number of codewords used, i.e.,
1 kbyte. For selected values ofl and , the size of the lookup exponentially with the codeword length. The encoding and
table is much smaller. The pa.puer is concludeq by an illustrative decoding massiveness can be solved by using a technique
numerical example of a rate 256/466, (d = 2, k = 15) code, . . . .

which provides a serviceable 10% increase in rate with respect called gnumeratlon[4]. The enumerative delng technique

to its traditional rate 1/2, (2,7) counterpart. makes it possible to translate source words into codewords and
vice versaby invoking an algorithmic procedure rather than
performing the translation with a lookup table. The second
drawback of the use of long codewords, which still remains,
namely, the risk of extreme error propagation, precluded its
. INTRODUCTION usage in practical systems. Single channel bit errors may result

ONSTRAINED codes have been used extensively ifi €rror propagation which could corrupt the entire data in the
recording products and in data transmission. In a stagecoded word, and, of course, the longer the codeword the
of-the-art recorder (see Fig. 1) the channel encoder transla@égater the number of data symbols affected.
source data plus error-correction (parity check) symbols into aThe new technique to be discussed below offers a step-
sequence that complies with the channel constraints imposeitstep method to solve the practical problems pertaining to
In virtually all recording systems in the market, the erroihe usage of long constrained codewords. As a result, the
correction code (ECC) is based on Reed-Solomon codeV technique makes it possible to employ codes having
[1]. There are, however, many flavors in channel code4gry large codewords thereby approaching the capacity of
Notably, spectral shaping and runlength-limited codes hathe constrained channel. We start with a description of the
found widespread usage in consumer-type recording systetgyv coding format in relation to error correction coding
such as Compact Disc, DAT, DVC, etc. [2]. Since only &hd we propose a new technique for avoiding massive error
limited repertoire of sequences is used, the rate of a cod@pagation. We envision that this technique can be used in
that transforms input data into a constrained sequence is @@pjunction with any constrained code, but in this paper we
necessity less than unity. The maximum information rafédve chosen to exemplify the new technique by focusing on
given the channel input constraints is called tBbannon (d; k)-constrained codes. To that end, we briefly outline the
capacity of the input-constrained noiseless channel. A godglevant prior art of(d, k)-constrained block codes, followed
channel code embodiment realizes a code rate that is cl§z&ection IV with a description of a new and storage-effective
to the Shannon capacity of the constrained channel, use§ngimeration technique ¢#, &)-constrained codes. In Section
simple implementation, and avoids the propagation of erro¥s We will give special attention to the relationship between the

at the decoding process, or, more realistically, a code withhardware requirements and the efficiency of I¢dgk) codes.
compromise between these competing attributes. Two new codes are given to illustrate the new construction

method.

Index Terms—Constrained code, enumerative coding, record-
ing code, runlength-limited.
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Fig. 1. Block diagram of the two coding steps in a recording system.
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Fig. 2. Code configuration of two-step coding, “Bliss scheme.”

conventional hierarchy of the error correction and channebor to using codes with long codewords without the risk, as
codes shown in Fig. 1. A block diagram of Bliss’ encodingn the Fig. 1 configuration, of extreme error propagation. The
scheme is shown in Fig. 2. quintessence of Bliss’ scheme is that the first channel code
In Bliss’ coding hierarchy, a first channel encoder translatean be made very efficient as it uses very long codewords.
blocks of user data into codewords that obey the prescrib&€de second channel code may be any readily available code
channel constraints. The constrained codewords, in turn, &@ving the (low) efficiency of standard constrained codes.
treated as binary input data of an error-correcting code in tAs the number of parity bits is normally a small fraction of
usual fashion. In a byte-oriented error control code, such as the number of input bits, the lower efficiency of the second
popular Reed—-Solomon (RS) code, the constrained codewoctannel code has a relatively small bearing on the overall
are partitioned into bytes and the parity bytes generated a&féiciency. Note that it is important that the error propagation
affixed to the end (or beginning) of the constrained codewordf the second channel code is limited to a few bits, preferably
The parity bytes generated do not, in general, obey th®a single byte in a byte-oriented system. In principle, simple
prescribed constraints and must therefore be modified bycades developed with the aid of the state-splitting algorithm
second channel code. Note that provisions have to be made be used. There are two flaws in Bliss’ scheme making it
so as to be able to efficiently concatenate the coded segmamtattractive in certain applications.
generated by the first and second channel code. In Bliss’ scheme, the ECC code has the constrained se-
At the receiver's site, we start with the decoding of thgquence as an input. As the constrained sequence is by necessity
parity bytes. Subsequently, following the rules of the EC@&dundant, we do not fully exploit the capability of the ECC.
at hand, we correct possible errors in the parity words or tles a result, we may discern two difficulties. Assume the
first channel codeword. Thereafter, we decode the first chanB€C can correct bursts of errors of at mastsymbols.
code. Error propagation during decoding of the first chann€hen, assuming & error burst occurs in the block generated
code is irrelevant as it is assumed that all transmission errtmg the first channel code, the ECC is able to correct the
made can be corrected by the ECC. This property opens ttanstrained sequence bkymbols. This corresponds with an
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Fig. 3. New code configuration.

error burst of length approximatelit;¢ user symbols, where to define a one-to-one mapping between dHeiples and the

Ry is the rate of the first constrained code. As the same EECC symbols. Using a small lookup tab{e or enumeration,
would have correctedl user symbols in the conventional codehe g-tuples can be unambiguously translated into a sequence
configuration, we conclude that in Bliss’ scheme a loss byd bytes which, in turn, is used as the input of the RS
factor of R; in maximum burst error correcting capability isencoder. As in the Bliss’ scheme, the parity check bytes
incurred. Secondly, in Bliss’ scheme the ECC faces an inpate translated by a second channel code. The constrained
sequence whose length is expanded by a factdr/&f; with sequences generated by the first and second channel codes
respect to the equivalent one in the conventional, “Fig. 1dre cascaded and transmitted. As a result of the compression
coding scheme. As the length of the input sequence mustdjyeeration, we may expect that the number of bytes entering
smaller than the maximum imposed by the (RS) code at hatide ECC is smaller than the number of bytes that enter
we may sacrifice design freedom, which could result in loss tife ECC in the original Bliss’ scheme, but larger than the
code performance. An analysis of Bliss’ scheme is presentadginal number of source bytes. Lél. denote the rate of

by Fan and Calderbank [7]. the compression stage, then the expansion factd®.j&R;,

The above drawbacks of Bliss’ scheme can be solve@mely, the quotient of the lengths of the compressed sequence
by reconfiguring the codes and defining a third intermedand the source sequence. The effectiveness of the compression
ate coding layer. Essentially, in the new configuration ttecheme depends on the channel constraints at hand and the
redundancy of the constrained sequence is removed byaticular choices of the length of the codewords. Two worked
lossless compression step before the sequence is forwardedmples of constrained codes plus the lossless compression
to the ECC code. By definition, the most efficient lossleschemes and their efficiency are presented in Section VI-A.
compression can be done by the first channel decoder (dndhe two examples shown, the expansion factat.i and
retrieving the source data again), but this pointless case Hak3, respectively.
the drawback of error propagation. Therefore, we apply a lessAt the receiver's site, the retrieved sequence is decoded
efficient lossless compression with limited error propagatiom a few steps (see Fig. 4). First, the parity symbols are
This can, for example, be accomplished with the aid of @mply found under the decoding rules of the second channel
fixed one-to-one block mapping. Fig. 3 shows a block diagradecoder. Then, the first constrained sequence is chopped into
of the new encoding configuration. The constrained sequengtuples, which using the lookup tablg are translated into
is partitioned into blocks of; bits before it is forwarded to an intermediate sequence of ECC symbols, say bytes. The
the ECC. The block lengtly is chosen as large as possibléntermediate sequence and the parity symbols may contain
on the understanding that the number of distinct constraingednsmission errors, which can be corrected with the aid of
sequences of length is not larger than the field size of thethe ECC. After this ECC decoding operation, the corrected
symbol error-correcting cod&/. In practice this is usually a intermediate sequence of symbols is translated again into a
byte-oriented code, thud’ = 256. It is therefore possible constrained sequence using the inverse of the lookupt
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Fig. 4. Decoder configuration of the new coding scheme.

this level, it can reasonably be assumed that the correctddorithmic procedure rather than by table lookup. Block-code
constrained sequence is error-free. Next, decoding of this senstructions that can be used in conjunction with such an
guence takes place using the first channel decoder, and, finadlgorithm have been presented by Tang and Bahl [8], Beenker
the retrieved message can be delivered to the recipient. Nated Immink [9], Gu and Fuja [10], and Immink [11]. A survey
that the additional translation into the constrained sequermed comparison of the various block-code constructions have
using the inverse of the lookuf makes it possible to use thebeen given by Abdel-Ghaffar and Weber [12]. Gu and Fuja’s
decoding algorithm. method is optimal: no other block code can achieve a higher
We could contemplate reinvesting (part of) the profit reatate. Recently, Immink [11] presented a code construction
ized by using an efficient recording code in an improvement athich is “almost” block-decodable. Gu and Fuja [10] showed
the burst error correcting capability of the ECC. The variousat Beenker and Immink’s “Construction 2" is optimal for
tradeoffs are the province of the system architect and are thilss 0 andd = 1. Construction 2 is not optimal fod > 2.
beyond the scope of this paper. Construction 2, though not optimal for &k, &) parameters,
The new coding configuration can be used in conjunctidras the advantage that onbye table is needed plus simple
with channels having any type of channel constraint. Wegic to cascade the sequences. Below we will briefly discuss
will by way of example illustrate the effectiveness of thehe various block-code constructions. To be able to do so we
new technique by focusing ofilk)-constrained codes. As anneed a definition.
introduction to this matter, the next section will provide a brief Definition: A (dkir) sequence is ddk) sequence with
overview of relevant constructions ¢#fk)-constrained block additional constraints on the number of leading and trailing

codes. zeros:
1) [ constraint—the number of consecutive leading “zeros”
lll. LONG (dk)-CONSTRAINED BLOCK CODES of the sequence, that is, the number of “zeros” preceding
A dk-limited (binary) sequence(dk) sequence for short, the first “one,” is at most.

simultaneously satisfies the following two conditions: d)  2) r constraint—the number of consecutive trailing “ze-

constraint—two logical “ones” are separated by a run of con-  os” of the sequence, that is, the number of “zeros”

secutive “zeros” of length at leagtand 2)k constraint—any succeeding the last “one,” is at maost

run of consecutive “zeros” is of length at makt If only Finite-length(dklr) sequences cannot in general be cascaded

condition 1) is satisfied, the sequence is said tafienited without offending the giveridk) constraints at the boundaries.

(with £ = oc), and will be termedd-sequence. Similarly, Inserting a numbers of “merging” bits between adjoining

if only condition 2) is satisfied the sequence is said to lequences makes it possible to preserve dhend k& con-

k-limited. straints. Cascading (merging) can be done with the following
Below we will show that the systematic design of log@g constructions [9].

constrained codes is feasible with block codes. It is obvious

that when the codeword length is large, the encoder/decodefonstruction 1: Choose the parameteisk,», and! such

mapping should be such that they can be implemented by thatr+! < k—d, and let the number of merging bits Be= d.
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Every message is associated witl#!r) sequence of length be therank of #, denoted byis(z), i.e.,is(x) is the number
n — d. As a direct result of the judicious choice bfandr, of all ¥ in S with y < z.

the (dklr) sequences can beeely cascaded without violating — Let ny(x1, 22, -+, x,) be the number of elements # for

the specifiedd and & constraints, provided thg merging which the firstu coordinates aréz;,zs,- - -, z,). The rank of
bits are all set to “zero.” The number @fklr) sequences z € S can be obtained by using

is maximized ifl andr arel = |(k—/3)/2] andr = k-3 -1, n

\t/)v:rea:('a |z| means the largest integer in a nonnega‘uveDnum— is(z) = ;wms(wl,m,---,wg’—lﬁ)- (1)

Construction 2: Choose the parametetsk, and n such ~ COvers enumeration scheme needs approximately
thatk > 2d andd > 1. Letr = [ = k — d and 8 = d. Then Weights for encoding and decodiridkir) sequences because
the (dkir) sequences can be cascaded without violating the(#1; %2, -,z 1) only depends on the ladt bits.

specified(d, k) constraints if the merging bits are judiciously ~An alternative of the above enumeration scheme can be
chosen [9]. O given by counting the number of elements $fthat have a

lexicographic indexhigher thang, the inverse rankof z. The

Construction 3: Choose the parametedisd > 2.k, andn iNverse rank ofz € 5 is given by

and let the number of merging bits I¥e= d — 1. We have to n

choosek so thatk — |d/2| > d. The parameters and! are i5(x) = ijns(azl,xg, s, xio1, 1) (2)
specified byl +r = k — 3. The set of permitted codewords j=1

is maximized ifr = |(k — 3)/2] andl = (k — 3 — 7). Th_en whereZ; = 1 — z;, the complement of.
the (d, k — [d/2],l,r) sequences of length — /3, excluding J I’ J .

the words0™"—“? and0"—%-11, can be cascaded with a simple In the next section, taken from [16], we will apply the
rule [11] ' above theory to the enumeration Giklr) sequences. We

will first give an algorithm for enumerating{kr)-constrained

Codes constructed with Constructions 1 and 2 are blockea-cnces for which the length of the leading zero-run is not

decodable as the origin&lliklr) sequences remain unchangegonsnamed' From the results obtained, enumeraticfalk)

during the merging process. Decoding is done by observing fhejuences follows easily.

n— /3 bits of the codewords that have a one-to-one relationship ) )

with the source words. Th@ merging bits do not contain ~ Encoding and Decoding ¢fiklr) Sequences

relevant information for the decoder, and are therefore skippedWe introduce some notations that will facilitate the use of

In contrast to both Constructions 1 and 2, decoding is do(®). Given adkr-codewordz, let :cjl = (z1,22, +,%j—1,1).

in Construction 3 by observing — 3 bits of the received Denote byN°(i) the number of dkr)-constrained sequences

word plus the pivot bits preceding and succeeding the actuaf length; whose first element equals We define the quantity

codeword. a;(x) as the length of the trailing zero-run of the subvector
In the next section, we will discuss an algorithm for engxy,---,z;_1) if it is not the all-zero sequence. Or

coding and decodinddkir) sequences. The algorithm, called

enumeration, is an essential part of the new coding method. { min{(j —¢—1): 1 <i<ja; =1},

if >1and(xy,--+,zj-1) # (0,---,0)
d, otherwise.

a;(x) =

V. CODING AND DECODING USING ENUMERATION By invoking (2) to (dkr) sequences, we observe that for a

The translation of input data into constrained sequences ajidlen j, 1 < j < n, n,(x}) can take one of two different

vice versausing enumeration has a long history [13]. Thgalues, depending om. If a;(x) < d then ns(x}) = 0,

first encoder using enumeration was patented by Labin aggcause in this case! violates the prescribed constraint.

Aigrain [14] in 1951. The inventors described a mechanismiternatively, if aj(z) > d thenny(z}) = N(n —j+ 1)
. _ ) _ , 2 (&) .
for translating user data into 35 binary codewords each havifige next proposition for the enumeration @) sequences

3 out of 7 “ones.” It is not known if this has been put to anys now immediate.
practical use. In 1965, Kautz [15] presented an enumerationproposition 1: The inverse rank of &dkr) sequencer of
scheme for coding0, k)-constrained sequences, followed, ifength 1, is
1970, by a general enumeration scheme&¥)-constrained
sequences by Tang and Bahl [8]. The description of the
enumeration method given below is due to Cover [4].

Let {0,1}" denote the set of binary sequences of length
and letS be any (constrained) subset{df, 1}™. The setS can where
be ordered lexicographically as follows:if= (x1,---,z,) €
S andy = (y1,-++,ys) € S, theny is called less thag, in 6i(x) = {
short,y < «, if there exists an, 1 < i < n, such thaty; < z;
andz; = y;,1 < j <. For example, 00101” < *01010.” The In words, the inverse rank of can be obtained by summing
position ofz in the lexicographical ordering of is defined to the appropriate weight of each “zero” af that is either

n

i5(@) = Y §@N—j+1)

i=1

1, if z; =0anda;(z) >d
0, otherwise.
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contained in the leading zero-run or is preceded by at le@stde. For the overall scheme, we need therefore a memory
d “zeros.” unit whose capacity grows proportional t8n?, which is
Clearly, (dkr)-sequences having more thaneading “ze- prohibitive for the long codewords we have in mind. A second
ros” have lower lexicographic indexes thédklr) sequences. drawback of straightforward enumeration is that the additions
Therefore their inverse rank is higher. If we denoteahythe in forming the weighted sum of the received binary word
(dklr) codeword having the highest inverse rank9nthen requires a double carry, which complicates the structure of a
the set{0, - - -, i%(z;) } of inverse ranks corresponds to the sqtarallel adder. This renders the conversion of the adder from
of all (dklr)-codewords of length. a parallel into a simple serial form practically impossible.
Proposition 1 provides the algorithm for decodifwkir) Next we will develop an enumeration method where the
sequences which can easily be translated into pseudocode. Wh&hts are specified in finite-precision floating-point notation.
pseudocode of the encoding operation, i.e., given the invefEege floating-point notation is convenient for representing
lexicographic index! find the corresponding:, is written numbers that differ many orders of magnitude. In this notation,

below. each weight is represented by bits, and as a result, the
I =T.a:=d hardware required for storage grows linearly with the code-
for — j] -1 t(;) n do word lengthn. The penalty attached to the finite-precision
if > N°(n—j+1)anda>d representation of the weights is that it will entail a (small) loss
then & = 0.1 == I — N°(71 — 1) in code rate. A quantitative tradeoff between the precision of
else ifja<d T the number representation and concomitant code redundancy
then z. = 0 will be detailed in the next section.
elser o loa—=—1: We employ a two-part radi2-representation
ji=1,a:=-1;
a:=a+1; I:(m,e)
end for

. . . . to express the weight
The computation of the weight¥°(n) is an exercise in com-

binatorics. An elegant computational method, which makes it I=mx2°

possible to accurately approximaté’(n) for large values of o
n, is based on generating functions (see Section V-A). Heferel,m, ande are nonnegative integers. The two compo-
we opt for a simple counting argument. nentsm ande are usually callegnantissaandexponenbf the

To that end, let/(n) be the number ofdk) sequences that integerl, respectively. The translation of a weight irfia, ¢)
start and end with a*” Then the following recursions are is easily accomplished. It is assumed that the exponent of each
immediate: weight is represented ly, bits. With the following procedure

we ensure that the mantissa is represented by a specified

if n < . . AN
(1)’ :]]: Z:(l) number of bits, which we denote kyy Each weight is thus
Uln) = % o 3) represented by = ¢, + p bits. There are various techniques
ZU(” —i—1), ifn>2 such as rounding and truncation for translating fixed-point into
i—d floating-point representations. We will choose here a truncation

peration; as it is, as we will show later, compatible with the
asic enumeration algorithms.
Let I be one of the weight&/°(z). It is well known that the

The number of (dkr)-constrained sequences of Iengtrg
n, N°(n), is simply

r ) nonnegative integef, I < 2”, can be uniquely represented by
NO(n) =" U(n—1). (4)  a binaryv-tuple z = (zy_1,-- -, z0), Where
—
v—1
For n > d 4+ k& we may verify the following recursion: I = ny
k+1 i=0
0/, \ _ 0 i
N'(n) = Ed:lN (n —1). ) The binarywv-tuple « is called the binary fixed-point represen-
i=d+

tation of /. Let
B. Enumeration Using Floating-Point Arithmetic w=|log, I|

With the enumeration algorithm discussed above we havye, " o
in principle, paved the way for a practical solution of th € .the p05|t'|0n of the leading “one” element f Then the
translation problem. However, a quick look at the hardwal'pe'blt truncation of/, denoted by|/ ],
requirements will reveal that the method is not (yet) feasible. 1], = |_2—(u+1—P)IJ gu+l—p (6)
The hardware for implementing the enumeration algorithm
comprises a (binary) adder, a subtracter, a comparator, aach be represented in binary floating-point representation
a lookup table of the precomputed set of weight€°(i)}, whose mantissa requires at mgshonzero bits.
1 <4 < n. The binary fixed-point representation of a single If the above finite-precision arithmetic is used in the enu-
weight requireskn bits per weight, where?, 0 < R< 1, is a meration algorithms we must modify the set of weights
constant, which is approximately equal to the rate of dke developed in the previous section. To that end, /ét(:)
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denote the number @fikr) sequences of lengthstarting with TABLE |
a “1” that can be encoded with-bit mantissa representation, ConsTaNT log, Ac FOR SELECTED VALUES OF d AND k
then d k C(dk) log, Aq logy A logy A
1 3 0551  1.062  -0.357
(s ;
NO(i), 1< k+d 1 7 0679 -0771 -0.404
&0 k41 2 7 0517 -1.265 -0.602 -0.375
07\ \ ) . .268 . 375
No(i) = dNi-j)| , 4>k+d () 2 10 0542  -1.039  -0.661 -0.332
Py 3 10 0446  -1.393  -0.807  -0.680

p
The termsC'1, C'2, and C3 are short for Con-

For clerical convenience, it is assumed tha(i) <27, structions 1, 2, and 3.

1<i < k+d, ie., they can be represented by a mantissa of

bits; otherwise, more bookkeeping is required. The encoding

and decoding algo_rithms deve_loped |n the pre:/ious _S(?Cti?ﬂe difference between capacity and rate of the code is
can be employed directly by using the “truncated” coefficients
N°(i) in lieu of N°(;). The enumeration algorithm itself 1
remains unchanged. The effect on the set of codewords will —(—14log, A.) < R—C(d, k) < —log, A.. (13)
be that recursively thev°(i) — |N°(i)], highest ranking " "

(dkr) words of length: are discarded from the set of alljn Taple | we have collected results of computations.

lexicographically orderedkr sequences starting with &.” From Table | we conclude that for the parameters of
most practical interest the constabg, A. is in the range
V. IMPLEMENTATION ASPECTS —0.5,---,-0.35. Thus a codeword length of approximately

It is of great engineering interest to know for what codeword = 256 suffices to approach capacity to within 0.2-0.5%. As
length the rate of a code approaches channel capacity to witAfh €xample, we have computédd = 2,k = 15) — R as a
some small value, say 0.1%. To that end, we will, in thinction of the codeword length. Results of computations are
section, compute the penalties on code redundancy of b&fPWn in Fig. 5. The diagram shows points for byte-on_ented
finite codeword length and finite precision of the weights. Weodes, i.e., codes whose source word lerigiy| N.(n)] is
start with an analysis of the effects of finite codeword lengt. Multiple of eight. We restricted ourselves to byte-oriented

codes to fit standard memory and code hardware.
A. How Long is Long Enough?

The number of dklr) words, N.(n), of lengthn, available B- Effects of Finite-Precision Arithmetic
in one of the three block-code constructions described in SecUsing finite precision of the weights representation (trunca-
tion Il equals the coefficient,, of the following generating tion) will result in coding loss as availablé:ir words must
function [17]: be discarded. In this subsection we will study quantitatively
B+1(q _ 411 _ o+l the coding loss.
Zaixi = a(z) =7 -z )(d1+1 ad kJZQ . (8) The number of dkr) sequences of a lengththat start with
ple) (A= a)(d -z -t + ke a“1,” N°n),n>k + d, equals (see (5))

The parameterg, [, andr are stipulated by the construction

recipec;, i = 1,2,3, wherec¢; denotes Construction 1, 2, or k+1
3, respectively. For large codeword lengththe number of Nn) = Z NO(n —1).
codewords can be approximated by i=d+1

Ne(n) =~ AN 9)

The number of(dkr) sequences grows exponentially with

where )\ is the largest real root of the characteristic equatiof’® 9rowth factor being = 2644, Recall that for sufficiently
large n, the number of(dkr) sequences of length, N°(n),

D A o I | (10) that can be encoded usingpebit mantissa representation is
and the constanti., which is independent of, equals Kt
NO(n) = No(n —4)| . 14
L q/(l/A) ' (11) (n) {Z (n L)J (14)
P(1/A) i=d+1 P

Note that the channel capacity(d, k) satisfies ) “ N
pacigy(d, k) satisfi Conceptually, the computation of the growth fackasf N°(n)

C(d, k) =log, A. and the capacity’(d, k) = log, A becomes very simple if

. we notice that the sequence behavior of fheit mantissa of
Forsberg [17] found after evaluating many examples by Co(ﬁo(n) versusn can be described in terms of an autonomous

_ﬁ’_zter e?pe;lmen_ts t:]at thef{ agcurgcx of (9) is surprisingly 90qte state machine. The characteristic functions describing the
€ rate ot an implemented code 1S sequence behavior of the finite-state machine are implied by
the recursive equation (14). After a little thought the following

1
k= ﬁUOg? Ne(n) (12) Proposition will become clear.
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0.0100

040001 1 1 ! | L 1
100 1000
codeword length n

Fig. 5. Redundancy’ — R versus codeword length of codes based on Construction 2 (upper curve) and Construction 3 (lower curve). The runlength

parameters aré = 2 andk = 15. The channel capacity €'(2,15) = 0.5501. The diagram shows points for byte-oriented codes, i.e., codes whose source
word lengthlog, | Nc(n)] is a multiple of eight. The “raggedness” of the curve is caused by the truncation to the nearest power of two.

X TABLE I Essentially, the loss in the number of sequend&§n —

CapaciTy C'(d, k) FOR SELECTED VALUES OF d, k, AND p i) — | N°(n — )|, at each step of the recursion is modeled as

d k Cldk)y p Cldk) Cdk)-Cdk) a random process. At each step we assume that, on average,

0 5 09811 7  62/63 0.00398 a fixed portiong,, of the number of sequences is lost. We

L7 067929 8 40/5f9 0.00132 linearize the nonlinear recursion (14) by

1 12 069299 9  9/13 0.00068

2 7 051737 9  61/118 0.00042 kel

2 12 0. . v v .

uumnL o e Fo=0-a) Y F0-0). @

3 12 045555 7 5/11 0.00010 t=d+l

Note that it is a rather deligate matter whether we indeed can
Proposition 2: The capacityC(d, k) is rational. assume that th&/°(n) and N°(n) have the same asymptotic
Proof: From the theory of feedback registers [18] wéehavior. A more sophisticated approach would require to
know that the sequence of the mantissat(n) will ul- consider thesk i | NO(n — i) that have at most + (k — d)
timately become (and remaimeriodic. That is, there are nonzero bits to be generated by a finite-state machine, and to

integersh and f such that compute stationary distributions. This, however, is outside the
scope of this paper. The limiting average relative truncation
NO(n)2" = N%(n + £). (15) error o, is given by
In other words, per-cycle period of lengtfy the number of op= lim E z(N) = |2(N)]p

sequences increases with a fixed factor, which is equal to a z(N)

n L .
power of two2. From the above it is immediate that with z(/N) an integer random variable, assumed to be uni-

Cd, k) = ﬁ (16) formly distributed on{2"~*,... 2% — 1}. By elementary
) f ) means it can be shown that
The theory of feedback registers [18] stipulates that the cycle
period must be smaller thag?(*+2)  As this number is 277 In 22" < 5, < 27PIn 2.

huge in the range of parameters of practical interest, we are
inclined to believe that Proposition 2 is not of great practicdine characteristic equation pertaining to the recursion (17)
interest. However, results of a computer search, which @uals
listed in Table Il, reveal that relatively small cycle periods are
surprisingly frequent.

, Though the above method for computing the capacifie gifference between the largest root of (18) and (10) (and

C(d, k) has the virtues of precision and efficiency, it does N, ;s the difference betweei(d, k) andé(d, k)) can be found
provide a very useful relationship betwegrand the capacity ;5 follows. Define

lossC(d, k) — C(d, k). Here, following the heuristic analysis
by Janssen, we try to obtain a relatively simple relationship

without computer search.

)\k+2 _ )\k-l-l _ (1 _ O'p)()\k_d+l _ 1) —0. (18)

)\k+2_)\k+1
FN=Nmgm oy =10
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and denote by\(s) the largest root of (18). Then, afterjudicious choice oft and p we may attempt to reduce the
linearizing f around A(0), we get hardware requirements by minimizing the cycle period. Table
B , B Il reveals that short cycle periods (and thus small storage
FX@)) = FA0)) + (Mo) = AO) [ (o)) =1~ 0. hardware) are possible for values dfand & of practical

As f(A(0)) = 1 and A\(0) = A we have interest. How to systematically approach the minimization of
the cycle period is not clear yet.
L+ (Mop) = N (M0) =1 =0, In the above, it is assumed that the set of weights is
so that precalculated and stored in ROM. Alternatively, it is, of
. o course, feasible to compute the set of weights “on-the-fly” as
A=Aop) R A - f/(p)\) =(1=-opp)A th(ﬂT computation of a weight requires at mbstd+1 fI(_)at|ng- _
point additions. Unfortunately, this is only of potential benefit
where during the decoding process. Note that during encoding the
) AF+2 _ (k +1 — d) algorithm calls the largest weights first, while the computation
poo=d+ Ni—d _ ] of the weights starts with the smallest weights.

The capacity@(d, k) can therefore be approximated by

A . Oplt _ VI. WORKED EXAMPLES
C(d, k) =log, A = logy A — == ~ C(d, k) — u27? ) ) _ )
In2 The effectiveness of the new technique will be illustrated
where we have replaced, by 277 1n 2. by a few worked examples.

Practically, we haveu = 0.25 in the working range
d=1,---,3,k > d, which means that the loss in capacityy ajternatives to Standard Codes
resulting from the truncation of the weights can be simply

approximated by In this subsection, we will compare codes contructed by

the new coding technique with traditional sliding-block codes:
C(d, k) = C(d, k) ~ 2~ @+2), (19) the rate2/3, (1, 7) code and the rat¢/2, (2, 7) code [19],
) ) _ which have been used in magnetic disk drives. The maximum
A numerical comparison of the above result with the OUtcon?ﬁnlength constraint is imposed to restrict the maximum time

of the method of computing the cycle time revealed that (18}yyeen two consecutive transitions in the recorded signal.

can serve as a reliable rule of thumb. » The k = 7 constraint can be relaxed to improve the code rate.
The combined effects of the truncation and the finite codgy; 4 tical values aré — 12 for the d — 1 code and: — 15

word length on the achievable rate can be conveniently Bt thed —
proximated by

2 as a further increase would lead to at most 0.2%
saving in rate. Using Construction 2, it is straightforward to
1 (pa2 design a rat&56/371, (1, 12) code,p = 9. The efficiency of
Cld, k) - R~ o 2 e, 0 his code,R/C(1, 12) = 0.996. The saving in code rate offers
If both design parameters are chosen such that their relafy$erviceable 3.5% increase in storage capacity compared to
effect on the rate loss is equal, i.€p = 2°*2, then we IS traditional predecessor. Assume this scheme is used in
gonjunction with a byte-oriented RS code. Prior to forwarding
(storage) requirements and efficiency of a (lordg)code: the _constrain_egl sequence to_the ECC it is compressed. It can
easily be verified thaty = 11 is the largest word length for
C(d, k) — R~ l_ (21) which the number off = 1, k£ = 12 sequences of a lengthis
n less or equa2s6. Thus the compression scheme translates the
Preferably a ROM is used as a lookup table. Then the numi@tl-bitdk sequence int371/11] = 34 bytes. The expansion
of ROM output bitsp is one less than the number of inpubf the ECC input sequence, with respect to the conventional
bits [log, n]. We found that, to some extent, the above resultfig. 1" configuration, is thus34/32 = 1.06.
do not depend on the specified runlength paramefeasnd Using Construction 3, it is possible to design the alternative
k. As a rule of thumb, we may safely conclude that we camate 256/466, (2, 15) code,p = 11. The efficiency of this
design in the main case of practical interest, whéte3, any code, R/C(2, 15) = 0.9986. The rate of the new code
(dk)-constrained code whose rate is only 0.1% below capacity almost 10% larger than that of the traditional code. A
with the aid of a ROM lookup table having 10 input and ®ossible lossless compression scheme has an input word length
output bits. In other words, with a hardware of 1-kByte RONM = 13. Then the 466-bit input sequence is translated into
one can construct a block code whose rate practically equid$6/13] = 36 bytes, which results in an expansion factor
channel capacity. In the above analysis it is tacitly assumefl 36/32 = 1.125. Alternatively, we may opt for a more
that storage is only needed for the mantissa of the weightemplex compression scheme, which translates 28 bits
The exponent of the weights must also be stored, but as thito 2 bytes. This results in a smaller expansion factdig,
additional storage is proportional togn, it is neglected. but the increased error propagation (a single channel bit error
It should be appreciated that often a significant saving may result in two decoded byte errors) puts an extra load on
storage hardware can simply be realized by noting that tttee ECC. The trading of the various parameters is a subtle
mantissa of the weights ultimately becomes periodic. By matter requiring more study.

find the following fundamental relationship between hardwal
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TABLE Il TABLE V
RepuNDANcY 1 — C(0, k) VERSUsk MAxiMUM CODEWORD LENGTH 72 FOR WHICH A RATE
m 1—1/7(0, k) CopE, p = k + 2, CAN BE CONSTRUCTED
1 0.30576 kE__n
2 0.12085 4 26
3 0.05322 5 54
4 0.02477 6 112
5 0.01189 7 232
6 0.00581 8 474
7 0.00287
8  0.00142
The mantissa of the weight&o(i) can be represented by
TABLE IV at mostp > k bits if we use
Maximum CODEWORD LENGTH 72 FOR WHICH A . p
RaTE 1 — 1/7,(0, k) Cope CAN BE CONSTRUCTED 02 L 1<0
P 27 i=1, 1
AL i—1
4 31 O/ .
5 67 70/ - Z N (J)7 IL:T+27"'7P+1
N°()y=<¢ 4 4
6 148 j=i—l—k
7 310 ) ‘ i—1 .
8 649 2Pl 2p=i+ N NOG) |, i > prL
j=i—1—k

24
The hardware requirements of both codes are, considering %)
the potential of current electronics technology, quite moderate.|n the special casey = k + 2, we find that mantissa and

Perusal of Table Il shows that both codes have parameters %Onent of the f|oating-p0int representa’[ion of the Weights
lead to small cycle periods, which, in turn, can be exploited tge simple functions

reduce the size of the lookup table. For example, for the rate

256/371, (1, 12) code we find a cycle timg = 13. Including . 21, ‘ t=1,---,7+1
the “preamble” weights we require room for 52 weights instead  N°(¢) = (21 = 127772, i=r42,-- k+2
of 370 weights in case of the straightforward implementation. (ag — )217F73, E+2<i<i
In the next section we will focus on codin@:)-constrained (25)
sequences.
where
B. Application to(k)-Constrained Sequences ap = (2+ —1)2F T+ L kg2
The capacityC(0, k) equalslog, (), where is the largest i = ag — 2K L,
root of [2]
ZFT2 _ogktl 41 — 0. (22) The expressions foNO(i), 1> 11, are too involved and there-

fore omitted.
For sufficiently largek, we derive

\ 2<1 1 ) VIl. CONCLUSIONS
2k+2 We have presented a new configuration of codes that makes
so that it possible to use long constrained codewords without the risk
1 of massive error propagation. To illustrate the effectiveness of
C(0,k) =~ 1— 1—22—’“—27 k> 1. (23) the new configuration we have studied lof}:)-constrained
n

codes. We have introduced a scheme of enumerative coding
Table Il lists the redundancy— C(0, k) versus the runlength of dk sequences using floating-point arithmetic. This scheme
parameterk. offers, for long codewords, a significant advantage in storage

In Table IV we have listed the maximum codeword lengthequirements. A simple relationship between coding efficiency
#, and redundancy — 1/4 as a function of the maximum versus encoding or decoding hardware (storage) has been
runlength parametédr when the coefficients are not truncatedderived. For most commofdk) constraints, we found that

In order to maximize the number of words, we have setcode rate of less than 0.5% below channel capacity can be
r = [k/2] andl = k—r (see [17]). We see that the redundancgbtained by using hardware consisting of a ROM lookup table
required is very close to the bound listed in Table III. of 1 kbyte. For selected values @fandk, we can exploit the

The effect of weight truncation can be seen in Table \gtructure (periodicity) of the weights, which lead to significant
where we have listed the maximum codeword lengtnd savings in storage requirements. As an illustrative numerical
redundancyl — 1/7 as a function of the runlength parameteexample we presented a r&t&6,/466, (d = 2, k = 15) block
k. The redundancy is only slightly larger than in the case abde, which provides a serviceable 10% increase in rate with
full representation of the weights (see Table ). respect to its traditional rate/2, (2, 7) counterpart.
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