


2 Binary channel codes

Many channels cannot pass the low frequencies with sufficient signal-to-
noise ratio. Shaping the spectrum of the encoded stream by coding can cope
with this problem. Most of the channel codes that are used in practice are so-
called block ¢odes. The source digits are grouped in source words of m digits.
Using 2 code book the source words are translated into blocks of # digits
called codewords. Constructions of digital codes having spectrum zeros at
arbitrary frequencies were given by Gorog*).

The designer of a digital transmission system will in gencral be confronted
with the following problems:

(i} the characterization of the transmission channel leading to some specific
channel code requirements;

(ii) the choice of set(s) of codewords, called code book pages (sometimes con-
fusingly called alphabets), satisfying the channel code requirements;

(iii) the translation of the source words into the codewords and vice versa e.g.
using look-up tables;

(iv) the evaluation of the newly designed code with respect 10 added redun-
dancy and resulting shaping;

(v} the testing of the new channel code in 2 practical environment to evaluate
its performance in average and worst-case conditions,

During the design and experimental phase, feedback in the mentioned items
is incorporated to improve the total system performance. The channel charac-
terization leading to specific code reguirements is an important aspect of the
system design. This aspect is beyond the scope of this thesis.

The translation of source words into codewords and vice versa will be one
of the main topics discussed here. Boolean functions Lo translate source words
into ¢codewords and vice versa can easily be found by hand using & heuristic
approach if the codewords are relatively small. It will be shown that generally
speaking the efficiency of a code improves with increasing codeword length. A
systematic approach of the mapping problem is needed if greater code effi-
ciency 1s desired. Frankling and Pierce ) pointed out that a simple sequential
algorithm given by Schalkwijk #) and Cover ") allows the assignment of unigue
numbers to codewords of fixed disparity, and Lyon #) reported on the prac-
tical use of this simple algorithm. Application of this so-called enumerative
encoding and decoding algorithm leads to a systematic approach of the
mapping problem with the additional advantage that look-up tables of
mederate size, even for large codeword lengths, can be used. The idea of
sequential encoding and decoding goes further back in history than noticed in
reference 5. For example Cattermole ?) reported on the enumerative encoding
and decoding theory. An embodiment example using analogue circuitry was
patented in 1952 %),
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We shall study the design and information theoretical performance of two
groups of channel codes:
— DXC-free codes and
— runlength-limited codes.
Survey papers regarding these types of codes can be found in refs 11, 12 and 13,

1. DC-free codes

The field of application of digital channel codes with suppressed low-fre-
quéncy components is quite broad. We find applications in transmission sys-
tems over fibre or metallic cable 1!%!817) in storage media such as mag-
netic %) or optical recording **#1), Though the restrictions on the channel
sequence are frequently put in frequency-domain terms, we are often more
interested in the time-domain propertics.

The source sequence, assumed to consist of equiprobable and independent
binary digirs, is mapped onto a binary ¢hannel sequence. The received signal
can be written down 23

o
r(e) = 3, aiglt—iT) + nelt), (1
where the @;e{—1,1} are two-valued parameters, that are generated each 7
seconds, g(¢) is the impulse response of the channel (plus possibly a whitening
filter) and r.(?) is additive white gaussian noise (see ref. 22, chapter 4.3). As-
suming that the signal is matched-filtered (projected) and sampled at 1 = &7,
then the equivalent channel vector is

Fe=axgo +_z Qi Zkmi + M= Qg §o + G + My (2)

ek

where g, is inter symbol interference (ISI) at ¢ = kT.

The statistics of g are directly related to the channel sequence a and the
impulse response g(f) of the channel. The IS1 can therefore be affected in two
ways:

1} pulse shaping at the transmitter and/or receiver using filiers, and
2) manipulation of the code structure and hence of the correlation in the
channel sequence,

The usual approach to combat ISI has focused on the shaping of g(#) for
zero interference. Hard-limiting channels (for example optical recording) only
accept two pulse shapes, a positive or a negative full-T pulse, so that I5] can
only be affected by the code structure or the receiving filter. The shaping of the
code structure with the aim to minimize the ISI is the domain of the trans-
mission codes,
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1.1. Model of the AC-coupled chunne!

Many transmission channels are for practical reasons AC-coupled, i.e. there
will be some low-frequency cut-off due to coupling components, isolating
transformers, etc, Other contributions to the IS1 may arise from the band-
width limitations of the channel. We assume in the following that 151 is only
caused by the AC-coupling. If the AC-coupling i5 a first-order high-pass filter
and detection is done with an integrate-and-dump filter, then the I5] can be
approximated by:

&
qe=—h 3, a, (3
f==00
where /1 (h <2 1) is the ratio of pulse duration and time-constant of the AC-
coupling.
We now define the (running) digital sum of a sequence a by:
k
Z = Y, ap. {4)
Qo m

We conclude from eqs (3) and (4) that the 151 of the AC-coupled channel is
proportional to the digital sum of the sequence. We further conclude that long
runs ot similar symbols build up a large 151, To limit the 151 codes are used
with the property that the channel sequence assumes a finite number of sum
values. Sum constrained sequences have the frequency-domain property that
the power vanishes at zero frequency, which is the reason for the name of
these codes: DC-free (or DC-constrained) codes,

The probability of channel symbol error P(e) can be approximated by [as-
suming Pa = 1) = P(a = —1) = DI:

Ple) = 1 P(|n — hz| = ga),

where the subscripts of # and z were discarded for brevity, Assuming the noise
# and 181 g = —kz te be independent, the probability density function of the
sum (7 — khz) is the convolution of the individual density functions of 7 and z-
In other words given the density function of the noise, a designer can minimize
P(e) by properly choosing the density function of the digiral sum z. Chang et
al. **) reported on the design of DC-free transmission codes based on P(e) asa
criterion. Their method is straightforward but is impractical when long code-
words are used. It has the additional disadvantage that no systematic method
(except a direct look-up) is available for encoding and decoding the code-
waords,

From egs (3) and (4) we notice that the maximum 1SI (peak eye closure) is
related to the toral number of sum values the channel sequence assurncs.
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Mean-square-181 has achieved a great popularity because of the ease with
which they can be handled mathematicallv. It may be clear that the mean-
square-I15I is proportional to the vanance of the running digital sum (in short
sum variance). The last two criteria, 1.¢. the maximum and mean-square ISI,
play an important role in the design of DC-constrained transmission codes.
Glave %) (see also ref. 25) derived an upper bound on the probability of error
due to ISI and noise of coded sequences.

He found that if ge(—d,A4) and E[g®] < ¢ that P(e) can be upper-
bounded by (assuming 7. gaussian and uncorrelated):

2P(e) < o3/A? [Qf(g0 — AVaa) +Qilgo + A)aal] + 21 — 65147 Qlgo/an),
(5)

where o! is the noise variance and Q( . ) is the Gaussian error-probability func-
tion (see e.g. ref. 24).

Eq. (5) can be used to estimate P(¢) once a bound on the ISI has been
found. If the channel sequence is designed in such a way that it assumes & sum
values (V is sometimes called the digital sum variation) then

h
A=E(N—1)

A frequency-domain reason for using DC-constrained sequences is found
when the transmission channel is a small part of a data storage system. For
example, in optical disc recording the requiremnent of reduced low-frequency
content i3 not imposed because this storage medium does not respond to the
low frequencies, but because the servo systems needed to position the laser
spot on the disc are sensitive to low-frequency interference induced by the
code stream. The frequency region with suppressed components is character-
ized by the so-called cut-off frequency. Justesen *') showed a close relation-
ship between the cut-off frequency and the sum variance, which makes the
sum variance an important parameter in the frequency- and time-domain.

1.2, Description of DC-constrained codes

Many examples of DC-constrained channel codes are known which are
block codes with codewords having zero or low disparity, where the disparity
of a codeword is defined as the difference of the number of ones and zeros in
the codeword #%1%26:27,2823%) In the simplest type of code the source words
have two alternative translations with opposite sign of the disparity *®). These
codes are called bi-mode codes. The choice of a particular codeword polarity
is made in such a way that the digital sum of the sequence after transmission
of the new codeword is as close to zero as possible.
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In chap. | the rat¢ and low-frequency properties of simple, bi-mode, DC-
constrained channel codes are analysed.

Sec. 1.2 starts with a brief description of the properties of sequences gener-
ated by a Markov source constrained in such a way that the digital sum of the
sequence assumes a limited number of values *3!), The properties of these
theoretical sequences are used to establish a new figure of merit of PC-con-
strained codes.

The power spectral density function (spectrum) provides useful information
about the response near zero frequency. The calculation of the spectrum is
usually a luborious process. Several methods and results have been reported in
the literature ¥ #9.#4.30.886.37.88) The mrocedure given by Cariolaro et al.¥%%)
using matrix analysis 15 very well suited to machine computation. For large
codeword lengths and many cncoder states the memory requirements of the
procedure become prohibitive, even for large main frame computers. In sec.
1.3 a new method is presented to compute the power density function of low-
disparity, DC-balanced channel codes. The method uses the special strucrure
of the code, leading Lo a simple result. For the simple bi-mode channel codes
the sum variance is calculated in sec. 1.4,

It is customary to define the efficiency of a channel code as the ratio of the
code rate and the noiseless channel capacity given the channel constraints #:59),
In sec. 1.5, using the theory developed in sec. 1.2, we define a new figure of
merit for DC-constrained channel codes. We study the performance of these
simple channel codes by considering the exchange between the added redun-
dancy and the resulting suppression of low-{requency components compared
with the properties of sequences generated by a maxentropic Markov source.

The simple bi-mode codes as discussed in chap. 1 use the full sets of code-
words of a certain disparity. In chap. 2 the code design is based on ¢odewords
having a constraint on the maximum number of assumed sum values, 1.e.
those codewords are discarded that make a relatively large contribution to the
sum variance. The actual basis of code design is given in sec. 2.3, It provides a
method for the enumeration of codewords with a constraint on the maximurmn
number of assumed sum values.

In general the efficiency of a channel code can be improved if longer code-
words are allowed. Unfortunately the amount of encoding and decoding hard-
ware increases exponentially with increasing codeword length if a direct
method using look-up tables of the source words and their channel represen-
Lations is used. Sec. 2.4 deals with algorithms for enumerative encoding and
decoding of constrained codewords with the nice property that the number of
entries of look-up tables to be used grows polynomially with the codeword
length. Fipally, in sec. 2.5 the problem is addressed of sclecting sets of code-
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words to design DC-suppressed channel ¢codes. A worked example is given of
a new £b10b transmission code, attractive for magnetic recording 41-42-4%) and
fibre transmission #%45), showing superior features compared to other codes
with rate 8/10.

In chap. 1 we show that the cut-off frequency of sequences generated by a
maxentropic Markov source is proportional to the redundancy of the code.
Examples of a practical embodiment of binary DC-balanced codes are dis-
cussed in chaps 1 and 2. It is shown that the performance of these simple
codes, in particular for small codeword length, is comparable with that of
maxentropic sum constrained sequences.

The power spectral density function of digital sum constrained codes is
characterized by a parabolic shape in the low-frequency range from DC to the
cut-off frequency. In some applications it is desirable to achieve for a given
redundancy a larger rejection of the low-frequency components than possible
with DC-balanced codes.

Chap. 3 presents a new class of DC-free codes having a zero second-deri-
vative of the code spectrum at zero frequency. This results in a substantial
decrease of the power at low frequencies for a fixed code redundancy with
respect to the classical designs based on a digital sum criterion.

Sec. 3.2 introduces a time-demain constraint which has to be imposed on
the channel sequence so that the resulting spectrum of the sequence has the
D2 palanced property, i.e. has both zero power and zero second-derivative
at zero frequency. Sec. 3.3 gives an enumeration method for finding the num-
ber of codewords to be used in & DCE balanced code.

In order 1o obtain practical rates for the new codes, it is necessary to use
relatively long codewords, which makes a direct method of encoding and de-
coding using look-up tables of the source words and their channel represen-
tations prohibitively complex. Sec. 3.4 deals with the enumerative encoding
and decoding of DCE-balanced codewords. The algorithm is not more com-
plex than looking-up and adding. The look-up tables needed for the enumera-
tive coding grow polynomially in complexity with increasing codeword length.

Sec. 3.5 gives examples of codes using codewords that can be concatenated
without a merging rule. The power density functions of the newly developed
codes are compared with those of classical DC-balanced codes.

2. Runlength-limited codes

Binary codes such as the Miller code %), EFM 2%, 3PM %) and Zero-Modul-
ation*") are baseband transmission systems with applications in magnetic and
optical recording. These codes belong to the class of so-called binary run-
length-limited sequences (RLL sequences). A string of bits is defined to be
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runlength-limited if the number of consecutive like symbols is bounded be-
tween a certain minimum and a maximum value. The maximum runlength
constraint guarantees a clock pulse within some specified time, which is needed
for the clock regeneration at the receiver. Obviously 4 sequence with a digital
sum consiraint implies 2 maximum runlength constraint, but not vice versa,
The minimum runlength constraint 15 imposed to control intersymbol inter-
ference and consequently has 2 bearing on the distortion of the transmitted
signal when the transmission channel is bandwidth-limited *4%), In chap. 4 we
show that RLL scquences with maximum information content, dcfined as
maxentropic RLL sequences, have their runlengths exponentially distributed.
This leads to a simplc derivation of the power densily funcrion ot maxentropic
RLL sequences. In sec. 4.2 we give a formal definition of RLL sequences, fol-
lowed by an analysis of the runlength distribution and spectral properties of
maxentropic RLL sequences. The study in chap. 4 was motivated by the fact
that practical embodiments of RLL channel codes can with moderate hard-
ware quite easily reach rates of 80-95% of the maximum information capacity
(see chap. 5 and refs 39 and 50). From this observation we may a priori con-
jecture that the statistical properties of practical codes can be predicted by
maxentropic RLL sequences. In this way the results obtained from the maxen-
tropic RLL sequence theory could be a simple tool for an approximate cal-
culation of the power density function of practical code streams. To test this
hypothesis we compare in sec. 4.4 the runlength distributions and power den-
sity functions of two well-known channel codes with the results predicted by
the maxentropic RLL theory.

Many procedures are available for the design of runiength-limited
codes 23#5)  In particular the method presented by Tang and Bahl®) is
attractive because it is based on codewords of fixed length. Chap. 5 gives a
gencralization of the concept of dk-limited sequences of length # introduced
by Tang and Bahl by imposing constraints on the maximurn number of con-
secutive zeros al the beginning and end of the sequences. It is shown in sec. 5.2
ithal the enumerative encoding and decoding procedures are similar to those of
Tang and Bahl. The additional constraints allow a more efficient merging of
the sequences. Two constructions of runlength-limited codes with merging
rules of increasing complexity are given in sec. 5.3. The efficiency of the new
constructions is compared with that of Tang and Bahl's method.

REFERENCES

') 3. E. Savage, Bell Syst. Techn, J, 45, 449-a47 (1966).

%y W. H. Kaulz, IEEE Trans. Inform. Theory IT-11, 284-282 (1565),
# D T. Tang and 1. R. Bahl, Inform. Contr. 17, 436.461 (1970},

% E. Gorog, |BM ], Res. Develop. 47, 234-241 (1968),



Introductory chapter 2

) J. M, Frankling and J. R, Pierce, IEEE Trans. Commun, COM-20, 1182-1184 (1972).

) J. P. M. Schalkwijk, IEEE Trans. Inform. Theory I'T-18, 395-399 (1972),

3 T. M. Cover, IEEE Trans. Inform. Theory ¥T-19, 73-77 (1973).

% R.F. Lyon, IEEE Trans. Commun. COM-31, 1438-1441 (1973).

h K. W. Cattermole, ‘Principles of digital line coding®, lliffe Books Lid., London {19569).

) E. Labin and P. R, Asgrain, UK. Patent 713,614 (1952),

'y H. Kobayashi, IEEE Trans. Commun. Tech, COM-18, 1087-1100 (1971).

"y N. . Dug and B. M. Smith, Aust. Telecommun. Res. 11, 14-27 (1877).

M K. W. Cattermole, Int. J. Electron. 55, 3-33 (1983),

%) D, B. Waters, int. I. Electron. 55, 159-169 (1983).

'™ R. M. Brooksand A. Jessop, Int. J. Electron, 53, 81-120 (1983),

) Y. Takasakl, K. Yamashita and Y. Takahashi, Int. J. Electron. 55, 121-131 (1983).

™ M. Rousseau, Elactron. Lett. 12, 478-479 (1576).

% 1. C. Mallinson and J. W, Miller, Radio and Elec. Eng. 47, 172-176 (1977.

%) M, Davidson, 5. F. Haase, J. L. Machamer and L. H. Wallman, [EEE Trans. Magn.
MAG-12, 584-386 (1976),

)y ). P. 1. Heemskerk and K. A. Schouhamer Immink, Philips Tech. Rev, 40, 157-164
(1982),

) H.Ogawaand K. A, Schouhamer Immink, Proc. Premier AES Conf. Ryetown, 117-124
(1982,

) 1. M. Wozeneraft and 1. M. Jacohs, 'Principles of Communication Enginesring’, Wilsy
and Sons (1963),

™) R.W. 5. Chang, T. M. Jakubov and A. L. Garcia, IEBEE Trans. Commun. €OM-30,
1668-1678 (1982).

3y F. E. Glave, IEEE Trans. Inform. Theory IT-18, 356-383 (1972).

¥y E. Bigliere, IEEE Trans, Inform. Theory IT-20, 115-1i8 {1974).

) R 0. Carter, Electron. Lett. 1, 65-68 (1965).

7y F. K. Bowers, US patent No. 2,937,947 (19560).

"y J. M. Griffiths, Electron. Lett, 5, 79-81 (1969),

¥ K. W. Cattermole and J. J. O’ Reilly, ‘Problems of randemness in communication Engi-
neering', Pentech Press, London (1984).

3 T, M. Chien, Bell Syst. Tech. J. 49, 2267-2287 (1970).

”) J Justesen, JEEE Trans. Inform. Theory 1T-28, 457472 (1982),

B. 5. Bosik, Bell Syst. Tech. J. 51, 921-933 (1972).

™y (. L. Cariolaro and G. P, Tronca, IBEE Trans. Commun, COM-22, 1555.1563 (1974).

8y O, Brugia, R. Pictroiusti and A. Roveri, Alta Freq. 45, 695-712 (1976} {in Italian).

#) 3. L. Cariolaro, G. L. Pierobon and G. P. Tronea, Int, }, Electron, 55, 35-79 (1983).

) L. J. Greenstein, Bell Syst. Tech. J. 53, 1103-1126 (1974).

¥y D. A. Lindholm, YEEE Trans. Magn. MAG-14, 321-323 (1978).

) G. 8. Pao, IEE Proc. F, Commun., Radar and 3ignal proccss, 128, 323-330 (1941).

3 P. A. Franaszek, Bell Syst. Tech. I. 47, 143-157 (1568).

% 5. Yoshida and S. Yajima, Trans. IECE of Japzn E 59, 1-7 (1976).

Ay M. Morizono, H. Yoshida and Y. Hashimoto, SMPTE Journal 89, 658-662 (1980).

‘%) 8. Tazaki, F, Takeda, H, Osawaand Y. Yamada, Proc. 5th Internat. Conf, on Video and
Data Recording, Southampton, 79-84 (1934).

4% M. A. Parker and F. A. Bellis, Proc. 4th Internat. Conf. on Video and ata Recording,
Southampton, 207-215 (1982},

) A, X. Widmer and . A. Franaszck, Electron. Lett, 19, 202-203 (1983).

% A, X, Widmer and P. A, Franaszek, IBM I. Res. Develop. 27, 440-451 (1983).

%) G. V. Jacoby, IEEE Trans. Magn. MAG-13, 1202-1204 (1977).

¥) A. M. Patel, IBM I. Res. Develop. 19, 366-378 (1975).

) M. G, Pelchat and 4, M, Geist, IEEE Trans. Commun. COM-23, 878-883 (1975). Correc-
tion COM-24, p. 479, 1976,

#) B D. Shaft, IREE Trans. Commun. COM-21, 687-695 (1973),

) K. A, Schouhamer Immink, Electron. Lett. 19, 323-324 (1983).

) P. A, Franaszek, IBM J. Res, Develop. 14, 376.383 (1970).



10 Binary channel codes

PERFORMANCE OF SIMPLE BINARY
DC-CONSTRAINED CODES

Abstraet

In digital trangmission it is sometimes desirable for the channel stream to
have low powst near zere frequency. Suppression of the low-frequency
components is achieved by constraining the unbalance of the transmitted
positive and negative pulses. Rate and spectral properties of unbalance
constrained codes with binary symbols based an simple bi-mode coding
schemes are caleulated,

1. Introduction

The field of application of digital channel codes with suppressed low fre-
guency components 15 quite broad. We find applications in transmission sys-
tems over fibre or metallic cable%) in storage media such as magnetic ™) or
optical recording *}.

Transmission systems designed to achicve DC-suppression are mostly based
on so-calied block codes, where the source digits are grouped in source words
of m digits; the source words are translated using a code book into blocks of 7
digits called codewords, Cattermole ™) and Griffiths ®) designed binary block
codes based on codewords having zero or low disparity, where the disparity of
a codeword is defined as the difference of the number of ones and the number
of zeros in the codeword. In the simplest code type the source words have two
alternative translations (modes) being of opposite disparity polarity. The
choice of a particular codeword polarity is made in such a way that the so-
called running digital sum of the sequence after iransmission of the new code-
word is as close to zero as possible, where the running digital sum is defined
for a binary stream as the accumulated sum of ones and zeros (a zeto counted
as —I).

An analytic expression of the power spactral density function of zero-dis-
parity codeword systems was derived by Frankling and Pierce®). Examples
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of the computation of the spectra of low-disparity codewaord based systems
were given by Lindholm '*) apd Poo!), They applied the procedure given by
Cariolaro et al. '*'®) using matrix analysis. The procedure is straightforward
and very well suited to machine computation. For large codeword lengrh and
large number of encoder states the memory requirements of the procedure
become prohibitive, In this paper simple expressions are derived of the rate
and power spectral density functions of simple, bi-mode, DC-constrained
channel codes, ‘

Section 2 starts with a brief description of the properties of maxentropic
unbalance constrained sequences. The properties of these sequences are used
to establish a new figure of merit of DC-constrained codes. In sec. 3 the power
density function of low-disparity based channel codes is computed. The
varian¢e of the running digital sum {in short sum variance) of the channel
codes, adopted here as a criterion of the suppression of the energy near DC, is
calculated in sec. 4. 1n sec. 5, using the theory developed in sec. 2 we intend to
answer the question: How good are these simple channel codes for the given
redundancy and resulting suppression of low-frequency components?

2, Properties of z sequences

A designer will often be confronted with the question of how good his sys-
tem is with respect to the redundancy of the code and the resulting suppression
of low-frequency components. There is a need for a yardstick to measure the
performance of DC-suppressed channel codes in an absolute way. To that end
asymptotic properties of sequences so constrained that the running digital sum
{RDS) of the sequence will take a limired number of values are discussed in
this section. The results will be used to derive a figure of merit that takes into
account both the redundancy of the code and the resulting frequency range of
the sequence spectrum with suppressed components.

Consider binary sequences x = (x1,...,X;, ...}, X6 —1,1}. The so-called
running digital sum (RDS) of a sequence plays a significant role in the analysis
and synthesis of codes of which the spectrum vanishes at the low-frequency
end. The RDS 2, is defined as:

i
z; = Z Xj.

=

Chien !4} studied sequences x taking a finite number of RDS values, so-called z
(-constrained) sequences.

He calculated, using a Markov source model, the information capacity of 2
sequences as a function of the number of allowed RDS values, The maximum
number of RDS values a sequence takes is often called digital sum variation.
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According to Chien the maximum entropy of a Markov information source
with N allowed RDS values is given by:

- 2 n
CN) = 1 + logcos(N+ 1). 1)

More properties of z sequences were derived by Justesen '*), who calculated
the spectral properties of a maxentropic z-constrained source, i.¢. of a
Markov source with the transition probabilities chosen in such a way that the
source achicves maximum entropy.

Justesen developed a useful time-domain measure of the low-frequency
properties of DC-constrained sequences. He defined wo as the (low-frequency)
cut-off frequency according to: (see also ref. 9)

1 1
?H(WDT) = Es

where H(w T} is the power density function versus frequency and 7 the time
duration of a channel symbol. Justesen found a remarkable and very useful
relation:

weT = (2)

1
2577
where $2 is the sum variance of the sequence.

For the examples of channel codes investigated by Justesen this empirical
relation was found to be very accurate. This motivated us to use the sum
variance as a criterion of the channel code’s low-frequency propertics (eq. (2)).
This is of practical importance because the sum varance of a sequence 15 often
easier to calculate than the complete spectrum. The sum variance of a max-
entropic 7 sequence is given by ref, 15:

N

5 i 7 nk

k=1

Table T lists the capacity and sum variance versus the digital sum variation N
(eqs (1) and (3)).

The asymptotic behaviour of the capacity and the sum variance for large
digital sum variations N can be derived:

752

CM -1 - N T I

)

and

1
7N ~ (7 = 38 ) N+ D" )
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TABLE I

Capacity and sum variance of maxentropic z sequences
with digiral sum variation vV

N C(N) aHN)
3 0.5 0.3

4 0.694 0.80
5 - 0.792 1.17
6 0.85 1.59
7 0.886 2.09
8 0.91 2.64
9 0.93 3.26

With eqs (4) and (5) the following important bound between the redundancy
1 — C(N) and the sum variance of maxentropic z sequences is derived:

-

0.25 2 (1 — C(N) 6*(N) =

Ty = 0.2326. (6)

Actually the right-hand bound is within 1% accuracy for N> 9. Combining
eqs (2) and (6) yields:

wol = 2.15(1 — C(N)).
This expression clearly shows the linear trade-off between the redundancy and

the cut-off frequency of maxentropic z sequences. In sec, 5 this relation is used
to establish a figure of merit of DC-consirained channel codes.

3. Simple coding schemes

First some properties of coding schemes based on codewords with an equal
number of positive and negative pulses, so-called zero-disparity codewords,
are discussed.

The number Ny of zero-disparity codewords with # binary channel symbols
(n even) is piven by the binomial coefficient

No= (1)

The code rate R is defined according to

12
R = r log Nq.
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The zero-disparity codewords are concatenated without a merging rule. In
other words the sequence is encoded without information about the history
and a fixed relationship exists between codewords and source words. Practical
coding schemes demand the number of codewords to be a power of two, so
that a subset of the Ny available codewords should be used, which effectively
lowers the code rate R. Here only ‘full set’ coding schemes are considered.

A peneralization of the coding principle wsing zero-disparity codewords
leads to the so-called alternate or low-disparity coding?®), Besides the set of
codewords having zero-disparity sets of codewords with nonzero-disparity are
used. The simplest code type has two alternate representations (modes) of the
source words. The two alternate representations have opposite disparity, the
choice of the positive or negative representation is determined by the polarity
of the RDS just before transmission of the new codeword. The choice is made
in such a way that the absolute value of the RDS after transmission of the new
codeword i3 minimized, i.e. as close to zcro as possible, Zero-disparity code-
words can in principle be used in both modes. For ease of implementation
zero-disparity codewords are sometimes divided into two sets to be nsed in
both modes 1%719), 1t is clear if more subsets of codewords are used that the
number of codewords is larger than in the case of zero-disparity encoding (as-
suming equal codeword length). Consequently this allows a larger maximum
code rate for a given codeword length. Unfortunately the power in the low-
frequency range will also increase if more subsets are used so that a trade-off
between code rate and low-frequency content has to be found. In the follow-
ing some propertics of low-disparity coding are derived.

Let a codeword with length 2 (7 even) consist of binary symbols x;, 1 =i = 1,
x;el—1,1}. The disparity d of a codeword is defined by

d = Z X
i=1

Assume further that a sct of codewords 54 is used with zero and positive
disparity and a set S_ with elements of zero and negative disparity. Set S,
consists of K + 1 subscts S, 51, Sa, ..., Sz (K < $n); the elements of the sub-
sets §; are all codewords with disparity 27 (0= = K). The codewords in &
can be found by inversion of all # symbols of the ¢odewords in set 5. and
vICE versa.

The cardinality N, of the subset §; is simply given by the binominal coeffi-
cient

I
N=( ) =)= K.
] %H+J (U
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The total available number of codewords in S. is

K
M=3 N

=0

so that the code rate is

R=—tlogM.

1
n

As the disparity of the codewords is chosen such that the RDS after trans-
mission of the codeword is minimized, it is not difficult to see that during trans-
mission the running digital sum takes on a finite number of values. Without
loss of generality it can be assumed (by properly choosing the initial sum value
at the beginning of the transmission) rhat the sum values are symmetrically
centered around zero. The set of values (states) the RDS assumes at the end
(or start) of a codeword, the so-called terminal or principal states, is a subset
of the RDS values the sequence can take,

Let the terminal digital sum of the k-th codeword be D™, The sum after
transmission of the (k + 1)-th ¢codeword is D**V = D) + 4, where o is the
disparity of the (k + 1)-th codeword. The sign of the disparity (if d # 0) of the
codeword is chosen to minimize the accumulated sum D%+ A code with this
property is said to be balanced. We find by inspection that D®) can take on
one of the 2K values + 1, + 3, ..., £ (2K — 1). It can easily be found that the
total number of RDS values the sequence can take within codewords, i.e. the
digital sum variation, is given by

N=202K - 14+1n)+1
=4K +n- I 7

As an illustration the RDS as a function of symbol time interval, the so-called
unbalance trellis diagram, is shown in fig. 1. The ¢ode has codeword length
n=6 and it uses the maximum number K+ I =in+ 1 = 4 subsets. Note
the 2K = 6 possible sum values at the end of each codeword and also the
N=4K+n—1=17 values that the RDS can take within a codeword,

In the computation of the power density function and the sum variance of
the encoded stream we need the stationary probability of being in a certain
terminal state.

Assume the source blocks te be generated by a random independent process
then the signal process 29 is a simple stationary Markov process. The value
that D" can take is related to one of the 2K states of the Markov process.

The state transition matrix P, with entries P(i, /), where P(i,f) is the pro-
bability that the next codeword will take it to terminal state j given that the
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5

Qo

o 3
c 1
3 -1
o

Q -3
3 -5

0 1 2 3 4 5 b
time —
Fig, 1, Unbalange treilis diagram. The thick curve shows the path of the codeword * + — — — + =7

starting in state 3,

encoder 1 currently in state {, can easily be found. As an illustration we have
written down the general matrix P for 2K = 6 terminal states:

------ 5§ -3 -1 1 3 5

Po P, o pr o pe 0 0 -5
¢ p P P2 ops O -3
p=|0 O P P P2 ops| -1
ps P P po 0O |
Y Ps p2 M pa O 3

0 0 Ps P P Po 5

We find that P{i, ) is the proportion of codewords in the mode used in state /
having the appropriate disparity & for the Lransition to encoder state j= i+ 14.
The transition probability p; equals the relarive number of codewords in sub-
set §;, or

Pi= ﬁ’ O:S-,_._I-H-L.L_.K.

Due to the special structure of the matrix £ we can find the stationary
probability vector & with entries (n(K), ..., a(1),=(1), ..., ={K)), where n(¢)
is the probability being in the encoder state / with corresponding sum value
i 1)

;3
oK -0 = ¥ p, 0<igk -1, (8)

J=K-i
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where g is determined from the normalization

K
Y #(i) = 0.5.
=1
With eq. (8)
K
0=2} ip. ®

iml

The proof of eq. (8) is by direct verification of the identity

nP=n.
This amounts to:
RUK)D; + K — D)ppy ...
+rnDpr; + npejer...=n{j+ 1), j=0,..,K—-1.

After evaluating we arrive at eq. {8).

3.1. Computation of the spectrum

The codeword symbols are, in general, transmitted on some standard pulse
shape g(r) at intervals of duration 7. The signal can be expressed by:

0= Y xgt—iT),
where x; is the codeword symbol value for the time slot iT= ¢t < ({ + 1)T. The
values that x; assume are determined by the code and the source words which
are to be encoded. The auto-correlation function of the encoded sequence
Rk T) = E[xixix] is cyclo-stationary with period #7%%), On the assumption
that the process is ergodic, the power spectral density function is*%)

HwTYy = LT |Glew TY|* Wiew T),
where Gi{w 7T') is the Fourier transform of g(z). W{w T) is given by
WwT)=R(0)+23 R(kT)cos(kw T).
k=1

In the sequel we assume |QGiw T)| =T.

The determination of the power spectral density, then, requires the calcula-
tion of the auto-correlation function R(kT). Besik?') and Cariolaro et
al.'%'%) have given a complete and systematic analysis to find the auto-correla-
tion function of fixed-length-codeword-based channel codes. This analysis can

directly be used to compute the spectrum of alternate bi-mode codes (see for
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examples refs 10 and 11). However, the structure of full set alternate Ai-mode
codes allows a more efficient computation to be presented here. The advantage
of out approach is that we obtain a closed formula for the spectrum of codes
with two subsets and simple expressions for code spectra with a larger number
of subsets,

Greenstein ') studied the spectra of a class of DC-suppressed channel codes.
This class of channel codes used the “‘polarity bit’ or Bowers principle'®). He
observed an important feature of this block-coded binary sequence that also
holds for the alternate code principle. He found that the correlation between
symbols x;, and xp,, j1 # f2, depends only on the number of blocks separating
these two symbols, i.e. on the number of codewords in the interval (f1, /1), If
the source symbols are generated by a random and independent process the
consecutive codewords alse would be uncorrelated. Any correlations are there-
fore due only to the inversions of the codewords. It follows that the expecta-
tion Efx;, x;,) depends, at most, on the number of possible codeword alterna-
tions between x;, and x;,.

This nice property holds.if all possible codewords of the subsets are used. If
these subsets are truncated, for example for practical reasons to a power of
twa, the following analysis can only be used as an approximation.

The auto-correlation function R(j7T) can now be expressed in terms of a set
of numbers r({), being the correlation between any two codewords having ¢
codewords between them'®)

RUG+ImT) = Sn—nry +irG+m, j20, 15isn,
R{O) = 1. (10
In other words the auto-correlation function R(i T) can be found by & linear

interpolation of the set of numbers #(f). The spectrum of such a sequence is
given by

LTH((U Ty=1—-rH0)+ nF¥wT) {r(O) + 25: rii)cos{win T)},

=1
where

sinGrw T)

fel) = amtet)

(1D
The spectrum vanishes at ¢ — 0, so that

1+ (n— Dr0) + 2 i (i) = 0. {12)

i=1
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As a direct consequence we derive for uncorrelated sequences with #() =0,
i+ 0, for example codes based on fixed-disparity codewords;

1

"o = - —.

The corresponding auto-correlation function R{(kT) of the concatenated se-
quence is found with eq. (10)

1 k=03
R(KT) = H 0<k<n,
0 k= n.

The power density function of zero-disparity codeword based channel codes is

1 n
?H(w = a1 H- Fiw T,

which agrees with earlier results of Frankling and Pierce®).

The calculation of the numbers r(7), if K =0, is a tedious but straightfor-
ward evaluation of Cariolaro’s results, therefore we merely state the results.
The correlation function r(f) is given by

i+ ) =CIPCs, i0, (13)
where P is the state transition matrix and
P =1

The 2K-vectors Cy-and Cy are given in the interval 1 £/ K by:

. 2 & . & ,
Ci+R) = - = ,; (J—Dr(i)pmi — Eﬂ(:w)nu + 1) pry
=141 S
and

2 L3
Cali +K) = - =3 i (14
=

For symmetry reasons:

C1(f) = —C1(2K—i + 1)
and
Co(i) = —C22K—i+ 1), 1gigKk.

The correlation coefficient #(0) is not found by eqs (13) and (14). The number
r(0) equals the correlation of symbolsin the same codeword or r(0) = E[x;,x5],
where the symbol positions j, and j; are in one symbol and f; # js. The coefhi-
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cient #(0) can with sufficient accuracy be computed with eq. (12). A closed
expression is given in the section on the computation of the sum var'iancc of
alternate codes, see eq. (21).

Example 1

in the case K = 1 the preceding results for the spectrum and correlation func-
tion become manageable. We find the stationary probabilities (1} = n(2) = 4.
The cardinalities of the two subsets are given by

n n
No = (%n) and Ny = (%n+ 1),

N, n

TNt N 2n+ D)

50 that

D1
Substitution in eq. (14) yields:

Cifl) = —Ca@) = — 22 = -

and

Cuf) = —Cu2) = 222

The 2 % 2 transition matrix P is given by

A R R

A further evaluation of eq. (13) gives:

. 1 .
r{i} = — E'IT)‘“’ iz

Substituting in eq. (11) gives the spectrum of the alternate code with two sub-
setls

aZnFw T) ] (15)

1

7@ =0 - a){l "1+ a + 2acos{nw T)
where

1

n+ 1

Evaluating yields the second-derivative of the spectrum at DC:

HT(;D =Yn+ 2 (n + 11).
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Lindhoim %) and Poo!!) have given examples of the computation using the
matrix procedure of Cariolaro et al. One of their examples, the spectrum of
the 5b6b code, can be used to evaluate the accuracy of the preceding analysis,
when the subsets are truncated. The 5565 code is basicallyann =6, K = 1, bi-
mode code with 6 of the possible 50 codewaords deleted. Poo suggested to delete
thecodewords '+ +++—-",'—+++ + ~’,*— — + + + + " and their in-
verses, A recalculation yields the power density function of the 5b6b code de-
picted in fig. 2. The power density function of the ‘full-set’ n = 6, K = 1 chan-
nel code, using eq. (15), is plotted as a comparison. We note a gzood agreement
{a few dB difference) between the spectra.

K=1,n=6

5bEb

- M| L L el il i

50
ooos oM 01
tract of channel freg.

Fig. 2. Comparison of the spectra of 5565 code and the fi-mode # = 6, K = 1 code.

4. Computation of the sum variance

An important frequency-domain property of DC-balanced codes, the cut-
off frequency can be estimated, using eq. (2), by the sum variance of the code
strearn. In this section we derive a simple closed-form expression of the sum
variance of DC-balanced di-mode channel codes.

The process of encoding using the alternate code principle is cyclo-stationary
with period n T#), so that the sum variance of the sequence has to be found
by averaging the running surn variance over all # symbol positions within a
codeword. Therefore the running sum variance at all symbol positions within
the codeword has to be determined.

Define the value of the digital sum at the k-th position in a codeword to be
=y Assume a codeword starts at z, one of the K possible positive terminal
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sum values (the statigtical properties of codewords starting at negative sum
values can be found by symmetry).
The digital sum at the £-th pesition is given by

3
Zk=20+2x,ﬂ, lékﬁn.

m=1 ;
The running sum variance at the &-th position given zo is

Elzi | =] = s[(m > xm)”]

Mol
—E[Zo + Z Xo + 22y z Xm t 2 Z Z x,,xh],
m=1 HELITYIESE

where the operator E[ ] averages over all codewords.

A nice property of full codeword subsets is that £[x;,x;,] and E{x;], /1 # fo,
are not a function of the symbol positions /; and ja.

Define the short-hand notation: Elxy] =4 and Ex;,x,) =B; 1 <1, je <t
Jr# Ja

Substitution yields the running sum variance at the £-th symbol position

Elzi | zo] = 2§ + k +2kAzy + k(k - 1)B. (16)

The sum variance s of the sequence, if starting in zo, 52| Za, is found by
averaging the running sum variance over all n symbol positions
l n .
52'1 Zg = FZ E|zf | zal
kel
=z§ + Mn+ 1D+ Aln + Dz + 3(n? ~ DB.

Taking into account the probability starting in zo and averaging yields for the
sum variance s&

K
sE=Elfl+Mn v D+ 3= DB +2n+ 1hA 2 @i-Dnr. (1N

We eliminate 4 by noting the periodicity, i-e. E[2§] = E[z7]. Evaluating eq.
(16) vields

Elzl|zel =za+n+2ndAzy+nin— DB

and averaging yields
K
Elzil = Elz8] + n + 4n 4 Y. (2 — yn(i) + nln — 1) B,
t=1
so that with F[z8] = E[z2],

zAZ (2i — Da@) = — {1l + (n — 1) B].
IS
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Substitution in eq. (17) yields
s =E[z§ - Ln* - B (18

The variance E[zZ] is given by
K
Elz§] = 2 (2i — 1) r(d). (19)
=1

4.1. Computation of the correlation B = E[x;,x,,]

We now calculate the correlation of the symbols at the j;-th and jz-th sym-
bol position in a codeword. It is obvious that for ji = j2: Elx;,x,] = 1. If
J1# j2 some more work is needed. In that case

Elx; xp] = Prob{x;, = xj)) — Prob(x;, # x5
=1 - 2Prob{x;, + x;5), j1 # Jjo. 20

Assume a codeword to be an element of subset S, in S,. The probability that
a symbol at position j, in the codeword equals 1 is

Prob(x, = 1| §=5) = %(%n + 1.

The probability that another symbol at position js # j; within the codeword
is —1ig

n-i
Prob(x;, = ~1|x,=1,85=8) = f-z— L.
So that
n? — 4t
Prob(x;, #+ x5, | §=38) = m
and with eq. (20)
;2
1 — 4

H

Elxjyx, | §=5] = - T

If we further take into account the probability p; that a codeword is an element
of subset 5; we find for the correlation

K

- — igpi
B=Elxd = — % @1
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Combining with eq. (18) yields

4 &
sik=E[z§] + §n + 1) {1 - ;,—;:“pf} . 22)
Define
K
Hm =3 i"p, meil, 2,3} (23)
=1

After some algebra combining eas (8), (9), (19), (22) and (23) yiclds the
variance of the terminal sum values

4 1
Elzf) « 30~ 3 (24)

and the sum variance of the complete sequence

g g

2(n + D uz
5K —
3211

+ln -1 .

(23)

The computation of the sum variance was till now generally treated. Eq. (24)
is only based on the assumption of the DC-balanced pi-mode structure of the
transition matrix P. In ¢q. (25) we further assumed that the expectations are
invariant with respect to the position in a codeword. In the next examples we
substitute values of the cardinalities of the subscts in various code embodi-
rments.

Example 2
The special casc of zero-disparity codeword based systems, i.e. K = 0, yiclds
(Elzd] = 0)
55 = Yn + 1).

This result was earlier obtained by Justesen %),

Example 3

If two subsets are used for encoding a simple result can be obtained. We
found (see example 1)

H

P sy

Substitution and working out eqs (23) and (25) yields

si = kn+ 5).
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Example 4

Bowers '*) and Carter *") proposed a construction of DC-balanced codes as
being artractive because no look-up tables are needed for encoding and de-
coding. They proposed a code with (n — 1) source symbols being mapped with-
out meodification onto (# — 1} symbols of the codeword. The additional #-th
symbol of the codeword, the so-called *polarity bit’, is used to identify the
polarity of the transmitted codeword. Assume that the encoder is designed in
such a way that the first (7 — 1) symbols equal the souree symbaois and the z-th
symbol is one. If the sum at the start of the transmission of 2 new codeword
and the disparity of the new codeword have the same sign then all symbols
in the codeword (including the polarity bit) are inverted before transmission.
If the disparity of the codeword is zero then the polarity of the codeword is
randomly chosen. Accordingly, the number of available zero-disparity code-
words is reduced 1o half of those used in the hi-mode DC-balanced codes as
described in sec. 3. At the receiver a codeword inversion ¢an be noticed by the
sign of the polarity bit.

The spectral properties of the ‘polarity bit’ encoding principle were studied
by Greenstein 2%) and Brugia et al. *®). Greenstein used a computer simulation
to estimate the power spectral density function and Brugia et al. applied Cario-
laro’s numerical method '™%), With the preceding analysis to calculate the
sum variance of X + ] subsets based channel ¢ode a very simple expression for
the sum variance of the polarity bit encoding construction ¢an be derived,

The code rate of the polarity bit code is

R=1_L‘
]

The number of subsets is K + 1 =}z + 1 {# even), s0 that the number of ter-
minal sum values is 2K = #. The effective number of zero-disparity codewords
Ny is halved by the random choice of the ‘polarity’ of these words with respect
to the maximum number used in the low-disparity coding principle, i.e.

1/ n
No= > (%n)_
The number of codewords having nonzer¢ disparity is not changed

N,=( " ), ]-.._{_lﬂ_

1 . n.
FH ]

The total number of codewords having zero or positive disparity is:
' M= 271,
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Using some properties of binomial coefficients a routine computation yields:

Ur = %n
and 1
Hy = 5’1 K.
Evaluation of eq. (25) yields
58 = 2n - 1), (26)

where sz is the sum variance of the polarity bit encoded scquence.

Example 5

If all possible codewords are used, i.e. K=1n, the following results are
derived:

and
St = (5 — 1) = =227,

Other values of the number of subsets did not vield simple results. Using a
computer sz can be found as a function of X and #.

The results of the computations are collected in table [I, where the redun-
dancy 1 - R and the digital sum variation N of the code are also given (see
eq. (7).

TABLE 11
Sum variance, digital sum variation N and
redundancy 1 — R of alternate codes

n K N 52 1-R

3 .5 -5
5 L1e7  .208
7 1.5 .170

11 2,56 135
g 183 143
13 3.20 107
17 3.%4 101
11 217 128
15 3.68 092
19 492 .083
23 532 .081

[ e el e s e N T SR SO S ]
e e T - L T RV R Y




Performance of simple binary DC-constrained codes 27

After a study of tables I and Il we arrive at the following conclusions: the
simple code with # = 2 and K = 0, the so-called *hi-phase’ code, achieves 100%
of the rate and the sum variance of the maxentropic sequence with digital sum
variation N = 3. This result was earlier derived by Justesen '®).

A new result is the simple alternate code with 2 = 2 and X = 1 achieving 100%
of the rate and the sum variance of the maxentropic sequence with N = 5,

Fig. 3 shows for several codes the sum variance as a function of the redun-
dancy 1 — R with K and » as parameters. As a reference the sum variance is

5

=)

L]

g k

B 0

g 1

g 1 2

3 Polarity bit

05 L

0.05 a1 05
Redundancy (log)

Fig. 3. Sum variance and redundancy of various codes.

plotted versus the redundancy 1 = C(N) of maxentropic z sequences (see s
(1) and (3)). Notice in the figure that the performance of zero-disparity en-
coding diverges with growing codeword length from the maxentropic bound.
Going to more subsets, K = 1, is worth-while in a large (1 — R) range.

In order to obtain some insight into the accuracy of Justesen's relation, eq.
(2), the cut-off frequency was calculated using numerical methods (eqgs (11),
(13) and (14)) and compared with the reciprocal of the sum variance of the
code. In the range given in table II we found that the relation between sum
variance and actual cut-off frequency is accurate within a few percent.

5. Efficiency of simple alternate codes

It is customary 2%) to define the rate efficiency of a channel code as the ratio
of the code rate and the noiseless channel capacity given the channel con-
straints, or
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where C(~) is the capacity of the Chien channel (eq. (1)) and N is the digital
sum variation of the channel code.

As an example assume 7 = 4 and K = 1. In table I} we find in this case N =7
and R = 0.84, so that for this channel code an efficiency e = 0.84/0.886 = 95%
(see table 1) 15 concluded. The sum variance of the code is 1.5, which amounts
to 1.5/2.09 = 72% of the sum variance of the maxentropic z sequence with
N =7. 1t is clear that the comparison of DC-balanced channel codes with
maxentropic z sequences should rake into account both the sum variance and
the rate. We come to the following definition of encoder efficiency

Ee @n

The efficiency £ as defined in eq. (27) compares the ‘redundancy-sum variance
products’ of the practical code and the maxentropic sequence with the same
digital sum variation as the practical code. Note thal for N = 9 the ‘redun-
dancy-sum variance produet’ of maxentropic z sequences is approximately
constant {see eq. (6)) and equals 0.2336.

The efficiency £ of various codes versus codeword length is plotted in fig. 4,
The polarity bit encoding principle has a simple implementation, but as we
can notice from figs 3 and 4 it is far from optimum in the depicted range. We
conclude from the figures that for a given rate a sum variance can be expected

10r
08
w  06f
2
3 04 ey
2 k
“ )]
w L v
02 % 2
a0 o F'ollorlty bttl . |

0 4 8 12 16 20
Codeword length n

Fig. 4. Efficiency of simple alternate channel codes.



Performance of simple binary DC-constrained codes 29

approximately 2.5 times larger than that of maxentropic z or e.g. codes based
on alternate codes with K= 1. Eqgs (6), (26) and (27) show that for large
codewords the efficiency £ asymptotically decreases to 35%. In the range
0.8 <« R = 0.9 notice for a desired low-frequency suppression the price of this
simple code: a loss of approximately 15% in c¢ode rate. Greenstein (ref. 18,
pp. 1125) concluded: *If the quantity held fixed is the rate, the zero-disparity
code must use a larger value of the codeword length than ‘polarity bit’ for
which its spectral superiority all bur vanishes’. Quite a different conclusion
can be drawn from figs 3 and 4, showing the superiority of zero-disparity
codes with respect to ‘polarity bit’ encoding in the most practical (1 — R)
interval. A calculation shows that for an unpractically large codeword length
# =160 the polarity bit encoding principle outperforms the zero-disparity
encoding. :

In the following we study the efficiency of bi-mode codes when the code-
word length is allowed to become very large. A rearrangement of the pre-
ceding resuls is plotted in fig. 5. The figure shows the efficiency E versus the
normalized parameter K' = K/l/rT with the codeword length 7 as & parameter.
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Fig. 5. Asymprotic cfficiency of simpie alternate channe! codes.

The curves are plotted as solid lines; note however that only a discrete set of
points is achievable. The asymptotic curve with #— oo was calculated using
the error-function as an approximation of the binomial coefficients (see for
example ref. 23). We notice that the asymptotic curve achieves a maximum in
efficiency when K = 0.47. The maximum efficiency £ is in that ¢ase approxi-
mately 0.56.
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6. Conclusions

We calculated the power density function and sum variance of simple bi-
mode DC-suppressing block-coded channel codes. We compared the rate and
sum variance of the channel sequence with maxentropic unbalance constrained
sequences. We found that codes with a small rate have a good efficiency. Two
codes with digital sum variation N =3 and 5 were shown to be optimal in
Chien’s sense. Large rate codes become asymptotically bad with growing
codeword length. By properly choosing the number of subsets of the code we
can maximize the code efficiency to approximately 56%.

Codes based on the polarity bit principle have a simple implementation, but
the efficiency is bad in the practical range of codeword length.
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CONSTRUCTION OF BINARY
DC-CONSTRAINED CODES

Abstract

The systematic design of DC-constrained codes based on codewords of
fixed length is considered. Simple recursion relations for enumerating the
number of codewords satisfying a constraint on the maximum unbalance
of ones and zeros in a codeword are derived. An enumerative scheme for
encoding and decoding maximum unbalance constrained codawords with
binary symbols is developed. Exampies of constructions of transmission
systems based on unbalance constrained codewords are given. A worked
example of an 8b10h channel code is given being of particular interest
because of its practical simplicity and relative efficiency.

1. Introduction

An important requirement when designing a digital transmission systern is
the shaping of the power spectral density function of the encoded stream by
adding redundancy to match the particular physical properties of the trans-
mission channel. Many practical examples of transmission systems can be
mentioned that do not pass the low frequencies with sufficient signal-to-noise
ratio. Filtering out the low frequencies can only be done if the encoded signal
itself is not seriously distorted by this filtering. Shaping the spectrum of the
encoded stream by coding can cope with this phenomenon. Shaping, however,
can only be done if some kind of redundancy is added to the source sequence.
The field of application of digital channel codes with suppressed low frequency
components 13 quite broad, We find applications in transmission systems over
fibre or meraltic cable '~*) and in storage media such as optical recording %)
and magnetic recording ).

Transmission systems designed to achieve DC suppression are mostly based
on so-called block codes, where the source digits are grouped in source blocks
of m digits. The m digit blocks are translated using a code book into blocks of
n digits called codewords. Cattermole®”) and Carter ®) gave examples of chan-
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nel codes based on block codes with codewords having zero or low disparity,
where the disparity of a codeword is defined as the difference of the number of
ones and zeros in the codeword.

Justesen®) showed a close relationship between the low-band cut-off fre-
quency and the variance of the runaing digital sum of a DC-suppressed en-
coded stream. The (running) digital sum is defined for a binary stream as the
accurnulated sum of ones and zeros (a zero counted as —1) from the beginning
of the transmission. Furthermore Chang et al.'?) found that the sum variance
plays an important role in the bit error rate when the transmission channe] is
AC-coupled. The simple codes as previously discussed have the disadvantage
that codeword length, the sum variance and rate have a fixed relationship.

In this paper the code design is based on codewords having a constraint on
the maximum number of assumed sum values, i.e. those codewords are
deleted having a relative large contribution to the sum variance.

We start in sec. 2 with a brief description of the properties of sequences that
assume a limited number of digital sum values. These properties are used to
establish a4 figurc of merit of DC-constrained codes. The actual basis of code
design is given in sec. 3. It provides a method for the enumeration of code-
words with an unbalance constraint. In general the efficicney of a channel
code can be improved if larger codewords are allowed. Unfortunately the
complexity of the encoding and decoding hardware increases exponentially
with increasing codeword length if a direct method using look-up tables of the
source words and their channel representations is used. Section 4 deals with
algorithms for encoding and decoding of constrained codewords growing
polynomially with increasing codeword length, Finally, in sec. 5 the problem
is addressed of sclecting sets of codewords to design DC-suppressed channel
codes, A worked cxample of a new 82105b transmission code is given showing
superior features with respect to other codes with rate 8/10.

1. Properties of z-constrained sequences

This section provides a description of some properties of DC-constrained
sequences generated by a Markov source having maximum entropy. This
study gives a relation between the redundaney and the sum variance of codes.
Using this theory we can derive a new figure of merit taking into account both
the redundancy and the resulting frequency range with suppressed com-
ponents,

Consider binary sequences X = {X1,...,X,...), x;&€{—1,1}. The so-called
(running) digital sum of a sequence plays a significant role in the analysis and
synthesis of codes of which the spectrum vanishes at the low frequency end.
The digital sum z, is defined as:
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z; = Etx_,', 1)

J=l

Chien *1) studied sequences x assuming a finite number of sum values. Se-
quences having a constraint on the maximum number of sum values are
defined here as z (-constrained) sequences. The total number of sum values a
sequence assumes is often called the digital sum variation. Chien determined
the information capacity of z sequences as a function of the number of
allowed sum values. His results will be briefly discussed in the following.

Taking z; at any instant 7 as the state of the signal stream X, then the bounds
on z; define a set of allowable states of a Markov source. Each transmission of
an additional symbol x; can be considered as a trangition from onc state to
another. This transition can be represented by a so-called conpection matrix.
For the N state Markov source an Nx N connection matrix D is defined by
D, /)= 1 if a transition from state { to state 7 is allowable and D(i,/) =0
otherwise. The connection matrix D is for the z-constrained sequences given

by DU+ 1,)=DGi+1)=1, 1=igN-1, 2)
D, j) = 0, otherwise.

Note that I is a symmetric Toeplitz matrix. As an example we have written
down the matrix 7 for N = 5.

01 000
1 01 00
D=101 010
00101
000 10

The above representation is related to the input-restricted noiseless channel
studied by Shannon ™). The Markov information source model enables us to
compute the channel capacity, defined as the number of bits per channel sym-
bol that can maximally be carried by the constrained channel sequence gen-
erated by the Markov source. The channel capacity equals the maximum en-
tropy of the Markov source which is given by the base-two logarithm of the
largest real eigenvalue of the connegetion matrix 2'%), According to Chien the
maximurm real eigenvalue of the Toeplitz matrix is given by

A=2005(N7::_]), (3)

50 that the capacity is

CIN) = "logi = 1 + log cos (Ni 1). )
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More interesting properties of z sequences were derived by Justesen®). He
calculated the power density function of z sequences. The transition matrix of
a maxentropic z-constrained source was determined, i.e. a Markov source
with transition probabilities chosen in such @ way that the source has maxi-
mum cotropy. In order to determine the transition probabilities that maxi-
mize the entropy of the N state source, one must determing an eigenvector
Po=(pa(1), 2(2), . .., pd N that satisfies (ref. 14, pp. 210)

PaD = A p, (3)
The joint probability p(Z, /) of a transition from state i to f of the maxentro-
pi¢c Markov source is given by
. _ o Pe(J) .
LiY=ATtD(L ) = G fe 1,2, N
2D (64 ot Y
Using the fact that 1215 a Toeplitz matrix we find for the stationary probability
() being in state {*)

. 2 - wi e
p°'(l)_N+lsm (N+l)’ lsisg N (6)
The cut-off frequency wy of 2 DC-constrained sequence is defined by ®1%)
H(weT) 1
fiWe i) _ 7
T 2 @

where H{w I') is the power densily function of the scquence versus frequency
and T the time duration of a channel symbel. Justesen found a remarkable
and very useful relation

1

wol = 2\5—2,

(8)
where s* is the sum variance of the sequence.

This simple relation is not only restricted to maxentropic sequences; exam-
ples of practical channel codes investigated by Justesen show that the regi-
procal relation (eq. (8)) between cut-off frequency and sum variance is very
accurate. This motivated us to use the sum variance as a criterion of the low-
frequency properties of a channel code. This is of practical importance be-
cause the sum variance of a sequence is often easier to calealate than the auto-
correlation function or spectrum. The sum variance of a maxcolropic z
sequence can be found using eq. (6)

I

GHN) = NiTZ BN + 1) — k)? sin® (N”fl ) ©)

k=]




Construction of binary DC-constrained codes 35

TABLE I

Capacity and sum variance of maxentropic z sequences
with digital sum variation N

N CN)  a*(N)
3 0.5 0.5

4 0.694  0.80
5 0792  L17
6 085  1.59
7 0.886  2.09
8 0.91  2.64
9 093  3.26

In table I the capacity C(N) and sum variance versus the digital sum varia-
tion N are collected (using eqs {4) and ().

For large digital sum variation N the sum variance and capacity can be ap-
proximated by

nz
T Ch)YWN+ E

1 i
aHN) ~ (ﬁ - 271_—2) (N + l)i.

CN)—~1

This leads to following relation between the redundancy 1 — C(V) and the
sum variance of a maxentropic z sequence

7:2
SO
0.25 3 (I = C(N)) a*(V) > (‘ZIT) = 0.2326. (10)

Actually the right-hand bound is within 1% accuracy for N = 9. This rela-
tion shall be used later to establish a figure of merit of DC-constrained codes.

3. Enumeration of (N, n} sequences

Let x = (x1,X2,..., %), X3€}0,1} be an (n) sequence. We define the digital
sum z; of the (n) sequence

k
Ze=3 (2 — 1) +z, lhkgn
im}

The rescaling has been done in such a way that ‘zeros® are counted as —1. The
initial sum is denoted by z,.



36 Binary channel codes

Definition

A binary (#) sequence is called an (N, Na, n) scquence if 2, (1 =5 k=i n) is
bounded between Ny and Nz (N = Ny).

Without loss of generality choose Ny = 1 and N: = N, We further use the
shorthand notation (M, #) sequence to denote a (1, N, 1) sequence.

Let T=T(z.,n;N,zo) be the set of (V, 1) sequences for given length #, sum
constraint &, initial sum zp and terminal sum z,. The cardinality of the set T
can be found by manipulation of the Nx N connection matrix /.

Let | 7| = A(za, n; N, zo) denote the number of distinct sequences of length
n starting in state Zo and terminating in state z,, then

Alzy, 13N, 20) = D(20, 2.), (1n

where D7(1,5), 1 5.4,/ = N, denotes the i, j-th element of ithe #-th power of
the matrix D.

In order to avoid many rultiplications required in the matrix powers, ob-
serve the specific structure of the connection matrix 2. We find the following
recursive relations for determining the number of sequences.

Let Az, N, z0) = 1,

A(f, 0; N, Zo) =0; all ¢ =,E Zo
and
AN z)) = AN+ 1, /i N, zo) = 0; O jsm
Let further

AU, i N, 20) = AU — 1, ] - ;N z9) +
+AG T L7 - BNzl gl Ny T=jgn (12)

We can observe that excepl at the boundaries the recursive relations are similar
1o the relations for the binomial coefficients in the Pascal triangle.

4. Enumerative coding of (N, 7} sequences

In this section a general enumerative technique for decoding (N, n) se-
quences is developed. To that end we establish a 1 — 1 mapping from a set 7 of
(N, n) sequences onto a set of integers 0,1,..., 17| — 1, where | T'| i3 the car-
dinality of the set 7.

Let T(ze n; N, 2o) be the set of (N, 1) sequences for the given constraints,
The set. 7 can be ordered lexicographically as follows:

If x=(x1,...,x) and y = (¥1,...,¥:) are elements of the sel 7 then y is
called less than x, inshort y <<ox, if there exists an 7, 1 <5/ << », such that y; < x;
and x;=y;, 1 =/ =i, For example ‘00101” <0°00110°. The position of x in the
lexicographical ordering of T is defined to be the rank of x denoted by r(x),
i.e. r{x) is the number of all ¥ in T with y <ox.
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Theorem 1

The rank r{(x) of the binary sequences x in T can be calculated according to
rx) =3 Als + 10— ki N, zo) - Xe (13)
&~
where
k=1
Se=2a— 3, (20~ 1)
i=1

Proaf _
According to Cover'®) the lexicographic index r(x) is given by
H
FX) = 3 x50 nalxn, Xa, - ., X1, O),
i

where #.(x1,Xz,...,X) denotes the number of elements in set T for which the
first & coordinates are given by (x1,x2,...,X). The first {j — 1) coordinates of
x determnine the state s,

J=1
si=za— 3 (26— 1),

fwl

as
i-1 n
Zi=2Zo+ Y (-1 -1+ ¥ (26— ).
Izl imjwl

The number of elements in set T with prefix (x1, x2, ..., X;-1,0) equals the num-
ber of (V,n = j) sequences starting with digital sum z, ang terminating with
5+ 1.

In other words

RlX1, X2y o0 0y Xpe1, 0) = Alsy + 1,2 — j; N, zo).

Example 1 .

Consider the set T(z,, 7N, z0) = T(4,10;7,4). It follows from z,=z, that
all elements of the set have an equal number ¢of zergs and ones. It can be veri-
fied that the sequence x = (1100010110) is 2 member of the set and can be
ordered according to theorem 1. The ranking procedure is visualized in fig. 1.
The array in fig. 1 has N = 7 columns and n = 10 rows. The entries are given
by the weighting coefficients A(Z, /; N, zo). We can easily verify the recursion
relations eq. {12).

Ranking proceeds as follows. Start at the bottom at the z, = 4-th column.
The left-most symbol xp of the sequence x = (1100010110) is a 1. Move one
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-
h ‘..r 14 0 (1100010110} =180

Fig. 1. Generalized Pascal’s triangle,

step in the X direction i.e., towards 68, and record the entry at a single step in
the X direction, i.e. 116 in an accurnulator. The next symbol is again a 1, s0
move again in the X direction towards 34 and add the entry 68 to the current
accurnulator value, i.e. 116 + 68 = 184. We further proceed as depicted in the
figure. Eventually we arrive at #(1100010110) =116+ 68 +4 + 1 + 1 = 190.

The procedure given here is a generalization of a procedure given by Schalk-
wijk ') using Pascal’s triangle with the bingmial coefficients as entries for
ranking codewords with a given disparity.

The inverse function, conversion from a given integer [ to an (V,n) se-
guence with rank 7 is also analogous o Schalkwiik’s algorithm and can be
carried our as follows.

Inverse algorithm

Let an integer 7 (/= 0,1,...,| T| — 1) and the set T(z,, #; N, Zo) be given.
The following algorithm finds x such that r(x) = / (see Cover '*)).
Siep 1

I Az, + 1, — 1N, zo) = [ then setx; =1 and set/=71—A(z. + 1,
n— 1N, zp) else setx; = 0.
Step 2

For k=2,....n if Alse+ 1, n—k;N,zo) = I, where & = 2o and
Sk = Sk-1 — (2xx-1 — D thensetxy = landset /=7 — A(se + 1, n— kN, z¢)
else setxz = 0.
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Till now the procedure was confined to the ranking of one set (N, n) se-
quences. By a straightforward generalization it is also possible to rank sequen-
ces starting from a predefined set of states and all terminating in the same
state. Assume L codeword subsets starting with sum values given by z;,
i=1,...,L, i.e. consider the set consisting of the subsets T(z.,mN, z),
i=1,...,L. Ranking of the set can be accomplished with

R L
M) =Y Y Ak + Ln kN, z1) - X, (14
where e
k=1
Se=2Za = 3 (20— 1).
=1

This follows from the fact that the subsets are disjoint. The inverse function,
converting an integer I to an (¥, n) sequence, can also be done in the same
MARner.

The ranking given in theorem 1 enables the design of channel encoders of
moderate complexity. We need storage capacity for approximately N/2xn
non-zero weighting coefficients, a full adder and an accumulator to store the
intermediate and final results. This has to be compared with a look-up table of
2" entries if a non-algebraic method of coding is used. The weighting coefli-
cients look-up table can be used for encoding and decoding, which is attrac-
tive for application in recording. We do not need a multiplier because x is
binary valued and so the multiplications are simple additions. Lyon %) pave an
example of a practical embodiment for the coding of codewords with given
disparity using Pascal’s triangle. His circuitry can in principle be used with
only a modification of the entries in the look-up table.

5. Transmission codes based on (N,n) sequences

When the state-independent encoding strategy is used transmission codes
that satisfy the digital sum constraint can readily be found. Enumerative en-
coding and decoding can always be used in a straightforward way. A draw-
back of this simple coding scheme is that generally speaking good coding effi-
ciency will be reached for ‘large’ codewords. A much more powerful method
is based on the state-dependent encoding principle. A problem will arise for
the assignment of codewords to source words in all encoder states, when the
algebraic coding algorithm and state-independent decoding are to be com-
bined.

5.1. State-independent encoding

In the special case of state-independent encoding all codewords start and
terminate in the same sum state, Consequently the codewords have zero-dis-
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parity. The number of distinct (V, n) sequences can be found by the enumera-
tion method given in the preceding section. Table I lists the number of zero-
disparity (V,n) sequences as a function of & and n. The (erminal sum state
has been chosen 1o maximize the number of codewords, Transmission codes
can readily be designed with this table.

TABLE 1I
Number of zero-disparity {N, n) sequences

6 8 10 12 14

¥ 16 32 64 128
13 34 89 233 6l0
18 34 162 486 1458
19 61 197 638 2069
20 68 232 792 2704
20 69 241 846 2977

G ] D LA e b
S DS R

Example 2
If n = 8 and NV = 7 the table shows that there are 68 distinet (V, n) sequences

onto the 2 = 8 channel symbols. Hence the code rate R = m/n = 3/4. We only
need 64 codewords, s¢ four codewords are deleted. If the lexicographical
largest or smallest codewords are deleted then the enumerative coding scheme
can be applied without modification.

The rate efficiency is defined with respect to capacity of the constrained
channel ¥
R

T TNy

where N is the digital sum variation of the channel code,

The code of example 2 has a rate efficiency (see table 1): 0.75/0.886 = .85.

The sum variance, adopted in sec. 2 as a low-frequency criterion, could be
found by an exhaustive computation of the variance of all codewords. A com-
putation growing polynomially in the codeword length a1 can be based on the
enumeration method of the preceding section. The probability that the digital
sum equals { at symbol position j within & codeword is given by the number of
paths starting in z,, passing state [ at position j and eventually terminating at
Zn, divided by the total number of paths from zo to z,.
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It the case of zero-disparity codewords we have 2z, = 2., 50 that according
to the enumeration method the sum variance 52 of zero-disparity (&, n) se-
quences can be found by

st = ,,]T| Z Z (-2 A n—j; N zo) AG, ji Ny zg)y  (19)
where the average dxgnlal sum Z is given by
= rt|T| Z E‘A’a”—j N, zo) A(, ji N, 2o}

and the cardinality | 7| = A(zo, ny N, zy).

The code of example 2 has a sum variance §2 = 1.38, which amounts to 66%
of the sum variance of a maxentropic sequence with N = 7. It is clear that the
comparison of DC-constrained codes with maxentropic sequences should take
into account both the sum variance and the rate. Therefore a new figure of
merit, the efficiency E of DC-constrained codes is introduced. Eq. (10) showed
that in the case of maxentropic z sequences the product of redundancy and
sum variance is approximately constant. The efficiency £ is now defined as the
ratio of the products of redundancies and sum variances of the maxentropic
z sequence and the actual code, or
{t — C(NH a*(V)

(1 - R)s® ’
Fig. 2 shows the efficiency E of zero-disparity codewords of word length »
with N as a parameter. The efficiency grows asymptotically 1o unity with in-
creasing codeword length.

E= (i6)

1.0r

091
w /',4—“/
& 08f /
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05)7 l ' ~ %

10 20 30
Codeword length n

Fig. 2. Efficiency £ of zero-disparity based codes,
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3.2. State-dependent encoding

The case of state-independent encoding is straightforward: a)l codewaords end
with the same sum value, More efficient coding, i.e. achieving a larger rate with
smaller codeword lengths, is possible if the codewords are atlowed to terminate
in a predefined set of sum states. The problem is now to establish this set of states
and codewords for an optimal transmission. Franaszek *'9) has developed an
algorithm for determining the existence of a set of so-called principal states for the
design of constrained sequences such as run-length-limited sequences. A neces-
sary and sufficient condition for the existence of a code is the existence of a set of
principal states with the property that from each of these principal states there
exists a sufficient (with respect to the number of source words) number of distinct
codewords to the other principal states. The minimum number of paths from a
principal state to another determines the information rate. The method outlined
by Franaszek does not guarantee the important feature of state-independent
decoding. A code is state-independent decodable ') if every mapping of a source
word into a codeword has a unique inverse independent of the encoder code pages,
where a code (book) page is the subset of codewords starting in a principal state.
This property guarantees that cvery (noiseless) codeword be correctly decoded
even when the actual encoder state is unknown. Franaszek showed that such
a unique inverse is always possible if only two principal states are chosen.

We collected in table IH some of the results of the computer search for
codes using Franaszek’s method with the additional constraint of two allowed

TABLE 11l
Codes with fixed length codewords, state-dependent encoding
N n " R e
5 4 3 H .95
5 14 1 4o o9
5 24 19 B 999
7 6 5 g .94
T 14 12 s 97
7 022 19 ¥ .98
7 24 21 a .99
8 16 14 1 .9
9 18 16 § .9
9 20 18 = 97

N digital sum variation, r codeword length, m number of source bits,
K rate = m/n, e rate efficiency — RIC(NV),
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principal states. The number of codewords were truncated to the nearest
power of two, For this reason the sum variance of the codes is not known and
therefore the rate efficiency e = R/C(N) is used as a figure of merit. The source
word length m is here chosen to optimize the rate efficlency of the code. Note
that in practical circumstances we generally do not have such a degree of free-
dom and consequently some of the efficiency is lost.

We conclude from this table that good rate efficiencies are possible with
state-dependent encoding, Most interesting are codes with sum variation VN = 5.
In this particular case it can be proved by evaluation of the matrix D that for
any codeword length the number of principal states for optimum transmission
is two and that the number M of sequences from a principal state is (n even)

M = 32,

In the n = 2 case there are three distinct codewords: the zero-disparity code-
words ‘01" and ‘197 (i.e. the *hi-phase’” words) and the codewords ‘00" and “11°
to be used alternately. The rate of the 7 = 2 code when using a ternary source
alphaber is §?log 3. According to table I this simple code achieves 100% of the
noiseless channel capacity. Also the sum variance of this code equals the sum
variance of the maxentropic N = 3 sequence?®). For binary source alphabets it
is not possible to reach this efficiency, though according to table 111 with a
codeword length n = 24 a rate R = & can be reached, being 0.1% below the
asymptotic bound.

Fig. 3 shows the efficiency E versus codeword length n with the digital sum
variation MV ag a parameter. The sum variance was calculated by an extension

10 W
09F WWH—H
17| M‘“
» 08
3 N
2 07 a7
oy v 9
0.6' x 11
D_g}_ 1 1 e [
0 10 20 30 40

Codeword length n

Fig. 3. Efficiency of state-dependent coding,
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of eq. (15). The ¢code efficiency was calculated taking into account all possible
codewords (no truncation to a power of two). The efficiency of codes with sum
variation N =5 is for arbitrary (even) codeword length equal to unity. We
note the improvement in efficiency with respect to zero-disparity codeword
based coding.

Till now we did not discuss how to apply the enumerative coding method
when state-dependent code book pages will be used. State-independent de-
coding is not guaranteed if the codewords in the code pages are lexicographically
ordered. If the encoder hastwo pages and Nis odd then coding can be donein the
following way. Let Ap and A, be the code book pages. Codewords in A, have
Zero or positive disparity, We order one of the pages, say Ao, according to sec, 2.
A codeword in page A, is found from a codeword with the same rank in A, by
inverting all bits if the codeword has non zero-disparity, Source words are
represented by the same zero-disparity codeword in both pages. The decoder
observes the disparity of a received codeword and if needed the codeword can
easily be mapped to the A, ranking. If N is even this simple procedure cannot
be applied. In the next section an example is given to solve the N is even case,

5.3. 8b10b channel code, a worked example

In certain applications of channel codes, such as digital recording on mag-
netic tape or transmission over fibre-optic network it has been found that a
‘D{C-balanced’ channel code with rate R = 0.8 has attractive features **-**). In
this section a design example of such a code is described based on the theory
of the preceding section.

The source signal is assumed to have eight parallel bits that are translated by
the channel encoder using a cede book onto the channel symbols. The channel
symbols are sequentially recorded on the recording medium such as for example
magnetic tape. In this design example the code book has two pages: A(Se) and
A(S1), where S and S) are the two encoder states. Each page has 256 enlries,
enabling a one-to-one state-dependent encoding. Dependent on the particular
transmitted codeword the encoder state changes from state So to §; (or from
S to S5, or it remains in the same state, Both pages are so chosen that:

a) a simple encoding and decoding is possible, permitting a simple low-cost
design;

b) the concatenated channel string takes on six digital sum values;

¢) the maximurn run-length is five channel symbols, 1.e. at most five consecu-
tive like symbols can occur;

d) state-<independent decoding is possible. Upon decoding no use is made of
the digital sam for decoding. In this way error propagation is limited to
eight decoded source bits.
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From table I it can be concluded that the capacity of a channel that occupies
six sumn states is C{6) = 0.85. In other words the design of a channel code with
this constraint and rate R = 0.8 is feasible. The capacity of a channel occu-
pying five sum states s C(5) = 0.792, 50 that a code with R = 0.8 satisfying the
N =5 constraint has not to be attempted.

Fig. 4 shows the unbalance trellis diagram of a ¢code that occupies six sum
states. The encoder has two principal states denoted by So and 51, The trellis

o = N
AN

unbalance
KR
n

1
[ 9% ]

01 234567891

time - =

Fig, 4, Trellis diagram of 8010b code.

diagram gives a plot of all possible sum values as a funetion of the symbotl

position. Using the generalized Pascal triangle defined in the preceding section

it can be calculated that the number of codewords satisfying the channel con-
straints starting in 5o and terminating in 8o and §, is 197 and 153, respectively.

From 35 there are 155 and 131 codewords terminating in Sp and S, respec-

tively. We conclude that the minimum number of codewords from an initial

state is 131 4+ 155 = 286, being sufficient for an 8 10 10 mapping.
In order to enable simple coding the sets of codewords with zero-disparity
are divided into two subsets:

1) codewords that can be state-independently encoded, We found that the
total number of such codewords is 89. These codewords ¢an be found by
inspection of the trellis diagram. The zero-digparity state-independent
codewords occupy four sum states so that the number of codewords and
the codewords themselves ¢an again be evaluated using the generalized
Pascal triangle (see table IV);

2) other codewords with zero-disparity.

We now formulate the following rules for encoding and decoding.
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TABLE 1V
Pascal triangles of 842108 code
1 0 1 0
1 0 i 1 4]
2 1 1 2 1
3 0 3 3 0
5 3 4 6 3
8 0 10 9 0
13 -8 14 19 9
21 0 13 28
34 | 47 61
55 108

Encoding rules

Most of the codewords of page A{Sq) ¢can be generated by the enumerative
coding method. The page A(S)) can be found with some ‘bit-shuffling’ of
codewords of page A(Sq). We define the following three subsets of A(So),
where [ (0= F =2 255) is the rank (or decimal notation) of (he source words

Subset To: O = [ 88,
The codewords are stale-independent encodable, have zero-digparity, and
do not change the encoder state.

Subser T 89 = Tl 243,

The codewords have non-zero disparity. By symmetry (see trellis diagram)
the codewords in page A(S)) can be found from codewords in A(S,) by in-
verting each symbol and reversing the direction of transmission of the code-
word, Example: assume a codeword with rank 7 in 7, of page A(S,) to be:
‘Q100101111". Inverting and reversing results in codeword A(S,,[)=
‘00001011017, It can be verified in the trellis diagram that this codeword satis-
fies the constraints. Whenever a codeword in subset 71 is transmitted the en-
coder changes its state.

Subset Ta: [ == 243,

The codewords in 73 are chosen from the state-dependent, zero-disparity
codeword set in such a way that a codeword A(S,,] = 243) is found from
A(So, I > 243) by reversing the direction of transmission of the codeword, We
did not found an enumerative method for encoding or decoding the twelve
codewords in set Ta, so that a direct look-up table is needed.
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Decoding rules

At the receiver the codewards in 4(S,) can with simple hardware be mapped
to codewords in A(Sy) with the same source representation. It thus suffices to
have a decoding algorithm for codewords in state So. Due to the partitioning
into two subsets two Pascal triangles are needed listed in table 1V.

We conclude from this table that the look-up table has 21 + 14 = 35 non-
zero entries. We further need for decoding an 8 hits full adder and additional
hardware for distinguishing subsets T, and 7) and coding of codewords in T3.

Results
Using & computer the following statistical properties of the 82105 code were
calculated (3ee table V).

TABLE V
Statistical properties of 82105 code
sum prob. run-length prob.
3 066 1 .540
2 199 2 .303
1 .286 3 119
¢ 264 4 .033
-1 148 5 005
-2 .036
average sum = (.662 average run-length = 1.66
sum variance = 1.534

The run-length of a code is defined as the number of consecutive like sym-
bols. The efficiency E of the 82105 code is according to eq. (16) and table I
0.2398/(0.2 x 1.534) = .78.

Table VI lists the main parameters of DC-constrained 84105 and 16520b
codes that were reported in the literature (see also Tazaki??)).

TABLE V1
Main parameters of R = 8/10 DC-constrained codes
reference N Tow*) | note
Morizono ¥¥) 10 10 **)
Shirota ) 7 6
Widmer 2%21) 7 5
Parker ) 6 5 *ddy
new 6 5

*) maximum runslength, **) simple zero-disparity code with 252 codewords,
#%¥) block eode with codeword length 7 = 20
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Note that the new code has improved features with respect to the other
codes with codeword length n = 10. The Parker vode has the same main
parameters, but due to the doubled codeword length it needs considerably
more hardware for encoding and decoding.

6. Conclusions

We have presented a systematic approach for designing binary DC-balanced
channel codes. DC-balance was achieved by imposing a constraint on the
maximum unbalance in the number of positive and negative pulses within
codewords. We derived recursion relations for determining the number of
codewords satisfying 2 maximum unbalance constraint. We showed that the
efficiency of the new codes is asymptotically optimal, i.¢., for long codewords
the information rate and sum variance approach the capacity and sum
variange of maxentropic z-constrained sequences. Algorithms for ¢ncoding
and decoding of maximum unbalance codewords were derived. The hardware
needed for these algorithms grow polynomially with the codeword lenath, so
that they are very useful when large codewords are applied. An example of a
new 8510h DC-balanced code assuming only six digital sum values was given.
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SPECTRUM SHAPING WITH BINARY
DC:-CONSTRAINED CHANNEL CODES

Ahstract

A method is presented for designing binary channel codes in such a way
that both the power spectral density function and its second-derivative
vanish at zero frequency. Recursion relations are derived to determine the
nuntber of codewords that can be used in this coding scheme. A simple
algarithm for encoding and decoding codewords is developed. The per-
formance of the new codes 1s compared with that of classical channel codes
designed with a constraint on the unbalance of the number of transmitted
positive and negative pulses.

1. Imtroduction

Many channel codes have been designed with the aim of suppressing the
power of the encoded stream near the zero frequency. Most of these channel
codes are designed on a digital sum constraint, where the (running} digital sum
15 defined for a binary sequence as the accumulated sum of ones and zeros
(a zero is counted as —1) from the start of the transmission. The frequency
region with suppressed components is characterized by the so-called cut-off
frequency. Justesen ') found that the cut-off frequency of these sequences is
proportignal to the redundancy of the code. An example of a practical
embodiment of a code rejecting the low-frequency components, a DC-free or
DC-balanced code, is the so-called zero-disparity code using codewords with
an equal number of positive and negative pulses?). A generalization of this
concept leads to low-disparity codes using two alternative source representa-
tions of opposite disparity polarity *). Immink *) studied the cut-off frequency
versus the redundancy of these simple binary low-disparity codes. He con-
cluded that the performance of the codes, in particutar for small codeword
lengths, is comparable with that of maxentropic sum constrained sequences.
The power spectral density function of digital sum constrained codes is charac-
terized by a parabolic shape in the low-frequency range from DC to the cut-off



50 Binary channel codes

frequency. In some applications it is desirable to achieve for a given redun-
dancy a larger rejection of the low-frequency components than is possible
with DC-balanced codes.

In this paper a new class of DC-free codes is presented having as additional
property that the zero second-derivative of the code spectrum also vanishes al
zero frequency. (MNote that the odd derivatives of the spectrum at zero fre-
quency are zero because the spectrum 15 an even function of the frequency.)
This results in a substantial decrease of the power at low frequencies for a fixed
code redundancy as compared with the classical designs based on a digital sum
criterion. Section 2 introduces a time domain constraint to be imposed on the
channel sequence so that the resulting spectrum of the sequence has the DC®-
balanced property, i.e. has both zero power and zero second-derivative at zero
frequency. Seclion 3 presents an cnumeration method for finding the number
of codewords to be used in a DC%-balanced code. In order for the new codes
to have a practical rate relatively long codewords have to be used which makes
a direct method of encoding and decoding using look-up tables of the source
words and their channel representations prohibitively complex. Section 4 deals
with the enumerative encoding and decoding of DC2-balanced codewords.
The algorithm is not more complex than looking-up and adding. The look-up
tables needed for the enumerative coding grow polynomially in complexity
with increasing codeword length. Section 5 gives examples of codes using
codewords that can be concatenated without a merging rule, so-called state-
independent encoding. The power spectral demsity functions of the newly
developed codes will be compared with those of classical DC-balanced codes.
Examples of codes with state-dependent encoding that operate with two
modes of the source representation are given in sec. 6.

2. DCZ%balanced codes

Let x denote a stationary channel sequence, having mean zero, with vari-
ables ..., Xx_1, Xo, X1, ...; xie{ —1,1]. The power spectral density function of
the process is given by ®)

H(w) = R(0) + 2i R{i) cos (142}, (N
i=1

where R({) = E(x;x5.), { =0, £ 1, £2, ... is the auto-correlation function
of the sequence.

The spectrum H () is an even function of w, so that in the neighbourhood
of w = 0 it can be approximated with the following Taylor cxpansion:
HW) ., H"O

7 @ 2 @

Hiw) = H(0) + + (2)
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From a straightforward Fourier analysis it can be shown, if the running digital
sum (RDS) z; defined by

& = Z: Nis
P
is bounded, i.e. has finite unbalance, the resulting power spectral density func-
tion vanishes at w = 0, t.e. H({0) = 0°%).
We now define the running digital sum sum(RDS5S) y; by

i
Yi = z Zje
j- -

If both the RDS and RDSS assume a limited number of values it can be
proved in the same way that then H(0) = H”(0) = 0. In the following a
method is presented to design cades with bounded RDS and RDSS, here called
‘DCA-balanced” codes.

The codes are based on codewords with fixed length. The codewords are
chosen in such a way that if concatenated using a certain encoder rule the chan-
nel sequence will assume a finite number of ¥ and z values. The first problem
to solve is to enumerate the number of codewords with length # satisfying a ¥
and z constraint.

3. Enumeration of (z, ) sequences

In the preceding section the word unbalance referred to a property of a
sequence of arbitrary length. Now we shall use this concept for codewords
with a predefined length. First simple recursion relations are derived to find
the number of codewords with length 1 having a constraint on the z and y dis-
parity, so-called (z,¥) sequences. Later we show how these codewords can be
coneatenated in such a way that the code stream will assume a limited number
of RDS and RDSS values.

In other words, find the number of sequences x = (x1, ..., Xx}, x;€f—1,11,
satisfying the following conditions
" n 4
Yx=d: and Y Y xi=4d, )]
i=1 et im1

where d; and 4, are the z and y disparities of x.
We follow the approach of 7). By changing the order of summation we find

dy=Y (n+i-iyx=-Y ix+(n+ 1)d. (4)
i=1 i=1



52 Binary channel codes

Because x;e{ 1,1} we rewrite eq. (4) and find

HULER! Ha-dy
do=— 3 pi+ ) m+@n+Dd, (3)
=1 Iml
where prefl, ..., n} and mefl, ..., n} correspond to the positions of the +17s
and —1s, respectively.
Obviously
i(n-pa';) . tin-dy R
pi+ oy m=p i=tan+)),
i=1 =] i=1
50 that with eq. (5)

ey

pi=%n(n+ 1)+ 2n + Dd: - 24,]. (6)

=1

Remark

In the particular case that both z and y disparities are zero it follows in a
straightforward way from eqgs (3) and (6) that the codeword length # has to be
a multiple of four.

The number of codewords satisfying the d, and J: constraints can be found
using the theory of partitions (see ref. 8). From the above it follows that this
number equals the number of distinet subsets {py, ..., JIYERTEY of size
$#{n + do) of the set {1,2,...,n} satisfying eq. (6). The number of codewords,
denoted by Aa(d:,d,), is given by the coefficient Ci(i, /) of w't/, of the
polynomial g.(u, 1) defined by

Zaltt, 1y 2= (1 + ut) (1 + w20 ... (1 + u™),
where
i=inn+ 1)+ 2n + 1)d: - 2d)), F=3in+d).
Both i and j are assumed to be integers, otherwise the number of codewords is
zZero.
We can derive a useful relation with the following observation. The se-
quence X = (X1, Xz, -- ., X,) satisfies the d. and d, constraint if the sequence w

obtained by reversing the order of symbols in x, i.e. w = (xg, ..., x1), satisfies
the constraints

J
Yowi=d, Y, 2 wi=—dy+(n+ ..

The number of sequences w satisfying the two constraints equals by definition
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Anld:, (n+ 1)d; —dy). As the number of sequences w equals the number of
sequences x with the given constraints we simply obtain

Anlds, dy) = Anld:, (n + D d: — dy)- ™

As galtt, 1) = gao1(ue, (1 + u7r) the following recursion relation of the coeffi-
cients can be written down.
Form=142,...mji=0...,mand i=0,... tm(m+ 1)

Cm(i’j) = Cm'l(isj) + Cli(i— m,j - 1), (8)
with initial conditions
Co(0,0) = 1, otherwise Cnl(i,/} = 0.

4. Enumerative encoding and decoding (z,y) sequences

Codes with rates of practical interest are only possible if the codeword
length is relatively large (see later). The hardware requirements for a direct
encoding and decoding using look-up tables for storing the codewords and
their source representations grow exponentially with the codeword length. For
say n = 24 this direct method is beyond current technology. In this section a
sequential algorithm 15 presented for encoding and decoding (z,y) sequences
which is not more complex than adding and looking-up, where the number of
entries of the look-up table grows polynomially with the codeword length.

To that end we establish a 1 — 1 mapping from the set 5 of (z, y) sequences
onto the set of integers 0,1,...,M — 1, where M is the cardinality of S,

Let § be the set of (z, ¥) sequences. The get 5 can be ordered lexicographic-
ally as follows:

If we={wy,...,w,) and v = (v1,..., .} are elements of the set 5 then v is
called less than w, in short v<<ow, if there exists an i,1=/<Cn, such that
vi<twiand wy=v, 1 fel il

The position of w in the lexicographical ordering of 5 is defined to be the
rank of w, denoted by r(w), i.e. #(w) is the number of all vin § with v =ow,

The following algorithm for ranking (z, ¥) sequences can be used for de-
coding.

Decoding algorithm

The rank r(x) of the binary (z,») sequence x in 5 can be calculated as
follows

Px) =Y Auplde—2zio + 1, —dy + (1 — ke + 1) de + Yeaa) - X,
k=1
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where .
r
X = glxx + 1),
kw1
Zp-1 = Xi
i=1
and
k-1
Ye1 = Zy
i=1
Proof

According to Cover®) the lexicographic index r(x) of x is given by
rx) = E xi X, Xa, .. X0, =1,
i=1
where n.(x1,Xx2,...,x) denotes the number of elements in § for which the first

k coordinates are given by (x1,Xz,...,x). The first {j - 1} coordinates of x
determine the states z; and y;

i=1
Zj=l = E Xi
i=1

and
inl
i = ) Zi
i=1
From eq. (3) we find that

dz=zxt+xj+ E X =

'—.Hl

Zj1 +x_’ + Ex‘}.”.
i=1

In the same way

n - "
=Yu=Tarnr ¥ ou=
i=1 =1 1=/+1
1= n 1
= Z i+t 3 ) Xm

i=f+1 m=1

i

i+ n—j4+ Dz + i Z X

—

I
M

i=1 I=f41 m=j+1
i-1 nm-y &

= Z +n—J+ D+ E Z Xigm
=1 k=l m=1

From these observations it follows that the number of vectors x given by

X = (uls caay Uy, _lix.)+1! .. -1xﬂ)r
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(where the u/'s are given) satisfying

i x;=d; and

iml i

Xm = dy
1

n
-

M:
-

equals the number of vectors v with length 2 —j, v = (v4,..., Va-;} satisfying

n=f
Z V{Edz"-z,'q +1
and =t

H=y k i-1
Y Y vm=d - Yzm—(n—j+ Dzt (n=j+ 1)
i=1

kwl mwl

Whence
Rl Xpy X2y oo 0y X1, —1) =
Ancfdz =z + Ldy =y + (0= J + DA — 2],
With eq. (7) we find
Apfde—zjq + Ldy= a1+ m=j+ D - z;21)) =

=Apfde=zj-1+ 1, -dy +(n—Jj+ 1d: +y-1).
]
The inverse algorithm to encode (z,)) sequences, i.e. to find the sequences
given their rank, is given in the following.

Encoding algorithm

Let an integer I, J={0,1,...,M — 1} and the set S be given. The following
algorithm finds x such that r(x) = 1.

Initialize
Xo=Yo=20 = (;
Jor
k=1, n if Apdi—zx+ 1 n—k+Ddi—d+y)=1,
where zg =z + X1 and Yp= W1 + 2k
thensetx; = 1 and sef .
I=1—-Apildy— 2z + 1L, (n =k + 1) de — v + )

elseset xy = —1.

The procedure, as presented here, is confined to the encoding and decoding
of one set of (z,») sequences. The procedure can readily be generalized to
include sets with different values of the disparities (see ref. 9).
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The enumerative coding enables the design of channel encoders and de-
coders of moderate complexity. For decoding we need storage capacity for the
non-zero weighting coefficients, a full adder and an accumulator to store inter-
mediate and final results. The encoder needs an additional logical comparator.
The weighting coefficients look-up table can be used for encoding and de-
coding, which is attractive for application in recording, where the transmitter
and receiver are usually housed in one machine. Note that we do not need a
multiplier because x is binary valued. Lyon ') gave an example of a practical
cmbodiment based on the enumerative coding of codewords with given z dis-
parity using Pascal’s triangle. In order to encode and decode (z, y) sequences
his circuitry has to be extended with an extra counter to determine the y state.

5. Coding with zero-disparity codewards

The simplest way to find a code generating long sequences satisfying the z
and ¥ constraint 1s Lo use codewords of fixed length » that can be concatenated
without a coding rule, i.e. to use a stateless encoder. In this simple case the
codewords start and Lerminate with zero RDS and RDSS. Consequently the
codewords have zero = and v disparities. In the sequel we use the short-hand
notation zero-disparity if both the z and y disparities are zero. From eqs (3)
and (4) we find in this particular case that the codeword moments uy satisfy the
following condilions:

Ll
we =3 ix =0, kelo,1}. 9
i=1
Using the recursion relations eq. (8) we calculated the number M =A4,(0,0),
n=4,8,...,36 of zero-disparity codewords (we have already remarked that
AA0,0) = 0, if » is not a multiple of four}. The results are listed in table 1.

TABLE 1
Number of codewords M with zero-disparity

n M R

4 2 0.250

8 3 0.375
i2 58 0.488
16 526 0.565
20 5448 0.621
24 61108 0.662
28 723354 0.695
32 8908546 0.722
36 113093022 0.743
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Table I also presents the code rate R, defined by

_ HMogM
= =

R (10)
Note in table I that even for large codeword length the code rate is still poor.

During transmission the symbels of the (z,¥) sequences are serially trans-
mitted. Assume that the codewords are equiprobable and independent, then
the auto-correlation function of the concatenated channel stream is given by ')
1
n

H—k
R(k) = ;_:1 E(xxes; 1sk<n—1,

RO) =1,
R(ky=0; k3= n,

where

1 Ml
Eix) = — 2 xPxf 1gij<n (11)
M kg
where x** is the k-th element of the set of codewords with zero y and z dis-
parity.

Example 1

The simplest example is the code with n = 4 having two codewords 5o that
the rate R =1. We can verify that the two codewords are ‘0110° and ‘10017 (4
‘0" is uged to denote a 3ymbol with value —1), The auto-correlation function
of this channel code can be found by hand: R(0) =1, R() = -}, R(2) = -},
R(3) =1and fori=4: R() = 0. The resulting power spectral density function
H{w) of this channel code is found with eq. (1}

Hw) =1+ 2{-1cosw — 1cos 2w + cos 3w} = 4sin® lw sin® w.

We can easily verify that indeed H(0) = H'(0) = 0.

Due to the exponential growth of the number of codewords the computa-
tional effort becomes prohibitive for large codeword lengths when eq. (11) is
used. The preceding enumeration method (sec. 3) can be extended to find the
auto-correlation function with a polynomially growing computational effort,
From eq. (11) we derive for fixed iy, f1; (xie] —1,1}):

EQo,x;) = -Al—l NG, = x) — NOg, £ x)b: fo F i1,

where N{ ) is the number of codewords satisfying ( ).
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For symmetry reasons we find
AN(x, = x1)

E(xi,xi) = —°—LM -1
4N(x; =X = 1)
- MR An =
M 1. (12)

Assume X, =x;, = 1, then from eq. (%) we find

X= =2
i=1, i#ig, i
and P

T
ixp= —(ip + 1‘1). (13)
I=1, i1y, 1y
The number of sequences in § satisfying these constraints can again be found
using the enumeration method of sec. 3.
The number of sequences N(x,, = x;, = 1) in § satisfying eq. (13} is given by
the coefficient of w'w, i=in(n+ 1} — iy — iy, j=3(n — 4) of the polynomial
b, 1)

_ &n(u, 1)
Rt D) = e + D) (14

With a4 small modification of the recursion relations given by eq. (8) we can
obtain N(x; =x; = 1),

Using eqs (1), (11), (12) and relation {14) we calculated the power spectral
density functions of zero-disparity codeword bagsed codes. The results of the
computations are plotted in fig. 1.
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Fig. 1. Power spectral density functions of DC*-halanced codes hased on zero-disparity code-

words with the codeword length 2 as & parameter.
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We define the (low-frequency) cut-off frequency wg according tof)
H(wo) = %

Using numerical methods we computed the cut-off frequency of the various
codes. Fig. 2 shows the cut-off frequency versus the redundancy 1 — R. As
a comparison we plotted the cut-off frequency, according to the same defini-
tion, of DC-balanced zero-disparity codeword based codes versus the redun-
dancy 1%). We observe in the figure that for a fixed rate the cut-off frequency of
DC-balanced codes are approximately a factor of 2.5 larger than those of
DC?-balanced codes. Below the cut-off frequency the spectra of DC*-batanced
codes decreases faster with decreasing frequency than those of DC-balanced
codes. We noticed when comparing the spectra of DCE- and DC-balanced codes
that for fixed redundancy a cross-over is found at approximately — 20 dB. We
conclude therefore that DC2-balanced codes are favourable if rejection of low-
frequency components is necded better than —20 dB.

0.1
0 /h n=6 b n=12 T
[=1]
= // 8 16
5 _1,‘210 ’(20 -
5 A AL
£ 18 32
3 4 ik

52  DC - balanced
@ DC3-balaneed

001 N

oA

Redundaney (1-R) (log)

Fig. 2. The cut-off frequency of DC- and DC3-balanced, zero-disparity codes versus the redun-
daney 1 - R. The codeword length is dencted by &,

6. State-dependent encoding

In the case of state-independent encoding the sequence is encoded without
information of the past and we have a unique one-to-one mapping of the
source words and their channel representations. A larger rate with given code-
word length is possible if codewords are allowed to start (and end) in a set of
predefined states, called principal states. Franaszek #4) has developed a pro-
cedure for determining the existence of such a set of principal states. We found
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during experiments with this procedure that the following choice of the code-
word subsets is satisfactory. The encoder operates on the basic principle of the
bi-mode alternate coding described by Cattermole ). All codewords are chosen
in such a way that 4. = 0. Codewords with positive and negative d, are used in
two modes, codewords with zerg &, are used without modification in both
modes. The choice of the polarity of the codeword is chosen by the encoder in
such a way that the RDSS at the end of the new codeword is as close 1o zero as
possible. We can easily verify that the number of encoder states, i.e. the num-
ber of RDSS values at the end of a codeword, is twice the number of code-
word subscts with different positive 4, values. By properly choosing the initial
RDSS value the RDSS at the end of the codewords will agsume the values
+1, £3, ..., £(— 1), In practice this i achieved by initializing the RDSS
counter with the disparity 1. Using the recursion relations given by eq. (8) we
calculated the rate of the bi-mode code versus the number of subsets and the
length of the codeword. In table II we collected the results using r encoder
states,
TABLE 11
Code rate R of DC*-balanced codes with
codeword length n and r encoder states

r= 2 4 6 8 10
n= 4 395 - — —
8 488 557 594 625 .64l
12 568 616 648 672 689
16 627 663 688 707 722
20 670 700 720 736 748

Note the improvement, for fixed codeword length, in rate with respect to state-
independent encoding (table 1).

Example 2

An attractive and simple code found in the table has the following param-
eters: # =4, r = 4 and R = §. Table 111 shows the codebook of this simple code.

The codewords should be chosen from the table in such a way that the
RDS&S after transmission of the new codeword i3 as close to zero as possible.
The RDSS assumes the values + 1 and =+ 3; table 111 shows the corresponding
codeword for the given RDSS value, Fig. 3 shows the power spectral density
function of this DC%-balanced code. The spectrum of this code has been cal-
culated using the matrix method of Cariolaro et al.'™®), As a reference
we plotted the spectrum of the well-known ‘hi-phase’ code (zero-disparity,
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TABLE IIl

Codebook of R =} DC-balanced code,
the 0's correspond to the —1's of the analysis

source codeword d codeword d
RDSS = =3, =1 ’ RDSS =1,3 4
00 1001 0 1001 0
01 0110 4} 0110 Q
10 1010 2 0101 -2
11 1100 4 0011 —4

PSD dB

| )

S0 Lo 11) 1 I -

0005 oM 01
fract. of channel freq.

Fig, 3. Power spectral density functions of a DC%balanced code n =4 and R =§ {a) and ‘b

phase’ (4).

DC-balanced code with » = 2} having the same rate. Note the improvement in

the low-frequency range of the new code,

The memory requirements of Cariolaro’s method become prohibitive for a
large number of encoder states and large codeword lengths, so that we were

not able to compute the spectra of the codes with rate R = 0.6.

7. Conclusions

A new ¢lass of DC-constrained channel codes, called DC2-balanced codes,
have been presented. The power spectral density function H{w) of DCI-
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balanced codes has besides zero power at zero frequency a zero second-deriva-
tive at zero frequency, l.e. H(0)=H"(0)=0

It was shown that if the redundancy is fixed the cut-off frequency of DC2-
balanced codes is approximately a factor of 2.5 smaller than of classical DC-
balanced codes.

Below the cut-off frequencies the spectra of DC2-balanced codes decreases
faster with decreasing frequency than those of DC-balanced codes. We noticed
when comparing the spectra of DC?- and DC-balanced codes that for fixed
redundancy a cross-over is found at approximately — 20 dB. We conclude that
DC% balanced codes are superior with respect to DC-balanced codes if rejec-
tion of low-frequency components is needed better than — 20 dB.
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SOME STATISTICAL PROPERTIES OF MAXENTROPIC
RUNLENGTH-LIMITED SEQUENCES

Abstract

We prove that two-level runlength-limited sequences with maximum infor-
matign contents, maxentropic runbength-limited sequences, have an expo-
nential runlengeh distribution. General equations are derived for the power
spectral density function of maxentropic runlength-limited sequences.
Runlenght distributions and power density fupctions of practical modula-
tion systems are compared with those derived from maxentropic runkength-
limited sequences,

1. Introduction

Binary codes such as the Miller code?!), 3PM 2) and EFM ) are baseband
modulation systems with applications in magnetic and optical recording.
These codes belong to the class of so-called binary value runlength-limired
sequences (RLL sequences). A string of bits is defined to be runlength-limited
if the number of consecutive zeros {or ones) is bounded between a certain
minimum and a maximum value. The maximum runlength constraint guaran-
tees a clock pulse within the specified time, which is needed for clock regenera-
tion at the receiver. The minimurm rualength constraint 1s imposed to control
intersymbol interference and consequently has a bearing on the spectral pro-
perties of the code +8).

In this paper we prove that RLL sequences with maximum information con-
tents, defined as maxentropic RLL sequences, have their runlengths exponen-
tially distributed. This leads 10 a simple derivation of the power spectral
density function of maxentropic RLL sequences.

The power spectral density function of a (random) signal defines the distri-
bution of the average signal power versus frequency, This information is use-
ful in system design because it indicates the most important frequency band
and the DC content (power at the low frequency end) of the applied code. It
does not tell us in general how much distortion the signal suffers when the
transmission channel 1s bandwidih-Jimited.
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We start in sec, 2 with a formal definition of RLL sequences, followed in
sec. 3 by an analysis of the runlength distribution and spectral properties of
maxentropic RLL sequences.

The study described in this paper was motivated by the fact that practical
modulation systems can with moderate hardware quite easily reach rates of up
to 85-93% of the maximum information capacity. From this observation we
may a priori conjecture that the statistical properties of practical modulation
systems can be predicted by maxentropic RLL sequences. In this way the
results obtained from the maxentropic RLL sequence theoty could be a
simple, generally applicable tool for an approximate calculation of the power
density functions of bit streams of practical modulator systems. To test this
hypothesis we compare in sec. 4 the runlength distribution and power density
functions of two well-known modulation systems with resuits predicted by the
maxentropic RLL sequences.

2. Definition and asymptotic properties of runlength-limited binary sequences

The theory of binary sequences with restrictions on minimum and maxi-
mum runlength goes back to Kautz®), Tang and Bahl"). For an exhaustive
treatment of this subject the reader is referred to ref. 7. Their most itnportant
results are summarized here.

A dk-limited sequence simultaneously satisfies the following conditions:

a. d constraint — any two logical ones are separated by a run of conse-

cutive logical zeros of at least 4.
b. k constraint — the length of any run of consecutive logical zeros is at
most k.
A sequence satisfying the & and the 4 constraint is called a dk sequence, Se-
quences only satisfying the ¢ constraint are called ¢ sequences. We obtain a
runlength-limited binary sequence with at least (d+ 1) and at most (k + 1}
consecutive zeros ot ones by integrating modulo 2 a dk-limited sequence. In
this way the ones of a dk sequence indicate the position of a transition of a
runlength-limited sequence. We note that for long sequences the information
contents of runlength and dk sequences are the same. The only extra bit of
information is the initial polarity of the runlength-limited sequence when inte-
grating a ¢k sequence. In ref. 7 recursion equations are derived for the num-
ber of distinct dk-limited sequences of length » as a function of & and 4.
I for convenience we restrict ourselves here to d-limited sequences, the
number of distinct binary sequences N(n) of length n 15 given by
n+1 lssn=d+1
N(n) = (1)
Nn-1+Nn—-d-1) nx=d+ 1.
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The process of modulation maps the input data stream onto the runlength-
limited output stream. In general m consecutive data bits are mapped onto »
consecutive channel bits.

For a one-to-one mapping we must have: m = logz N(n). The ratio m/n is
defined as the rate R of the modulator. We find that for given & and & there
exists a maximum rate, defined as the (information) capacity C. The capacity
is determined by the specified 4 and & constraints and is given by

1
C= lim - logs N (n). (2)

For large » the number of distinet d sequences of length #, N(n) behaves as
ad”, where A is the largest real root of

zdvl _ zd - 1=0, (3)

For dk sequences A is the largest real root of 7)
zk+2 — zk+1 _ Zk—d-rl + 1 = 0 (4)

The capacity C is then given by
C = logsA. &)

Lf one wishes to transmit a certain fixed amount of information per time unit,
say 1/T bit/s, over a dk-limited noiseless channel, then the channel clock
should run at least 1/C times fastér than the data clock to compensate for the
d and k& constraints. In other words the channel bit time 7. is shorter by a
factor of at least C than the time needed for a data bit, i.e. 7. = C- T.

3. Runlength distribution and spectral properties of maxentropic runlength-
limited sequences

In this section we investigate the runlength distribution and Power Spectral
Density functions (PSD) of maxentropic runlength-limited sequences.

Shaft *) determined the spectral properties of d-constrained RLL sequences
by computer simulations. He generated a random binary sequence with a
random number generator routine. Next, blocks of random consecutive bits
were transformed with a time-independent code book into d-constrained
sequences. The lengths of the sequences were rather restricted so that the
published PSD functions are not very useful.

Peichat et al.®) considered d-constrained RLL sequences as a type of gener-
alized pulsewidth modulation. This leads to a straightforward algebraic ex-
pression for the PSD function once the runlength distribution is given. We
follow his approach and first derive the runlength distribution of maxentropic
RLL sequences.
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3.1, Runlgngth distribution of maxentropic RLL sequences
For an RLL sequence with a constraint on the minimum and maximum run-
length the runlengths T; are given by
T.=iT: i=d+1,d+2,...,k+1. (6)

Theorem 1

Assuming that the time intervals between the transitions are statistically
independent, then the information rate of an RLL sequence 1s maximal if the
probability of occurrence of length 7; is given by

P(T) = A" i=d+1,d+2,..,k+1 (7)
PROOF

The entropy of a binary RLL signal where the time intervals between transi-
tions is an independent, discrete stochastic process is given by ref. 5

1 kal
H=- =Y P(T)log: (7)), )]
T &7
where T is the average runlength given by
_ 133
TIT.= ), iP(T). {9)
i=dwl

Substituting (7) yields
H = log(L)/T..
With (5) we find that under assumption (7) the RLL sequence takes on its

asymptotic information ¢apacity C. We now further prove that (7) is a con-
sistent stochastic expression, i.e.

X P(TY = 1.
We find from {7)
Kkl Jewted |
PT) = —/——— .
.-E:u (7 ARNA - 1)
because A satisfies (4) and (5). 0

3.2, Power Speciral Density funclion

For a two-level signal of unity amplitude with independent runlengths and
given runlength distribution the PSD function can be calculated as follows
(c.f. ref. 5). Define G{(2n ) as the discrete Fourier transform of the runlength
distribution, i.e.
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GRrf) =Y P(M)exp@nijfTy, J=V -1, (10)
with fis the frequency. The PSD function is then given by

1 1-]Genn)?
v S@nf)= e R wr e R (n

Substituting the runlength distribution (7) provides a straightforward method
of determining the PSD function of maxentropic RLL sequences.

In fig. 1 we have plotted the PSD function versus frequency of some d
sequences. We normalized the pulse lengths of the RLL sequences in such a
way that the information rate for all these sequences is fixed at 1/7 bit/s.

[ ]

PSO/T dB)

1
M

1
0 025 a5
frequency fT{lin}) —m

Fig. 1. Two sided power density functions versus frequency of maxentropic d-constrained run-
{ength-limited sequences.

We can observe the following characteristics.
A maximum oceurs at zero frequency in the uncoded case & = 0, for other
d’s maxima occur at non-zero frequency. For non-zero & maxima ocour at
lower frequencies and have a larger peak with increasing d.
The energy at the low frequency end decreases with increasing o.
In fig. 2 we have plotted as an example the PSD for d = 2 and some
different & values. For convenience we normalized the frequency axis per
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Fig. 2. Two-sided power density function versus frequency of maxentropic runlength-limited

sequences with o — 2 and some & valugs. The freguency axis has been normalized per channel bi
time T..

channel bit time T.; the vertical axis is normalized per data bit time 7, so that
we compare the PSD functions for a fixed information rate of the medulation
stream.

3.3. Average runlength

in self clocking systems the & constraint guarantees clock information with-
in a certain maximum time interval. Another parameter determining the
quality of the clock regeneration is the average time between each clock infor-
mation interval. In most clocking systems clocking information is derived in
the receiver from the transitions of the regenerated RIL sequence. In other
words the average runlength is a sound criterion of the clock content of a ccr-
tain RLL sequence. The average runlength is given by (9) and (7)

1 P—(h—d+ DA* + (k—d)Ardrt

TiTe= Y i =d+ 1+ 0 =

(12)

in fig. 3 we have depicted T as a function of the d and & constraints.
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Fig. 3. Average runlength of maxentropic runlength-limited sequences versus ¢ and & constraines.

3.4. DC-content

in system design for magnetic and optical recording the low-frequency pro-
perties of a code often play an important role. In particular the power at low
frequencies or the so-called “Jow-frequency content™ of the modulated output
stream should normally be as small as possible. This requirement is imposed
in magneric recording because this medium cannot reproduce the low fre-
quencies with sufficient signal-to-noise ratio. Optical recording does not suffer
from this phenomenon, but unfortunately the servo systems that position the
laser spot on the disc are sensitive to low-frequency interference #).

By evaluating (11) we find for the power density of maxentropic RLL
sequences at zero frequency

S50 =TT
with
_ K+l _
T = Tf{ 2 P(:m} - T {13)
i=d+1

In other words the power density at zero frequency is the variance of the run-
lengths divided by the average runlength. Substituting the runlength distribu-
tion (7) gives us the results plotted in fig. 4. We notice for fixed & that the DC
content decreases with increasing minimum runlength constraint d. On the
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Fig. 4. O content of maxentropic runlength-limited sequences versus & and & contrainis.

other hand we notice for fixed & that the DC content increases with increasing
maximum runlength constraint &,

5. Comparison of resulis

Practical modulation systems are often based on block codes or variable
block encoding ). Due to the finite hardware dimensions of the modulator the
actual rate, defined as the ratio of channel and data bit time, is sinaller than
the information capacity C for the given  and & constraints, The ratio of the
practical rate and the asymptotic information capacity C, for the given & and
k constraints, is defined as the modulator efficiency F. Franaszek ®) has cal-
culated the modulator efficiency of many runlength-limited codes. From his
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work we conclude that, for moderate hardware, modulators can quite easily
reach efficiencies of up to 85-95%. This fact motivated us to compare the run-
length distribution and power density functions of practical modulator
streams with results obtained from the preceding theory.

Power spectral density functions of many practical modulation streams
have been published. For example PSD functions of Zero Madulation, 3PM
code and Miller-squared are described by Lindholm ?), whose method is based
on Cariolare and Tronca’s study of spectra of block-coded digital signals 7).
They calculated the PSD function of the ¢odes by Fourier transforming the
autocorrelation function of the codes. The autocorrelation function can be
found by manipulation of the transition matrix of the finite-state model
description of the code ™).

We calculated with a finite-state description ") the PSD function of MFM
(ot Miller modulation) and 3IPM.

The main parameters of these modulation systems are listed in table [. For
the details of the modulation rules the interested reader is referred to e.g. #).

TABLE 1
Main parameters of the modulation systems
d k R c E=R/C
MEM 1 3 3 0.551 0.91
JFM 2 11 3 0.345 0.92

In figs 3a/b we have plotted the runlength distribution (derived from the
finite-state model) of 3PM and MFM. It can be seen from fig. 5 that the pro-
bability of occurrence of the longer runlengths of 3PM are overestimated (and
consequently the smaller runlengths are underestimated) by the theory, The
PSD functions of 3PM and MFM were calculated by Lindholm’s method and
are plotted in figs 6a/b. In these figures we have also plotted the PSD func-
tions derived from the maxentropic RLL sequences. The frequency axes are
for practical modulation systems and maxentropic RLL sequences normalized
per channel bit time.

We note a surprisingly good agreement (a few dB difference) between the
specira of the modulation systems and the maxentropic RLL sequences. This
is surprising because the runlength distributions, as plotted in figs 54/, show
a significant discrepancy with the theory. We ¢onclude that the PSD function
is less sensitive to the typical statistics of a modulation stream than the run-
length distribrations.
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Figs 5a/b. Runlength distributions of 3PM (fg. Sz), MFM (fig. 55) and their maxentropic RLL
sequence equivalents for the specified (d &) = (2,11} and (#,k) = (1,3) constraints, respectively,
The distributions of the maxentropic sequences arc plotied as solid lines; note however that only
a discrete set of points is achievable.
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Figs C;ajb. Two-sided power density funetions of 3PM, MFM and their maxentropic RLL sequences
equivalents versus frequency. The frequency axes have been normalized per channel bit time.

6. Conclusions

We have proved that runlength-limited sequences with a minimum and
maximum runlength constraint achieve their maximum information capacity
if the probability of occurrence of a certain runlength is exponentially distri-
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buted. Once the runlength distribution is given the power spectral density
function of maxentropic runlength-limited sequences is given by a straightfor-
ward calculation.

We have calculated the runlength distributions and power spectral density
functions of some practical modulation systems and have compared them
with results obtained from maxentropic RLL sequences. We found a signifi-
cant discrepancy between the runlength distribution of the practical modula-
tor systems and the maxentropic RLL sequences, whereas the power spectral
densities showed good agreement (a few dB difference).
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A GENERALIZED METHOD FOR ENCODING AND
DECODING RUNLENGTH-LIMITED
BINARY SEQUENCES

Abstract

Many modulation systems used in magnetic and optical recording are based
on binary runlengihi-limited codes. We generalize the concept of di-limited
sequences of length 7 introduced by Tang and Bahi by imposing constraints
on the maximum number of consecutive zeros at the beginnhing and the end
of the sequences. It is shown that the encoding and decoding procedures
are similar to those of Tang and Bahl. The additional constraints allow a
more efficient merging of the sequences. We demonstrate two constructions
of runlength-limited codes with merging rules of increasing complexity and
efficiency and compare them to Tang and Bahl's method,

1. Tntroduction

Many baseband modulation systems applied in magnetic and optical re-
cording are based on binary runlength-limited codes®%). A string of bits
is said to be runlength-limited if the number of consecutive zeros between
adjacent ones is bounded between a certain minimusm and a certain maximum
value. The upper runlength constraint guarantees a transition within a
specified time interval needed for clock regeneration at the receiver. The lower
runiength constraint is imposed to reduce the intersymbol interference. The
latter constraint appears to have a bearing on the spectral properties of the
sequences ).

In this correspondence we consider an encoding and decoding procedure for
a special class of runlength-limited codes. The constraints we consider can be
defined as followed. Let n, d, k, / and r be given, where /<< k and r< &.
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A binary sequence of length z is called a dhklr-sequence if it satisfics the follow-
ing constraints:
a) d-constraint: any two ones are separated by a run of at least 4 consecutive
ZETOS;
b) k-constraint: any run of consecutive zeros has a maxirmum length &;
¢) /-constraint: the number of consecutive leading zeros of the sequence is at
most {;
d) r-constraini: the number of consecutive zeros at the end of the sequence is
aL most r.
A sequence satisfying the 4- and k-constraints is called a dk-sequence.
Given certain desired runlength constraints, it is not trivial how to map
uniquely the input data stream onlo the encoded output data stream. A sys-
tematic design procedure on the basis of fixed length sequences has been given
by Tang and Bahl!). Their method is based on mapping dk-sequences of
length 7 onto consecutive integers and vice versa. In this correspondence we
intentd to generalize their results to dklr-sequences. We are also going to show
that the application of dkir-sequences enables the sequences of length » to
be merged efficiently without violation of the ¢- and k-constraints at the
boundaries.
We assume r 2= . Theorems | and 2 of this correspondence remain valid for
r < d and theorem 3 can be generalized accordingly. The proofs, however, are
less elegant, the reason being that for r = & there are no dkir-sequences (xp_1,
..., Xo) having a one at positions j where r = j=2 d.

2. Encoding and decoding

In this section we consider a way of mapping the set of all dkir-sequences
onto a set of consecutive integers and vice versa. Our results are similar to
those obtained by Tang and Bah] for di-sequences.

Let Ax be the set of all dkir-sequences of length 7. A, can be embedded in a
larger set -, consisting of the all-zero sequence of length » and of all binary
sequences of length # satisfying the d-, &~ and r-constraints where the number
of consecutive Ieading zeros is allowed to be greater than 4.

The set A, can be ordered lexicographically as follows: if x = (xu_1, .. ., Xo)
and ¥ = (¥n1, .- -, Vo) are elements of o, then y is called less than x, y <0 x,
if there exists an /, 0 < i < n, such that y; < x, and x; =y for i < j << n. The
positton of x in the lexicographical ordermg of <, 1s denoted by #(x); i.e., #(x)
is the number of all y in -, with ¥y <20 x. Consequently ~{0) = 0.

For the sake of convenience we introduce the residual of a vector. Let ¥ =
(Pu-1r . ayo)ecin, y# 0, and let ¢ be such that yr =1 and yy = 0if r << j < .
Then the residual of y, res(y), is defined as follows:
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res(y):=y—A, where Ay = {(]), :;s:awhrc;re,
res(®):= 0.

It can easily be seen that ye.a, implies res(p)ed,. The following ob-
servation is basic to the proof of theorem 1. Let x, ¥ .o, and assume that
xi=w=00<j=<n)and xe=u, =1 {0 ¢<n). Then it is not difficult to
show that #u) — r(x) = r(res(u)) — r(res (x)).

Let N.(i), i = 0, be the number of dikfr-sequences with / = & of length / and
let NAO)Y = 1.

Thearem [
Let X = (Xu-1, . . -, Xo) € 8. Then
a=-1
r(x) = 3 x5 NAJ).
o
Proof

Let the nenzero coordinates of x be indexed by ihh < iz <l... < iy, 18,
x =1if and only if i€ {is,...,is}. Let # be the smallest element of &, with
the property that ;= 1. Then it is not difficult to se¢ that the second 1 of »
occurs at position i, — & — 1, if iy — & — 1 7= 0 (otherwise & has only one 1, if
Tz gy Or also ue = 1 if r < ;). Here we recall that the all-zero sequence of
length n is a dkir-sequence if and only if # <= min{/, r}. Let g(iy, r) =1 if
r=ig, and (¥, r) = 0 1if r = ;. Then we obtain
#(u) — r(res{#)) = the number of dkir-sequences with /= k of length i

with their leftmost 1 at position / where maxfQ, i, —k — 1} < j< I +
€(ig, r) = No(i).
Furthermore, on the basis of the above mentioned observation it holds that
r(x) = r(u) + r(x) — r(u)
= r(u) + r(res (x)) — r(res(u))
= r(res (x)) + NAi;).

The theorem then follows by induction. Q.E.D.

We have found a simple method for mapping the elements of .4, onto con-
secutive integers. For practical applications we need a mapping of the elements
of A, onto the set {0,1,..., | A, — 1}, where | A,] is the cardinality of A,.
Obviously the set A, consists of the |.4,| largest elements of . In addition
it is clear thar the number & of elements of .+, that are smaller than all the
elements of A, is equal to r{a); i.e., & = r(a), where a is the smallest element
of A4,. In this way we have proved the following theorem.
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Theorem 2
The transformation 11 A,— N o {0} defined by #x) = r(x) - a for all
xeA. is a one-to-one mapping from A4, onto the set {0,1,...,[A.] — 1}

which preserves the ordering of A, i.e., x <oy if and only if #{x) < {(¥).

The number @ can also be expressed in another way. In order to do so we
define N)(j), /= 0, 1o be the number of dk-sequences of length j with their
leftmost element equal to 1 and satisfying the r-constraint, N,"(O) =1.1t1is
not difficult to show that

Ruluf n=1-=!
@= 3 NUH+1=F N

= =0
The numbers No(j) and N°(/) are easily computed. They can be found by a
straightforward ¢omputer search. A more sophisticated approach to finding
these numbers can be based on the finite state transition matrix corresponding
to the dklr-sequences 8},

The conversion from integers to dkir-sequences of length 7 is also analogous

to Tang and Bahl’s method and can be carried out as follows. Let To, .. ., Tanr
be integers defined by

T: = the number of elements y in .4/, smaller than the smallest element # in
2y with 2, = 1 and w; = 0 for j =4,

i i
Ti=)Y N+ 1 =23 N
Jai =t
From the definition and our assumption r = 4 it immediately follows that
To< T« ...« Thur. These integers are used for mapping consecutive inte-
gers onto dkir-sequences of length # as shown in the following theorem.

Theorem 3
Let x = (Xo-1, - . ., X0} be a dkir-sequence of length 7. Then a) x, = 1 and

x,=0fort<j=ne T« r(x) < T.. Furthermore, if x, = 1 and x, = 0 for

{7, then b) Tiog-y < r{x) — N1} = Tiog.

Proof

a) This statement follows from the definition of T;.

b) Let x be a dklr-sequence of length #» with x; = 1 and x; = 0 for 7 = j = n.
Then Tioe—y = r(res (x)) << Ti.a. Hence b) follows, since r(x) — r(res(x)) =
NAL). Q.ED.
The conversion from integers to dk-sequences can therefore also be gener-

alized to the conversion from integers to dklr-sequences. The following simple
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encoding algorithm for dkir-sequences can be derived from this theorem.
Given an integer £ in the set R = [r(x)|xeA.} (F = 0if x = 0), we first locate
the largest possible 1, 0 5L 7 < n, such that T J << T3y and we make x; = 1.
Subtracting the contribution of x in J, we get a new integer I — N.(1).
Theorem 3 can be used again to find the next nonzero component of x. The
second part of theorem 3 assures us that x; will be followed by at least 4, but
no more than & zeros.

3. The efficiency of dkir-sequences

In modulation systems the didr-sequences of length » cannot in general be
cascaded without violating the dk-constraint at the boundaries. Inserting 2
number § of merging bits between adjacent n-sequences makes it possible to
preserve the d- and k-constraints for the cascaded output sequence. The dk-
sequences need B =4 + 2 merging bits '), whereas only § = d merging bits are
required for dkir-sequences, provided that the parameters / and r are suitably
chosen. Hence this method is more efficient, especially for small values of n.
We shall now demonstrate two constructions of codes with merging rules of
increasing complexity and efficiency.

Construction 1

Choose d, kK, rand nsuch that r+d =< k. Let (=k—¢d —rand §=d. Then
the dkir-sequences of length # can be cascaded without violating the d- and
k-constraints if the merging bits are all set to zero.

Construction 2

Choose d, k and n such that 2d — 1 << k. Let r=/=k — d and f = d. Then
the dkir-sequences of length 7 can be cascaded without violating the d- and
k-constraints if the merging bits are determined by the following rules. Let an
n-sequence end with a run of § zeros (s = ») while the next n-sequence start
with ¢ (¢ = /) leading zeros. Table 1 shows the merging rule for the f=d
merging bits.

TABLE 1

Merging of dkir-sequences where (¢ stands
for j consecutive zeros

& merging bits
S+t+d<k+1 04
s+t4+dzk+1

if s<d 0d=r10°=1

if s>d 1041
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The number m of data bils that can be represented uniquely by a dkir-
sequence of length » is given simply by

m= I_logﬂ'Anl J,

where | x | is the greatest integer not greater than x. The ratio R of the number
of data bits and the number of needed channel bits is called the information
rate of the code. For example, the information rate of the codes based on the
two above-mentioned constructions equals R = m/(n + ). The asymptotic
information rate is the capacity C of Shannon’s discrete noiseless runlength-
limited channel %7,

The efficiency # can be defined as the ratic of the information rate R and the
capacity € of the noiseless runlength-limited channel,

n==RIC.

In order to get some insight into the efficiency of the codes based on con-
structions 1 and 2 we have considered some examples. For m = 8 and for
d=1,2,3,4and k = 2d,...,20 we have determined # in such a way that the
information rate R was maximized. [n order to compare our two ¢onstruc-
tions to Tang and Bahl's method we have calculated the corresponding capaci-
ties C and efficiencies 7. The capacity of the noiseless runlength-limited chan-
nels was calculated by a method given in ref, 1.

Qur results ¢an be summarized as follows. For small values of &, i.e.,
2d = k < 3d, construction 2 is only slightly better than Tang and Bahl's
method (approximately 5 percent), while the efficiency of construction 1 was
worse (5 to 10 percent). For larger values of &, however, constructions 1 and 2
are clearly better. For those values of & the gain of construction 2 compared
to Tang and Bahl's method is most significant for d = 1, 2 (12 to 15 per-
cent), while for & = 3, 4 the gain is equal to 9 percent. For large values of &,
constructions 1 and 2 have the same efficiency; for the other values of £, con-
struction 2 has a better efficiency than construction 1. Tables [I, 11T and IV
give the results for m = Band & = 1, 2, 3 and 4; in order to limit the length of
the tables, we have restricted & and » to those values which maximize the
information rate R. We note that rates up to 93 percent of the channel
capacity can be achieved. On average we observe a slight difference in the rates
obtained by constructions | and 2, approximately 5 percent in favor of con-
struction 2.
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TABLE 11
Block codes based on construction 1
d k n R C 1 =RIC
1 7 12 8/13 0.68 0.91
2 17 14 8/16 0.55 0.91
3 14 17 8/20 0.46 0.87
4 18 19 8/23 0.40 0.87
TABLE 111
Block codes based on construction 2
d k n R C 7 =R/C
1 5 12 2/13 0.65 0.95
2 10 14 8/16 0.34 0.92
3 10 17 8/20 0.45 0.90
4 12 19 B/23 0.39 0.90
TABLE LV
Block codes based on Tang and Bahl’s construction
d k n R C n =R/C
1 5 12 8/15 0.63 0.82
2 9 14 8/18 0.54 0.83
3 8 17 8/22 0.43 0.86
4 10 19 B/25 0.38 0.85

4. Conclasion

Methods are described for the construction of runlength-limited codes on
the basis of sequences of fixed length. Additional constraints on the maximum
number of zeres at the beginning and end of a sequence, a generalization of
Tang and Bahl’s work, allow a more efficient merging of the sequences. For
short lengths in particular, our method yields better efficiencies than those of

Tang and Bahl.
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