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Signal-to-Noise Ratio of Pilot Tracking Tones
Embedded in Binary Coded Signals

KEES A. SCHOUHAMER IMMINK, SENIOR MEMBER, IEEE

Abstract—Pilot tracking tones are used to derive position reference
information which is employed by a head-positioning servo system to
position and maintain the head precisely over a selected track in mag-
netic tape and disk recorders. Simple expressions are derived for the
signal-to-noise ratio of pilot tracking tones embedded in a binary en-
coded signal.

INTRODUCTION

HE STORAGE of digital or analog information on

magnetic disk or tape is well known. Particularly
common in data processing applications is the magnetic
disk file in which information is written on and read from
concentric tracks on the disks. At typical state-of-the-art
track densities of, say, 10 tracks /mm, such a disk file
must be provided with position reference information
which is employed by a head-positioning servo system to
position and maintain the head precisely over a selected
track. The operation of maintaining the head on the track
is known as ‘‘track following.’’ In some disk files, posi-
tion reference information is provided remotely from a
dedicated servo disk [1]. However, at higher track den-
sities, such an arrangement has the disadvantage that it is
difficult to guarantee alignment between the remote servo
disk and the actual information disk. To overcome this
disadvantage, various techniques to provide position in-
formation from the information disk itself have been pro-
posed and implemented. Servo systems for automatic track
following are not only found in rather sophisticated disk
files. For example, dynamic track following or automatic
track finding systems are currently used in consumer-type
video or digital audio tape recorders to ease the mechan-
ical accuracies of the recorder. The techniques currently
in use can be divided into two main categories:

¢ time-multiplex technique
¢ frequency-multiplex technique.

In the time-multiplex technique the signals representing
the user information and the signals required for the servo
systems are entirely separated in their respective places
on the track. A name commonly used for this technique
is sectorized servo tracking. The servo position informa-
tion is a sampled signal and therefore affects the maxi-
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mum attainable servo bandwidth. A compromise must be
sought between the amount of servo position information
and the performance of the servo system. As an example,
we mention the format employed in the R-DAT recorder
[2].

The frequency-multiplex technique, on the other hand,
partitions, as its name suggests, the user and servo posi-
tion information into separate frequency bands. This tech-
nique has the obvious advantage over the time-multiplex
technique that it provides continuous information rather
than sampled information. Often, the servo position in-
formation is recorded as low-frequency components, usu-
ally called pilot tracking tones [3]. In a typical embodi-
ment the servo position information consists of two (or
more) single-frequency signals recorded deeply (buried)
in the magnetic medium below the area used for user in-
formation [4], [5]. The principle of operation is as fol-
lows. On even tracks the pilot tone has a frequency f; and
on odd tracks the pilot tone frequency is f,. Servo position
information is developed from the read-back signals by
subtracting the amplitude of the f, component from the f;
component. These two components can be separated with
band filters since they differ in frequency. As the head
moves off track in one direction, the amplitude of one
component decreases while the amplitude of the other in-
creases. To circumvent interaction between the buried pi-
lot tones and the user information, user information is
often encoded in such a way that the power spectral den-
sity function of the encoded stream vanishes at the pilot
tone frequencies [6].

High-density digital recording on thin metal-evaporated
media employs saturation recording, i.e., two stable states
of magnetization represent data to be stored. This fact
precludes the obvious technique of, e.g., simply adding a
sinusoidal waveform to the binary data or deeply ‘‘bury-
ing’’ the servo information in the medium. Pilot tracking
tones, however, can be generated with the following tech-
nique [7] useful in devices such as video or audio re-
corders that record a stream on erased unformatted media,
with no servo control of the writing process. The servo
information is recorded with the user data and can then be
used during reading.

As usual, user information is stored in the form of two-
level (positive and negative) symbols. During a certain
interval, here called positive cycle, a surplus of positive
symbols is stored on the tape or disk, and in a similar
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fashion, during a negative cycle with a length equal to the
positive cycle, a deficit of positive symbols is recorded.
This procedure is repeated ad infinitum. Coding tech-
niques are required to provide this degree of freedom. The
pilot tone frequency can be varied by an appropriate
choice of the positive and negative cycle length. The prin-
ciple of operation to obtain the servo information is sim-
ilar to the one previously described for the buried pilot
tones. The pilot tracking tone is an intrinsic part of the
binary information stream which, since the user infor-
mation is a random sequence, arises from a stochastic
process so that even in the instance that no noise sources
are present, we conclude that the signal-to-noise ratio of
the pilot tracking tone is finite. As the signal-to-noise ra-
tio of the pilot tracking tone has its consequence on the
maximum attainable bandwidth of the servo system, a
compromise has to be found between the redundancy of
the code and the performance of the servo system. In the
subsequent sections we will assess the signal-to-noise ra-
tio of pilot tracking tones embedded in digitally encoded
signals of various coding formats.

I. Fixep DispariTY CODES

It is assumed that the binary user information with a bit
rate 1/7,, is translated into a coded sequence having a
channel bit rate 1 /T, T < T,. The quotient R = T/T,is,
as usual, called the rate of the code. By virtue of the phys-
ics of the recording channel, the recorded sequence con-
sists of binary digits. Thus let a codeword x = (xy,

* 5 X,) consist of binary symbols, x;, | <i < n, X; €
{ —1, 1}. The disparity d of a codeword is the difference
between the numbers of symbols with a positive or neg-
ative polarity, or

M=

d:

i

x;.
1

It

The table of codewords consists of two sets, denoted by
S+ and S_. During the positive cycle, source words are
translated into codewords selected from S, and in a sim-
ilar way during a negative cycle the codewords are se-
lected from S_. The length of the positive (or negative)
cycle is denoted by N. The set S, consists of codewords
of fixed positive disparity d, d > 0, and the set S_ con-
sists of codewords of fixed negative disparity —d. Ob-
viously, the number N, of codewords of length » and dis-
parity d is given by the binomial coefficient

Mo ISl =1s-] = ((n —nd>/2>'

The rate of the code, denoted by R, is simply

(1)

The number of available codewords N, is, in general, not
a power of two, so that in practice the rate is slightly lower
than given by (1).

The power spectral density function of the coded stream

1
R = ; 10g2 Nd.
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is the sum of a continuous and a discrete component (it is
tacitly assumed that the channel symbols are transmitted
serially):

H(fT) = H.(fT) + H,(fT)

where H( fT) is the power spectral density function of
the coded stream, H.( fT) and H, ( fT) are the continu-
ous and discrete components, respectively. The signal-to-
noise ratio of the pilot tracking tone, denoted by SNR, is
defined as the quotient of the power of the pilot tracking
tone and the power of the continuous component at the
pilot tracking frequency f,, or
SNR = M T.
H.(£,T)
The subsequent analysis rests on the basic assumption that
all codewords are chosen at random. In other words, the
signal-to-noise ratio under average conditions is assessed,
no attempt is made to compute the worst case perfor-
mance [8].
An attractive property of the set S, which can easily be
verified, is that the difference between the number of
codewords x in S, with x; = 1 and the number of code-

(2)

words with x; = —1 is fixed forallie {1, « - - ,n},ie.,
1
T SRR
5] 5w el }

is independent of the symbol position i. Similarly, we find
for codewords in S_

1

With a routine enumeration we find

u LZx,-zé. (3)
n

- |S+| xe8+

ie{l, -, n}.

It can now be concluded that the discrete component is a
square wave of frequency f, = 1/(2nNT) and average
amplitude u = d/n, so that

8 h
Hy(fT) = ?uzgo(zl_—il)za{ﬂ— (2i + 1) £,T}

where 8 (- ) is Dirac’s delta function.

A. Computation of the Spectrum

The discrete parameter random process formed by the
sequence of codeword symbols {x;} has an autocorrela-
tion function R(k) = E{x;x;,}, and thus is assumed to
be wide-sense stationary. The average power spectral
density function of the cyclostationary process of the form
described earlier has been derived by Bennett [9] and fur-
ther worked out in [10] and [11]. Under the assumption
that the process is ergodic, the power spectral density
function is given by

H(fT)/T = R(0) + 2 él R(k) cos (2kfT).
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The computation of the power spectral density function of
the code formats described in this paper is facilitated by
making two important observations about the binary se-
quence [12].

e Besides the pilot tracking tone there is no correlation
between the codewords. Therefore, if the square-wave
shaped discrete component is subtracted from the coded
stream, we find a signal with only a continuous power
spectral density function. A further consequence of the
observation is R.(k) = 0, |k| = n, where R.(k) denotes
the autocorrelation function of the continuous component.

o The correlation E{x;x;,} between two symbols in
the same codeword, x;, and x;,, ji, j» € {1, ,n},
# Jj,, does not depend on the particular posmons J1orj,
of the symbols in a codeword.

This observation leads to the following reduction of the
expression of the autocorrelation function of the contin-
uous component:

Rc(.k) = E{(xj - u)(xj+k - u)}
n—k
( ) l=sk<n
where
1
8= 5.5, o = W = ),
jl’jZG{ly !n}’jl 9‘:."2- (4)

The continuous component of the power spectral density
function H.(fT)/T of a sequence composed of code-
words with the aforementioned properties, is given by
- n—1
H.(fT)/T = R.(0) + 2 k}_ll R.(k) cos (2wkfT)

= R.(0) + 28 El <1 - ’—‘) cos (27wkfT)

which can be simplified to

H(fT)/T = o« — B + BnF,(fT) (5)
where
_ sin (wnfT)
F(fT) = n sin (7fT)
and
1
@ = R(0) = g7 % (= 1) = ).
Recalling that x; € { —1, 1} and using (3), we find
1 .
a:mxg (%, — u)(x;, — u)
=1-u’ (6)
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Computation of B for Fixed Disparity Codewords
Following the definition (4) and again keeping in mind

thatx,»e{—l,l},
= > — o
B ‘S+|xes ( u)(sz u)
2
= |S+| x§+ XX, — U
= Pr(x, = x;,) — Pr(x, #x;,) -
2 d . ;
=2P1'(x]'1=xj'2)"1'—u; u=;9]l$j2

where Pr (- ) denotes the relative number of codewords
satisfying ( - ). By inspection we find

Pr(x, =1
and

Pr(x;, = —

Pr(x, =x,=1)=

Pr (le =
After a routine computation, we yield
B =2Pr (le = sz) -

=2 {Pr (x, =x, =1)

1 —u

+Pr(y, =x,=-1)} -1 -4
Wt -1
n—1"

A substitution, using (5) and (6), yields the following
simple expression for the continuous part of the power
spectral density function:

HAT)/T = {1~} == {1 - Fi(/D)}-

(7)
Note that the shape of the power spectral density function
is only a function of the codeword length. The disparity
has an effect on the magnitude of the continuous and dis-
crete components, but it does not affect their shape. Apart
from the constant of proportionality and some notational
difference, (7) is similar to the result derived by Franklin
and Pierce [13] for zero-disparity codewords. Fig. 1 gives
some examples of the power spectral density function
H.( fT) of signals based on zero-disparity codewords.
At the low-frequency end, the continuous component
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Fig. 1. Power spectral density function of zero disparity codes with code-
word length n as parameter.
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Fig. 2. SNR versus redundancy (1 ~ R), S, T =1/120, of fixed disparity
codewords. A:n = 10, O:n =20, O:n = 30.

can be approximated by the following parabola:
: 2
HA(fT)/T = 5 (1 = w?) n(n + 1)(ST),

JT << 1.

A simple substitution using (2), and further assuming that
the pilot tracking tone is situated in the frequency region
where the parabolic approximation of the continuous
component is valid, yields

24 d°

SNR = 5 -
7 n —dzn(n+1

)(JZT)

The expression can be simplified by assuming that the
codeword length n is relatively large:

24 d?
SNR = — n (J;T)

We are now in the position, using (1), (2), and (7), to
compute the relationship between the redundancy (1 —
R) of the code and the signal-to-noise ratio of the pilot
tone. Fig. 2 shows the signal-to-noise ratio SNR versus
the rcdundancy (1 — R) at an arbitrarily chosen pilot tone
frequency f, T = 1/120, for codeword length n = 10, 20,
30 and disparity 2 < d < n. It can be observed from the
figure that for a given redundancy, codes based on code-
words with a small length perform slightly better than their

n>> 1.
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more complex counterparts. It can further be noticed that
at a redundancy (1 — R) = 0.2, which appears to be an
attractive tradeoff figure for practical systems, hardly any
difference can be found.

II. PoLARITY SwITCH

We now turn to a construction of a code which is at-
tractive as no look-up tables are required for encoding and
decoding. This can be of importance in situations where
speed or dissipation of the circuitry are critical parame-
ters. A code, called polarity switch, is investigated, where

" (n — 1) source symbols are mapped without modification

onto the first (n — 1) symbols of the codeword with length
n. Obviously, the rate of the polarity switch code is
1

R=1--.
n

(8)

To reduce the clerical work, we assume that n is odd. The
additional nth symbol of the codeword, the so-called po-
larity bit, is employed to identify the polarity of the trans-
mitted codeword. The transmitter operates on the follow-
ing procedure. The polarity symbol x, is preset to 1. The
transmitter determines the disparity Lx; of the codeword.
When the transmitter is in a positive cycle, we proceed as
follows. If the disparity found is positive, then the code-
word is transmitted without any modification. If, on the
other hand, the disparity is negative, then the entire code-
word, the polarity symbol included, is inverted before
transmission. A possible inversion of the codeword can
be noticed at the receiver’s end by simply observing the
sign of the polarity bit: each received codeword is in-
verted if the polarity of the recovered polarity symbol is
negative, and it is not inverted if that symbol is positive.
During the negative cycle the polarity of the codeword
symbols is chosen in such a way that the resulting dispar-
ity of the transmitted codeword is always negative. As a
result of this procedure, the disparity of all transmitted
codewords is positive during the positive cycle and neg-
ative during the negative cycle. When the codeword length
n is even and the disparity of the codeword is nonzero,
there is no difference with the previous procedure de-
scribed for odd n. However, to avoid undesired discrete
components in the transmitted data sequence, the trans-
mitted codeword is at random inverted if the disparity of
the codeword is zero. A similar code construction with
the aim of reducing the low-frequency content was de-
scribed by Greenstein [14].

The discrete component is a square wave with ampli-
tude u, which is given by the following expression, n odd,

PISRRE v
'S+|x€S+

2" a5

(9)
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Proceeding along the same lines as before, we find for n

even:
1 ( n
u = — .
2" \n/2

Therefore, we conclude that the amplitude of the pilot tone
decreases with increasing codeword length n. The dis-
crete part of the power spectral density function is

8 1
Zu . 3
™ i=0(2i + 1)

S S{fT - (2i + 1) £,T}.

Using the results of Section I-A, it is rather straightfor-
ward to compute the power spectral density function of
the polarity switch technique. The encoder maps without
modification (n — 1) source symbols onto the first (n —
1) symbols of the codeword. Assuming that the source
symbols are randomly chosen, i.e., there is no correlation
between the symbols, we find, using (4) and (9),

@x

H,(fT) =

1
B8 = misl (x5, — u)(x;, —u) = —u’,
Juhe{l, . n =1}, # )

To show that there is no correlation between the polarity
symbol x, and the other symbols in the codeword, that is,

2 x,x;, = 0,

xeS+

he{l, -, n—-1}

is somewhat more involved. The encoder presets the po-

larity symbol x, to 1, thus

Z x,,le = Z Xj = 0,
xeS+

xeS+

he{tl, - ,n—1}.

It can easily be seen that a possible inversion of the code-
word by the encoder does not change this result. We now
arrive at the following expression for the the power spec-
tral density function of the polarity switch technique:
HfT)/T =1 — w’nF,(fT). (10)
Fig. 3 shows the power spectral density function
H.(fT) of signals encoded according to the polarity
switch technique. Unlike the power spectral density func-
tion of the fixed disparity code described previously, the
power spectral density function of the polarity switch sys-
tem does not vanish at zero frequency. Since the pilot tone
frequency is commonly situated in the low-frequency
band, this fact has a detrimental effect on the signal-to-
noise ratio of the pilot tone. Expression (10) can at suf-
ficiently low frequencies be approximated by

2
H.(fT)/T =1 — nui* + % (n? = 1) nuz(fT)z,

T<< 1
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Fig. 3. Power spectral density function of polarity switch with codeword
length n as parameter.
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code.

which can further be simplified when the codeword length
n is large:

HfT)/T = 1 — nu’.

Under the mentioned conditions the signal-to-noise ratio
of the pilot tracking tone is
8 u’

SNR = —

l—'—z, T 1,n > 1.
™ — nu

Fig. 4 shows the SNR of the polarity switch technique
versus the redundancy (1 — R) at a pilot tone frequency
HT=1 /120. Indeed, the polarity switch method has the
benefit of a simple embodiment, but a comparison with
Fig. 2 shows that in the entire redundancy range investi-
gated, the signal-to-noise ratio of the pilot tone generated
by the polarity switch technique is worse than that of the
fixed disparity technique. For example, at a redundancy
(1 — R) = 0.2, a difference of approximately 5 dB can
be observed.

CONCLUSION

The signal-to-noise ratio of pilot tracking tones embed-
ded in binary coded formats has been assessed. It has been
found that the signal-to-noise ratio can be improved when
the redundancy of the code is increased. Since the signal-
to-noise ratio of the pilot tracking tone limits the maxi-
mum attainable bandwidth of the servo system, a compro-
mise has to be found between the redundancy of the code
and the performance of the servo system. The signal-to-
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noise ratio of pilot tones based on the polarity switch tech-
nique, which is attractive as no look-up tables are re-
quired for encoding and decoding, is substantially smaller
than that of codes based on the fixed disparity format.
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