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Maximum Runlength-Limited Codes with Error
Control Capabilities

Adriaan J. van WijngaardeiMember, IEEEand Kees A. Schouhamer Imminkellow, IEEE

Abstract—New methods are presented to protect maximum leading and trailing zeros of a codework} (+ k£, < k). In
runlength-llr_nlted sequences against random and burst errors practice/0, k, ki, k,.) codes are often constructed with look-up
and to avoid error propagation. The methods employ parallel tables or combinatorial circuitry [1], [2], [4], [5]. The rate is

conversion techniques and enumerative coding algorithms that . . . . -
transform binary user information into constrained codewords. typically 8/9 and sometimes 16/17. The introduction of higher

The new schemes have a low complexity and are very efficient. rate codes is hampered by the coding complexity, latency, and
The approach can be used for modulation coding in recording error propagation. In data networks, the bit-stuffing procedure
systems and for synchronization and line coding in communication 6] is widely employed. The drawbacks of this method are the
systems. The schemes enable the usage of high-rate constrainediata_gependent codeword length and error propagation [7]. Re-
codes, as error control can be provided with similar capabilities . . . .
as for unconstrained sequences. cently, algorithmic conversion methods based on enumeration
) ) ) [3], [8], [9] and on the sequence replacement technique [10],
Index Terms—Bnrst correction code;, enumerative coding, for- [11] have been proposed. These algorithms have a computa-
ward error correction, modulation coding, Reed—Solomon codes, |’ . .
runlength codes, synchronization. tional cqmplexny proportlonal to the Iength of the g:odewords
and attain the achievable rate for the given constraints.
The (0, k, k;, k) codes are usually not designed to correct
. INTRODUCTION transmission errors. Errors that transform the transmitted word
AXIMUM runlength-limited sequences have the propinto a noncodeword can be detected, but this is insufficient for

erty that long runs of consecutive like symbols do ndgliable error control. Due to the variety of error types and their

occur. Maximum runlength-limited codes, in short, MRL code$tatistics for a particular communication channel, it is not prac-
are equivalent tq0, %) codes in NRZI notation [1]. A0, &) tical to design a specific code for every possible constraint and
code is a set of binary sequences (codewords) with the pr&@tor control requirement. Instead, we use existing constrained
erty that at least 0 and at mokt“zeros” occur between two coding algorithms and error control codes. We propose to con-
consecutive “ones.” In NRZI, a “one” corresponds to a reverset user information into a constrained sequence, preferably by
and a “zero” to a nonreversal of the polarization in a binary difising a very efficient coding algorithm [11], [12], and to pro-
ferential signaling scheme. The parametedefines the max- tect the resulting sequence using a systematic error control code
imum distance between transitions. Tte k) codes are used [13]. We present special techniques to add the error control in-
in recording systems [1], [2] and in digital communications sydormation, i.e., the parity check bits, without violating the im-
tems as line codes for clock recovery or to align fixed and vafosed constraints. In Section II, we describe the properties of
able length data packets, also known as frame synchronizatifRL sequences, and in Section Ill, we propose three combined
Frame synchronization can be achieved by converting user fRodulation and error control coding schemes. In Section IV, we
formation into &0, k) sequence of lengtin, which is prefixed Present enumerative techniques for the analysis and construc-
by the sync word)- - - 01 of lengthk + 2 to uniquely identify tion of (0, %, ki, k,.) codes with additional constraints to facil-
the beginning of each frame [3]. itate error control. In Section V, we propose several combina-

Long sequences that fulfifo, %) constraints are typically torial constructions of specific high-rate constrained codes. In
constructed by concatenating the codewords @ &, &;, k,) Section VI, the methods are applied to the clasg00fG:/1)

block code, wherd; andk, denote the maximum number ofcodes [2], [14], which fulfill global(0, &) constraints as well
as(0, I) constraints for the two interleaved subsequences of el-
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binary alphabet4. A sequenceX € Av is represented as a SOURCE DESTINATION

string of symbolseizs - - - x,, Of lengthw. The concatenation  ----coooodoo oo
of two sequenceX andY is denoted byXY, and PS™) = MRL CONSTRAINED CODE DECODER
{PX|X € S()} denotes a set of sequences of length w

with prefix P € A? and suffixX € S(*), whereS(®) C Av.
Similarly, St P = {X P|X € S§()}. The null string, denoted ENCODER ERROR CONTROL CODE DECODER
by A, represents a string of length O for whidl = XA = X, coemmmmoqimm e
A run of w consecutive symbolsis written asz® . We usex and
()™ to denote any element of and.4*, respectively.

1) Lexicographical Order: Any setS(™ C A™ can be or- Fig. 1.
dered lexicographically by sorting the elementsS6f* in the
following way [9]. The sequenc& = z1z3-- -2, € S is
smaller tham” = y1ys - - - ym € S, in short, X < Y, ifand that determine whetheX is an element of ™) are called the
only an indexj, 1 < j < m exists, such that; = y; for any constrained positions of the cod&™; the other positions are
1 <4< j,andz; < y;. LetNx bethese{Z € A™|Z < X}. called the unconstrained positions. The symbol values at the
The cardinalityNy of the setVy is unconstrained positions can be chosen or changed arbitrarily,
and the resulting sequences are guaranteed to be elements of
(™. Let 4 and P denote the respective ordered setsuof
unconstrained and — v constrained positions af®). The
relative location of the unconstrained and the constrained
The function idXS™, X) denotes the cardinality of the setpositions of the codé™ can be specified by a string of length
Nx N 8™ and, thus, corresponds to the position%f € =, consisting of. characters and —« characters. This notation
S in the lexicographically ordered s&¥™. The function has the advantage that the relative location of the constrained
idx(8(™) | X) is, therefore, called the index function of the seand unconstrained positions is clearly visible. For example, the
S, The inverse operation idX (S, 4) returns theith ele- code
ment of the lexicographically ordered sgt™. )

2) MRL Constrained Sequenceketg,") , denotetheset  C®® = {01010, 01011, 01110, 01111, 10010, 10011,
of binary sequences of length that fulfill the (0, k, ki, k) 10110, 10111}
constraint. This set can be written as [3]

Block diagram of a CC—EC scheme.

Nx = zm: .Tizm_i. (1)
=1

has two unconstrained positions (the third and the fifth) and
’Enzl U Oslglsnksk L ) three constrajned positions. ThuB, = {1, 2, 4} andif =
{3, 5}, andC® can be represented 1+ 1+, 10+ 1x}. The
“profile” of ¢ isX X o X 0.
The disjoint subsetg,f";) x, are determined using recursion re- \We defmec(" " and c<“> as the set of all sequences in

lations. For0 < m < k.., gfj’? . =A™ andfork, < m <k, the respectlve position® andf of ¢, Note thatC("> =
glsnz)k {Pglskk+’3)|P e Amk1) Fork < m < n, C7(D" w xcb(,),and thaC(™ is determined b¢P ) because

according to the deﬁmhons(,’au) = A*. The cardmahty of
c™ is equal to ™" - 2v. For the above example, we have
. S c¥ = {o11, 101} and|C(")| =2.22 =38 N

G bn = U 0°1G, % 1. - ) 4) Code Efficiency:For practical applications, it is often not
necessary to use the entire code set. Usuallypdnit source
word has to be converted into a codeword of lengtiThis im-
(m) plies that the inequalitg™ < ¢™ should be fulfilled. The re-
G} ko k. 1S determined by two equations dundancy (in bits) of a codé™ of lengthn is defined as the
it 0 <m <k, OduanttyR=mn-— log,(|C™)|). Consequently, the rate of the

Q,(f"k k. satisfies the recursion relation

It follows that the cardinality of the se(ﬁi",z ,» denoted by

27’77,
’ code is given byl — R/n = (1/n)log,(|C™).
Gl(cnl?k = 2mThemloketl ), if b, <m <k, / (1/m)logx(| )
Gé",t kl) +- 4 Gé"ﬁ’j_l), ifm>k+1 lIl. ERRORCONTROL CODING SCHEMES
and The objective is to develop schemes to provide constrained

sequences with effective error control capabilities. We propose
n) (n—s-1) three schemes that convert user information into constrained se-
Gk, ke = Z Gronk, - ) guences and add error control information without violating the
s=0 imposed constraints. The schemes have the common character-
Coding algorithms based on enumeration can be directly applistic that an MRL constrained code is used prior to an error con-
[12], [15]. trol code, as shown in Fig. 1. Such schemes are referred to as
3) Constrained and Unconstrained Position€onsider CC-EC schemes to indicate the order in which the constrained
a codeC™ C A". The positions of the sequendé ¢ A" code and the error control code are applied.

kg
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The proposed schemes are in contrast to the typical approal SOURCE WORD ]
employed in recording and communication systems, whe
every source word is encoded into a codeword of an errct ONSTRAINED, CODEWORD | i ——
control code and successively converted into a constrain
sequence [16]. At the receiver, the constrained sequence mi: 5

:‘;.,AEEC-PARIT@

CONSTRAINED CODEWORD |

be decoded first, and the resulting decoded sequence is che
for the presence of errors using the error control code. A Block di { CC_EC Scheme | ath sulat J

; ; ~ . ; . Block diagram of CC—| cheme |, a three-step modulation and error
major dls_advantage of these so-called EC C_C schemes is eEé%[rzol coding scheme to convert source words into constrained sequences.
propagation. The codewords of the constrained code that g, a source word is converted inté@ %, k:, k) MRL sequence. Second,
affected by transmission errors may be decoded incorrece?fystematic error control code (ECC) is used and the corresponding parity

causing burst erors i he decoded cequence. Hence,the diep 1 7 deeies Thd, e gy ek s o conre o<
correcting code must be a burst correcting code [13], even
when noise in the channel is dominated by random errors. It
should be noted that in general, more redundancy is neededhe parity check sequence of length. has to be care-
to correctt burst errors than to corre¢trandom errors. The fully converted into a constrained sequence to avoid or at
EC—CC scheme requires the wordlength of the constrainé@st to limit error propagation. Error propagation can be
code to be small to restrict error propagation. Typical blockvoided by interspersing the parity check sequence with
codes such as the rate 8/9, (0, 3, 1, 2) code [17] convert 8-bitones” in order to satisfy the0, k, ki, k) constraints.
source words into nine-bit codewords using a look-up tabfeonsequently, &0, k, ki, k) code C(™<+") is constructed,
or a combinatorial circuit consisting of a few logic gates. IwhereC;; <) = A™ contains the parity check sequence, and
this case, error propagation is limited to one byte, and tlﬂg) = {1'}. The minimum value of is given by
allows the restoration of the codewords by using byte-oriented
Reed-Solomon codes that can correct multiple byte errors in i [me —ky — kﬂ 11 )
a codeword at high speed [2]. k )

The proposed CC—EC schemes avoid error propagation by
first checking for transmission errors before decoding the colfsme = (t—1)k+k;+k;., the positions of (™« * are assigned
strained sequence. The choice of a particular systematic e@grfollows:
control code depends mainly on the channel type, the relative
error statistics, the required error detection and/or error cor- o™ (X Dk)t_l = o (6)
rection capabilities, and the required level of reliability of the
received data after decoding. The schemes facilitate the us&jgerwise(t — 1)k + ki +k, — m. unconstrained positions can
of soft decision and other side information, e.g., violations &€ removed arbitrarily to obtain the appropriate length.
the imposed constraints. As long as the error correcting capalf burst error control codes are used, the sequence of parity
bilities are not exceeded, there will not be any errors left ffheck symbols may as well be converted int@ak, ki, k)
the constrained sequence. The restriction of employing sm@fdeword with limited error propagation. Itis, however, of para-
constrained block codes can therefore be dispensed with. TRaUNt importance that the error propagation of this code be
proposed CC-EC schemes use several methods to insertlifhited to a few bits and aligned, preferably, to one byte in a
check symbols of the systematic error control code in the copyte-oriented system. Codes with these attributes can be de-

strained sequence without violating the impogedk, k;, k) Signed, as will be discussed in the next sections.
constraints. The redundancy of this CC-EC scheméiis= v. + m. +

v.. The number of parity bits is commonly a small fraction of
the length of the source word. The extra redundancy that has
A. CC-EC Scheme | to be spent to avoid error propagation in the check sequence
The first scheme that we will consider is a three-step coRY Interspersing “ones” is moderate. If, on the other hand, the
strained coding and error control coding scheme. The block @27ity check bits are converted into a constrained sequence of
agram of this scheme, which is shown in Fig. 2, is similar ® Short(0, &, &z, k,.) code with limited error propagation, the
the schemes proposed in [12], [15], [18]-[20], and referencésheme is only a partial CC—EC scheme. The next two schemes
therein, but by applying this scheme for the protectioiofis) ~are genuine CC-EC schemes.
codes, important modifications can be made.
This scheme converts source words into constrained coffe- CC—EC Scheme i
words in three successive steps. kabe the length of the source  The second error control scheme converts user information
word. In the first stage, a source word of lengthis converted into a (0, %, %;, k,.) constrained sequence in two consecutive
into a(0, k, ki, k.) sequence of length + v., which is in the steps. The block diagram of this scheme is shown in Fig. 3.
second stage protected against errors by using a systematic errérsource word of length’ is converted into a codeword of a
control code. Then. parity check bits of the error control code(0, %', &}, k..) constrained sequence of lengthwherek’ < k,
are separately converted into(@, k, k;, k,.) constrained se- k; < k;, andk]. < k,.. This codeword is protected by a system-
quence of length. +v. and appended to form(@, %, k;, k,.)  atic error control code. Theparity bits are inserted in the code-
constrained sequence of length= m + v, + m. + ve. word in a specific manner [21], such that the resulting sequence
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SOURCE WORD ] r SOURCE WORD ! I

CONSTRAINED CODEWORD : [ CONSTRAINED CODEWORD Teieiefeie] O

PARITY

_CONSTRAINED CODEWORD “Jelefcpfclr[rfclr[<]rlc]

Fig. 3. Block diagram of CC-EC Scheme II, a two-step modulation and errpy 4. Block diagram of CC—EC Scheme llI, a two-step modulation and
control coding scheme. Information is converted into a constrained sequeBgRyr control coding scheme. Information is converted into a sequence of a
with tighter constraints than required to allow the parity bits to be inserte@nstrained code, which provides unconstrained positions. These positions,
without violating the imposed constraints. which are initially set to zero, are used to store the parity check symbols.

fulfills the (0, k. k;, k,.) constraints. This can be accomplished -
as follows( o Ky R K P and efficiently coded sequences by shorter subsequences, and

We will consider the case where @, &', kj, k) code Eylusrtgt#nconst(;alngg pcif]'t'ons 0 ?tore tthe error I(':th'e(t:k sylr)n i
with codewordsc; - - - ¢, of lengthn’ is used to construct a OIS. € engo ersclj Ea’ the usEr informa Iort]hlststrr)ll n (()jsu -d
(0, k, ku, k.) code of length. Letsy, = k — k', & = ky — kj, SSIUCNCES AN ENCOCEC I SULN & manner that e codewords

e / still satisfy the constraints, if all unconstrained positions con-
andé,. = k. — k.. - I N
in “zeros.” This is the worst-case situation, and therefore, the

Féximum runlength constraints will be automatically fulfilled

any combination of error check symbols. In the second stage,
the error check symbols of the error control code that protect
the constrained sequence are stored at the unconstrained posi-
tions. This does not affect the imposed constraints, and there-

o AL o (VL gk ye rmwHD) e+l goe - (7)  fore, block error control codes that match the channel impair-

ment characteristics can be selected.
wherev = n’ — k} — k. — 2andw = |v/(k' 4+ 1)]. Thiscode  Atthe receiver side, the decoder first extracts the parity check
hasu = (w+ 1) + & + 6, unconstrained positions and a totakymbols and then it checks the codeword for the presence of
lengthn = n’ 4+ . It can be easily verified that the sequence ddrrors. After verification and possibly correction of the con-
this form satisfies th€0, &, ki, k,.) constraints. The number of strained sequence by the error control code, the constrained se-
leading zeros is at most’ +¢; = kI, and the number of trailing quence is decoded.
zeros is at mostr’ + 6, = kr. The runlength constraintatevery The unconstrained positions could be incorporated in long
other posi,tion is at most’ + 6, = k, because every segmentcodewords, but they could also be part of one or several shorter
X o ¥ +2=¢ s in the worst case occupied B9°0°-0* =*1  constrained subsequences. Several techniques for the construc-
foro <s 5/ k’. The blocksz®* are separated by constrainedion of constrained sequences with unconstrained positions will
segment&* +1 of lengthk’ + 1, and therefore, the constrainedbe presented in the next section.
segment will not be all-zero.

Example 1: Arate 16/17, (0, 4, 2, 2) code, presented in [21]). Properties of CC—EC Schemes
can be useq asacolmponent.code to obtain, using the preV|ousI¥he three CC-EC schemes offer effective protection of
discussed interleaving technique, a rate 24/25, (0, 6, 3, 3) code . ) . .

) . 1 . onstrained sequences of fixed and variable lengths. Of im-
with « = 8 unconstrained positions. The structure of this codé .
| o portance for the selection of one of the CC-EC schemes are
is specified by . : .

the actual constraints and the required level of error protection.
CRRRROoDRRRRooRNRRKNooRRRKRK Ko The CC-EC schemes allow soft information from the detector
and the MRL decoder to be used to aid error correction.
Inthe next section, it will be shown thatthere are atmst. = For instance, the segments of the received word where the
12 unconstrained positions for the given valuesm, k, k;, constraints are violated can be declared as an erasure.
andk,.. These unconstrained positions are distributed in the fol-

We can add up té; unconstrained positions at the beginnin
of the sequence because this limits the number of leading ze
to k] + &, = k;. Using the same argument, we can append
mosté,. unconstrained positions at the end of the sequence.

The positions are assigned as follows:

lowing way: IV. CONSTRAINED CODES WITH UNCONSTRAINED POSITIONS

OXXNKXpooo XXX MNooo XX X ooono XX X o. In this section, we present a general technique to construct a
_ ratem/n, (0, k, k;, k.) code withw unconstrained positions.

This code hag7 047 552 = 4162 - 2'* codewords. We first develop a method to determine the maximum number

of codewords of &0, &, &, k) code of lengthn with u un-

C. CC-EC Scheme Ill constrained positions. Next, we will develop coding algorithms
The third CC—EC scheme reserves unconstrained positiddased on enumeration that achieve the upper bound on the car-

in the constrained sequence. These positions are to be filleddiyality for the given parameters. In Section V, we will present

error check symbols in the second stage. This scheme, illsgveral constrained codes that can be constructed with look-up

trated in Fig. 4, combines the idea of splitting the constraindables or with combinatorial circuitry. The efficiency of the con-

sequences into several subsequences, thereby protecting losggacted codes will be discussed.
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In Section Il, we indicated that the number of MRL sequencdshe setcff) and its sizalff) can be determined recursively
can be determined with recursion relations. We will develop a )
similar technique for0, k, &, k) codes with wordlength Le” =1
andu unconstrained positions. The unconstrained positionsand £ — At LY =9
the constrained positions of the code will be specified by the

£ =

7 7

?

@ _ 4,0 (0) 2 _
setd/ andP, respectively. The s = {p1, p2, ..., pm}isan Lr’ =1Lx" UOLLL, L™ =3,
ordered setwithn = n—u elements;i.ep; < p2 < «-+ < Pm. £ =12 vo01cd ool £, LY —s,
! / / “ ]
Let 7' = {pol,.. o Pgt ) _denote the extendgd set” of £9 212900122 Uoo1 £, L® 11
constrained positions, for which, = p; for 1 < ¢ < m, : :
vy = ki — k, andpl, 1 = n+ k — k. + 1. The locations £ =18 vo01L, LY =17,
/ / by H ” H -
o a_r?dperl are the v_|rtual locations” of 'Fhe last constrained [”(CG) _ 115.(3) U0l /:,(94), LECG) =28,
position from the previous word and the first of the next word, D _ 1 6 ) @
such as to satisfy the overalconstraint. Let); = 1 fori € 7, L’ =1L  U0LLLY, Ly’ =45,
and”(/)i = .0, OtherWiS.e.. . E(S) £(7) Uol E(G) U001 ['1(90)7 LE:,S) =90,
We define the position-dependent, maximum runlength con- ©) ) o ©)
straintx; by Ly =1L U01LL", Ly’ =135.
Pkl The codeC,(f) contains 135 codewords. The maximum number
Ky = Z Vs, 1<i<m; (8) of words that fulfill the (0, 5, 2, 3) constraints is thus equal to

135 x 28 = 34560. It is therefore possible to construct a rate
15/17, (0O, 5, 2, 3) code. It can be shown that a rate 16/17 (0,
i.e., x; is determined by the number of unconstrained positioss 2, 3) code withu,,,, = 6 unconstrained positions can be
to the left of the constrained positign and the sum of the con- constructed if the unconstrained positions have the following
strained positions to the right within distaneeC £. distribution:

Let £{™ denote the set of sequences of lengthwith the
property that the posmon dependent, maximum runlength con- X XXX Xoo X XX ooo XXX o

; (m)
straifthe = fiy -+ fim is sat|sf|ed and tIeL denot(te the size |, this case, there are 71680 valid codewords, and there are 28
Of L. If 11 = 1, thenty) = A’ and Ly’ = 2'. Other- gitterent distributions for which this number is attained. Simi-

s=p,+1

wise, L1 satisfies the recursion relation larly, a rate 15/17 (0, 5, 2, 3) code with 12 unconstrained posi-
o — 141 tions can be constructed if the codewords have the form
LY = |J o1cLi=y, ©)

o OX Xoooo X Xoooo X ooo.

and Consequenﬂy, because the subsets are disjoint, we Obtalﬂ this Situation, there are exaCtIy 32 768 different codewords.

Ko —t41 A. Alternative Computation of the Cardinality

LY = > Ly, (10)

The number of0, %, %;, k,.) sequences of length with
unconstrained positions can also be determined by manipulating
To illustrate the enumeration of the sequences that fulfill ttibe adjacency matrix. L be the(k +-1) x (k + 1) adjacency
(0, k, ki, k,.) constraints, we first consider the following ex-matrix for the(0, k) constraint, the nonzero entries of which are
ample. givenbyD[i, 1] = 1forl1 < ¢ < (k+1)andDJi, i+1] = 1 for

Example 2: We determine the maximum number of codel < ¢ < k. Similarly, letD, denote thék +1) x (k+ 1) matrix
words of length 17 of a (0, 5, 2, 3) constrained code, with 8  of which the nonzero entries are definedBy[i, i+ 1] = 1 for
unconstrained positions. The set of ordered constrained pdsi 7 < k. We now compute recursively, for=1---n
tions is given by
Ai = Aicy - [(1 = i) Do + i D], (11)

P ={1,3,5,6,10,12, 13, 16, 17}, where 4, is the identity matrix. The number @b, &, &;, k,.)

and consequently, the ordered extended®és given by sequences of lengthis forn >  given by
kr+1
P ={po, .-, Pro} = {-3tUP U{20}. Gl =23 oAb+ 1k gl (12)
=1

The constrained and unconstrained positions are allocated as

follows: ) )
N B. Coding Algorithms
pOSItIOﬂ 1 23 45 6 78 910111213 14 15 16 17

L Let £ denote the decimal representation of the source word
profile:  HoKoKKoookKoKKo o XK X = 211z, e, & = idx(A™, X). A given integer
-7 10101 1000 101 1 00 1 1 in the range from 0 td;,(g") — 1 is translated into the corre-

Ky Kg: 1 2 1 1 1 2 2 11 sponding codeword using a method that is similar to decimal-to-
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binary conversg(gn. Instead of the usual powers of two, the in- " N y TABLE | . o
. 2 . . AXIMUM UMBER OF UNCONSTRAINED SITIONS U ,0ax OF A RATE
tgger we|ghtsL,g ,0< i< n, are.used. The following algo- (1 — 1)/, (0. k, /2], [%/2]) CODE OF LENGTH 1 AND THE
rithm describes the conversion &fintoY = 4y - - -y, APPLICABLE CONSTRUCTIONA—G
. n|k=3k=4]k=5]k=6[k=7[k=8[k=9[k=10
Y := function  Encode(¢) 8] 1c| 48| 48| 48| 7a]| TA|7TA| 74
begin ol 1p| 58| 58B|58| 58| 8a]8a| 84
for 4 from 1 to n do begin 10/ 1l 3c|6B[6B[6B| 6B|9Al 94
it (&>L%Y) then begin 1|0 |3p| 78| 7B 78| 78| 78| 104
Y = 0; 121 0 4D 5¢c| 8B 8B| 8B 8B| 8B
' ’L(i)_ 13- |48{5D| 9B/ 9B|9B|9B| 9B
§ =&~ Lef; 14| - |3m|6D| 7cl10B/10B|10B| 10B
end else y; :=1; 15| - | 3¢|7p|7p|11Bl11B|11B|11B
end; 16| - |4c¢| 7| 8D|9c|izB|128| 128
return - (y1-- - yn); 17| - |4 |6m| 9D 9D|13B|13B| 13 B
end: 18| -~ 3 7 B|10 D|10 D|11 c|14 B| 14 B
19| - 3 7 G|10E|(11 D|11 D|15 B| 16 B
20| - 3 8 G| 9 m|12 |12 D|13 C| 16 B
Reconstruction of the source word given the codewiore: 21| - 3 8 |10 m|13 D|13 D|13 D} 17 B
Y1 - - - Y is easily accomplished using the following procedure: 2|- |3 |7 |I0G|3E|4D|14d D} 15C
23| -~ 2 7 |11 ¢|12 ®|15 D|15 D| 15 D
24| - 2 7 |12 6|13 R|16 D|16 D| 16 D
£ := function Decode( 41 - - ¥n) 25| - 2 8 |12 |14 ®|16 E(17 D| 17 D
begin 26| - 2 8§ |11 |14 ¢|15 R|18 D} 18 D
¢ = 0; 27| ~ 1 8 |11 |15 G|16 B|{19 D} 19 D
28| - 1 7 |12 |16 6|17 ®R|[19 E| 20 D

for ¢ from 1 to n do begin ‘
if (=0 then ¢ :=¢ +L0™;

end; - The letters A—G in Table | are used to indicate which of the
r(;aturn (€ constructions is to be used to obtain a code with the given pa-
end;

rameters.

We describe the construction @f, %, &, k,.) codes by a set

It can be easily shown that every word that fulfills the coref rules that prescribe the mapping of source words of length
straint can be generated with the enumerative coding technique- 1 onto n-bit codewords of &0, &, ki, k.) code. If the
The main advantage of this technique is the property that bathmber of sequences of lengththat satisfy the(0, £) con-
the encoding and the decoding operation can be performed wétraints exceed* 1, itis always possible to perform this map-
linear complexity using only. weights. Every weight is repre- ping, although the complexity may be high. For several code-
sented by at most bits: W; = idxfl(An, ij)), 1 < ¢ < n. word lengths, it is possible to realize this mapping procedure
We can truncate the coefficients to simplify the computationsing a small, digital combinatorial circuit. The codes that have

and to limit error propagation [12]. been developed are characterized by a set of source-dependent
mapping rules. The encoder first checks whether the source
V. COMBINATORIAL CONSTRUCTIONMETHODS word would be a valid codeword. If this is the case, the en-

coder copies the source word and inserts one extra bit that indi-

I; th'SfSFCt'O?v’lwe. (;]on5|der the cqnst(;ucno_r(_@;fk, I_fl_lr’] k) cates that the other bits of the codeword are a copy of the source
codes of length, with u unconstrained positions. The cony,q g Otherwise, the extra bit indicates that a mapping rule had
straints are, as previously discussed, imposed by a constr

. ) (how) : APtpe applied to transform the source word into(an- 1)-bit
imposing component code,, ~, in short, a CIC code. We ¢4qeq sequence that satisfies the impoed:, &, &) con-

will propose seven combinatorial constructions (A-G) of Clyaints. The coded sequence, which uniquely represents the
codes for the composition of a rate — 1)/n, (0, k, [k/2],  source word, is composed of a mapping rule identifier and re-
[k/2]) code with the maximum number of unconstrained pQranged source symbols. The mapping structure is often sym-

sitions. The underlying combinatorial techniques that are usgbiric to simplify the design process and the structure of the
are discussed in detail in [5]. The seven different constructioa@itm combinatorial circuitry [5].

are used to span particular ranges of the parametérsand.
The maximum number of unconstrained positieng,,. for
which aratgn — 1)/n, (0, k, k;, k) code exists can be deter-
mined with (10) or (12). Table | lists the maximum number of The first construction is based on the insertion of “ones” to
unconstrained positions,,, of arate(n —1)/n, (0, k, | k/2], fuffill the (0, k, k;, k) constraints. The placement of the un-
[k/2]) code of lengtm for 3 < k£ < 10 and8 < n < 28. As constrained and constrained positions is specified by (6). For a
is to be expected, the maximum number of unconstrained posite (n — 1)/n, (0, k, ki, k,.) codeC™, this reduces for =
tions for a given value of first increases with the wordlength  n4 = k; +k, too® X oh-, Wherecg) = {1} isthe CIC code.
and then it decreases to zero. By looseningitleenstraint, the Forn < n 4, we can remove 4 — n unconstrained positions. It
maximum number of unconstrained positions increases rapidiyllows thatu,, = n — 1.

A. Construction A
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21

Y2
)Cl v

X, D—Oh

22

— -

*3
Y3 JI>C
Ygo— V1
:D_. Y4 Fig. 6. Construction B. Combinatorial circuit of the decoder.
. . : o TABLE I

Fig. 5. Construction B. Combinatorial circuit for the encoder. CONSTRUCTIONC—MAPPING SCHEME OF ARATE 6/7, (0,2,1,2) ©DE
B. Construction B source word X | y1 Y2 ¥s Y4 Y5 Y6 Y7

Arate(n —1)/n, (0, k, ki, k,.) codeC™ with ug = n — 4 vi| 0 023242576 | T4 1 z1~°’ —g— % 7315 e
unconstrained positions can be constructed by using arate 3/4, V2 |1 %223 0 0 0 [z 2, 1 0 0 125
(0,1, 1, 1) code as the CIC cod&” and by placing the symbols, Vo | T1 T2 T3 T4 Ts Te | T1 T2 T3 1 T4 T5 To
in the case where = ng = k + k; + &, + 1, as follows: The mappingc: A¢ — A7 of a source word{ = z;z»

--- xg Onto a codeword” = y 2 -- - y7 of the rate 6/7, (0, 2,
1, 2) code is specified in Table II.

The subsequences that violate the constraints are bold-faced
to emphasize the kind of violation that is under consideration.
If the source word matches the first word, the corresponding
mapping rule will be applied; else, if the source word matches
the second word, the second rule is applied. This process con-

z31 01, ifr; =0andz, =0, tinues until a match is found and the corresponding rule is ap-

Y =0p(X) = {-Tl @21 w3, Otherwise. (13) plied. The underlined zeros and ones indicate which positions

’ uniquely specify the inverse mapping. The decoder checks these
This can be described in terms of |OgiC equations as fo”OWS:positionS' and if there is a match' the mapp”']g will be reversed
to reconstruct the source word.
The mapping given in Table Il can be realized by a small
r{:ombinatorial circuit, which is specified by

ofl K Ko )R ol

Forn < ng, we can remove g — n unconstrained positions.
The mappingz: A* — A* of a source word{ = 1523
onto a codeword” = y;y2y3y4 Of the rate 3/4, (0, 1, 1, 1) code

is specified by

YI [U_ll’l +Ul '$3,$2+Ul,v_1,$3+vl],

wherew; = 71 + x2. In these logic equations, the additio
is equivalent to a binargr operation, and a multiplication is YL =Ty - &1+ U1 - Ta,
equivalent to a binarnaND operation. The inverse of a binary Yo = T2 + V1,
valuez is denoted byt, and the inverse of a binary expression Y3 = T3 + Vo,
p(z1, x2, ..., T,) IS denoted by

Ys = V2 - Ta + V1,

Yo = Tp + V2,

Y7 = V2 - Tg + V2 - T3,
Y4 = U1 - V2,

p(x1, o, ...y Tp). wherev; = z1 + z; andwv, = 74 + 5 + x6 - v1. The encoder
) ) consists of DR gates, 7AND gates, and NV gates. The delay
The encoder can be_ regll_zed wnfoﬂe gates, 2AND gates, s3Tor + 2Tanp + 2 Tiny.
and 1INv gate. The circuit is shown in Fig. 5. The delay is The inverse mapping is given in terms of logic equations by
2Tor + Tanp + Tivv. The decoder performs the reverse op-
eration by mapping the codewortonto the wordZ = z; z223. Z = [U1y1, U1Yy2, V2ys + voy7, (y1 + ya)ys, U2Ye, V2y7]
This mapping can be described in terms of logic equations by
wherev; = g, - y5 andve = y4 + ys. The decoder can be
Z =1[ys - ¥1,Y3 - Y2, Y3 - Ya + Y5 - ¥1]- realized with 7AND gates, DR gates, and INv gate. The delay

L . _ is2Tor + Tanp + Tiny.
The decoder can, as shown in Fig. 6, be realized witk gjate,

4 AND gates, and INv gate. The delay i¥'or + Tanp+Tinv.  D. Construction D

Arate(n —1)/n, (0, k, ki, k) codeC™ with up = n — 8
unconstrained positions can be constructed by using a rate 7/8

Arate(n —1)/n, (0, k, ki, ky) codeC™ with uc: =n =T code as the CIC codgly’ and by placing the symbals, in the
unconstrained positions can be constructed by using a rate §/{se where, = np, = 2k + k; + k., as follows:

(0,2,1,2)codeasthe CIC codg) and by placing the symbols,
in the case where = n¢c = k + k; + k, + 2, as follows: T RER O MR KO ? ) Kot

C. Construction C

T RROE IR R KK o2 The mapping for the rate/s code is specified in Table IIl.
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TABLE Il TABLE IV
CONSTRUCTIOND—MAPPING SCHEME CONSTRUCTIONE—MAPPING SCHEME
source word X Y1 Y2 Y3 Ya Ys Ye Y7 Ys source word X Y1 Y2 Y3 Y4 Ys Y6 Y7 Ys Yo
wii| 00 0z425 00 (251 0001 1ay w1l 000zs25 000 (101101 1asay
wo1 | T1T2232425 0 0 | Ty 2223 1 05 1 24 wio| 00 0zgz52627as |T504 1 0 0 1 627 28
wio| 00 Ozgzszexr (2524 1 0 0 1 7627 Wo,1 | Z1T2232425 0 0 0 |2y 2223 1 0 0 1534
Wo,0 | T1 T2 T3 T4 Ts Te T7 | T1 T2 T3 T4 1 Ts Te X7 we0] 1 0 0 Ozsx6z7as (25 1 01 0 1agaras
wo2 | T1T2x374 0 0 01 |24 1110 122223
Letv; = =1 + =2 + z3 andvs = zg + x. By evaluatingy;  W0.0 | T1 T2 T3 T4 5 Tg T7 Tg | T1 T2 T3 T4 1 25 x6 27 28
andwv,, we can easily determine which mapping is to be applied.
The combinatorial circuitry of the encoder is specified by the TABLE V
following equations: CONSTRUCTION F'; —MAPPING SCHEME
Y1 =Ty - 21+ - T, Ys = U1 - V2, source word X v vh uh vk vh ve v5 i v vh ol
y2 = U1 - T2 + vi(v2 + x4), Yo =71 T5 + V1, w1 xixéﬂ??OOOzgz{ xéx%llQQQllzgz{
7 T T T
Y3 = V1 - T3 + V1 - Vo, Y7 = T - T + Vo, w21 ?90x4x5000z221 x?miglgggllwle
o o w2325 0 0 0zizy 0 0 0 |2;251 1 0001 Q0afc)
Yo = 1(Vg - w4+ 02), Ys = U2 - X7+ U2~ Ty wr2| 00 Ozhzlale; 000 ahel 010001 0ala}
The encoder can be realized with 48D gates, 110R gates, ~ 10| %1 @5 0 0 0sfaiafata] |\ayzy Laf 1 0 Lajzjafa]

B . 0 0 0 T T T r T 0 r 1 0 1 T T T T
and 2NV gates. The delay BT or + Tanp + Tixv. The logic Zﬁ’? o 2l ol z14 z? a:(;, xg x03 ;3 zi z;‘ i? I zf 001 iz‘ $13 i? zi
equations for the decoder can be obtained in a similar fashion i | o of ol 0zt 0 0 0 of o7 |2l shabal 1 0 0 1 1aba]

. w([)l,]2 shabal 1abzfz 00 0 (ziabal 1 00 12k 0afa]
E. Construction E wih |2l abzh Oxbalal 0 0 0 |oiababal 1 0 01 02fa]
Arate 8/9, (0, 2, 2, 2) code can be used as a component coc¥e.0 | #1 @ @ @4 @) zf zj zf @5 3 | 2t ah oh o of 1 of 7] 2] 2 7]

CsY of the rate(n — 1)/n, (0, k, ki, k) codeC(™), which has

the following structure in the case where= ngp = 2k + k; + TABLE VI
CONSTRUCTION F;,—MAPPING SCHEME

k. + 1:
oy - - - source word X b o5 vh vk by vl vl b ol ve
TP RHREAT R R O KR E Y wl,moooooooooz{9191:5?0919;9
. - wora|oiohbal 00000027 |010ziabal 127010
Forn < ng, we can remove ; —n unconstrained positions. It " | '¢ 0 0 zialer 0 0 027| 0 1 0abalal 0o 1 1 0
follows thatuyax = 7 — 9. wi10[ 00000 O0xjafabal| 01 O0afalay laf 110
The mapping for the rate 8/9, (0, 2, 2, 2) code is specified irwi 00| 0 0 0 2% 2l zfafzxiab 2] | 02 Lalal zlajafal 1 0
Table IV, woro |2} 7hzh 0 0 0ofafala}| La] Ol abalafafal 1 0
woo |t dhalalakal 0 0 02| 1a] lahalalalabal 1 0
F. ConstructionF; wo0,0 | 4 xh ah xh 2l af af af ah ol | ah ab 2l 2 2l 2l 2t 2l 2] 1

A rate 10/11, CIC code witlk = [2, 3, 2, 2, 3, 2, 2, 3, 2,
2, 1] can be used to construct a rgie— 1)/n, (0, k, ki, k) (0, k, ki, k,.) code, which has the following structure in the case
code. The location of the unconstrained and constrained posheren = np, = 3k + ki + &, — 3:

tions are specified fot < k£ < 6 by M R RR IEE O R RO ) RgL

k=4: NRKoORXoOXXKXoXK XK, . )

There arel029 > 2'° valid constrained sequences of length 11.
k=5 MENooN NoRoRNooXKHED, The underlying rate 10/11 CIC code is specified in Table VI.
E=6: o XX Nooo XNoXoXRXoooXKX Ko Table VI uniquely specifies the operation of the encoder and
the decoder. The combinatorial circuitry and the logic equations
Is!an be easily obtained with hardware design tools. The number
i gates is low.

There arel066 > 2'° valid constrained sequences of lengt
11. The mapping for the rate 10/11 CIC code is specified
Table V. The encoder checks whether the wefd’,ziz| st
1ayxyayry ey fulfills the constraints. This is the case if suby  constructionG
sequence; zrsxzs # 000 and subsequencgz,a; # 000. .

The mapping given in Table V can be implemented with ap- A rate 11/12 CIC code witls = [2, 3, 3, 2, 3, 3, 2, 2, 2,

; ; 2, 2, 1] can be used to construct aréte— 1) /n, (0, k, ki, k,.)
roximately 50 logic gates. v P By B
P y gicg code, which has the following structure in the case wheee

G. Constructionf ng = 3k + ki + k-

The constructiorf; does not give the maximum number o 2 MNP 3 NN NF 3 MMM O 2 X X X ok 2.
unconstrained positions. Instead, the maximum is obtained by
arate 10/11 CIC code for which = [2, 4, 3, 2, 4, 3,2, 3, 2, There ar€063 > 2! valid constrained sequences of length 12.
1, 1]. This CIC code can be used to construct a (ate- 1)/n, The CIC code can be constructed in a similar fashion as for the
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TABLE VII The construction of 0, G/I) code [2], [22] is in general

MAXIMUM WORDLENGTH more difficult than is the construction of(&, %) code, because
% 1a (70 |0 | 70 |70 |70 | both the globa(0, ) constraints and th@@, I) constraints on
3| 4 7] 8 910 =| = the interleaved sequences of elements with odd and even indices
4| 5| 9|10| 12| 13|14} 16 have to be fulfilled. In [23], a combinatorial construction of a
5| 6f11)12) 15116, 18/ 20 rate 8/9, (0, 4/4) code and a rate 8/9, (0, 3/6) code have been
6] 711314118} 19] 21 24 presented, and in [14], [21], and [24], a rate 16/17, (0, 6/6) code
7| 8| 15]16) 2122} 25] 28 has been presented.
8| 9| 17| 18| 24| 25| 29| 32 -
9| 10| 19] 20| 27| 28| 33| 36 The CC-EC schemes can be employed to efficiently protect
1011|2122 30|31 37]| 40 (0, G/I) codes. Interleaving can be used to obtain high-rate
11] 12| 23| 24| 33| 34| 41| 44 (0, G/I) codes. Interleaving is done by inserting pairs of un-
121131 25| 26| 36| 37| 45) 48 constrained positions. Otherwise, the constraints on the odd and
131 141271281 39, 40 49/ 52 even subsequence are violated. As an example, consider the rate

14( 15129 30| 42| 43| 53| 56
15016 31| 32| 45| 46 | 57| 60
16 (17| 33| 34| 481 49| 61| 64

16/17, (0, 6/6) code [21]. By inserting pairs of unconstrained po-
sitions, the following 0, G/I) codes can be obtained as shown

17| 18| 35| 36| 51| 52| 65| 68 at the bottom of the page. These codes have rates 20/21, 22/23,
181 19] 37| 38) 54| 55| 69| 72 and 26/27 and 4, 6, and 10 unconstrained positions, respectively.
m| L] 4] 7] 8] 9[11]12 Alternatively, we can construdi), G/I) codes using spe-

cific CIC codes, using techniques that are similar to the ones
previously discussed constructions, or by using the enumeratifgsented in the previous sections. For instance, a rate 16/17,
construction presented in the previous section. (0, 7/11) code can be constructed with nine unconstrained posi-
tions with the arrangemeio X Xooo X X X oo Ko X oK.
I. Overview Similarly, a rate 16/17, (0, 7/11) code can be constructed with

The CIC codes presented in the constructions A-G alldin€ unconstrained positions with the arrangentnt o &
the composition of a wide range db, k, ki, k) codes. 0o X o X oo X o X oX. Optionally, more than one bit redun-

Table VII lists for each of the constructions A-G the maximurfi@ncy may be allowed. For example, a 16/18, (0, 4/6) code can
wordlengthn for which a rate(n — 1)/n, (0, &, |k/2], [k/2]) be constructed with eight unconstrained positions with the ar-

code exists Withim.. = 1 — m positions. The last row of the fangemenkoiio % DXMNoMoNooKoX. The cardinality
table specifies for each construction the valuethe number 1S €qualtdrl 168 = 2°x278. Table look-up can be employed to
of constrained positions in the codeword.

convert the other eight-bit source words into ten-bit codewords.
Remark 1: It should be noted that in addition to the ratdn this case, both error control can be provided and the com-

(n—1)/n, (0, k, ki, k) code constructions with unconstrained!€Xity of the code can be reduced.
positions, we can as well consider the construction of frate
t)/n, (0, k, ki, k) codes, where > 1. As an example, it is VIl. CONCLUSION

p?]SS'bleF?_COTStrUCta_EtetSIQ’ (O,t3, 1 2%((5:71(::36 mgﬁ%xlz; The presented error control schemes effectively protect
whereas itis also possible to construct a . (0,3,1, )Cqﬂ8h-rate constrained codes against transmission errors. Practi-

With Unax = 5, and a 24/27, (0, 3, 1, 2) code Withyax = 8. cally any systematic error control code can be employed. The

This illustrates that by increasing the wordlength at a const% posed schemes are very efficient and are applicable for many

r W n incr he maximum number of un - L . .
code rate, we ca crease the maximu umber of unc mmunications and recording systems. In current recording

strained positions. systems, there is a strict separation between modulation coding
and error control. For these configurations, the codes that
VI. CONSTRUCTION OF(0, G'/I) CODES limit error propagation can be applied. By integrating the

The class of0, G/T) codes fulfills global 0, G) constraints modulation and error control modules, which is to be expected
as well as(0, I) constraints for the two interleaved subsefor next generation recording systems, it will become possible
guences of elements with odd and even indexes, respectivedyimplement the schemes effectively and to make use of their
The (0, G/I) codes are used for magnetic recording channgdswerful capabilities. In communication systems, the schemes
with a1l — D? impulse response, also known as PRML charave several clear advantages with respect to error propagation
nels, to aid timing and gain recovery and simplify the design ahd achievable code rate relative to the widely used bit-stuffing
the Viterbi detector for the PRML channel [2]. method. In addition, the developed theory is useful for the

(0,8/8) NERNNooXNKNKXENKNNNRoDo XK KKK,
(0,8/9)) Do MNKNNooNNKKKNENNOD KKKKK,
(0,10/10): oo X X Moo XK NKoo XXX Noo KKK KK oo
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