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An Enumerative Coding Technique for DC-Free
Runlength-Limited Sequences
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Abstract—\We present an enumerative technique for encoding in force. The quotient of rate and capacity is usually called the
and decoding dc-free runlength-limited sequences. This technique rate efficiency Implemented DCRLL codes, for example, the
enables the encoding and decoding of sequences approaching th%FM code [1] applied in the CD system or the codes designed
maxentropic performance bounds very closely in terms of code S . L . .
rate and low-frequency suppression capability. Use of finite-pre- for magnetic disk pr tape drlvg gppl!catlpns described in [3]
cision floating-point notation to express the weight coefficients and [4], often achieve rate efficiencies in the order of only
results in channel encoders and decoders of moderate complexity. 90%. The EFMPIlus code [2] applied in the digital versatile
For channel constraints of practical interest, the hardware re- disk (DVD) system has a rate efficiency of about 92.5%. In
quired for implementing such a quasi-maxentropic coding scheme har words, many of the conventional DCRLL codes currently

consists mainly of a ROM of at most 5 kB. implemented can still be improved significantly in terms of

Index Terms—Enumeration, modulation coding, recording. code rate.
Enumerative coding techniques [5] make it possible to trans-
|. INTRODUCTION late source words into codewords and vice versa by invoking

an algorithmic procedure rather than performing the translation
with a look-up table [6]. Code rates very close to capacity can
achieved by using enumerative coding and long codewords

C-FREE runlength-limited (DCRLL) modulation code
have found application in magnetic and optical recordi
systems, for example, in the compact disk (CD) player [ : lting f h £l
DCRLL codes are used to transform the digital user bit streaqy’ Severe error propagation resulting from the use of long

int  bi h | bols that i itabl dewords can be avoided by reversing the conventional hier-
INto a sequence ot binary channel Symbools that IS suitable é’lrchy of outer error correcting code and inner modulation code
the specific recording requirements. Thenlengthis known

as the number of consecutive identical symbols occurring irLG&Fnumeranve decoding is done by forming the weighted

Runlenath-limited (RLL h of the symbols of the codeword received [7]. The integer-
sequence. Runiengin-imite (RLL) sequences are ¢ arac@a{l'ued weights used in forming this sum are a function of the
ized by two parameters,,;, = (d+ 1) andl.x = (k+ 1),

. - . . channel constraints in force. Encoding is done with the aid of a
Fienot|ng the minimum and maximum runlengths OCCUMMNG othod that is similar to decimal-to-binary conversion in which
n t_he sequence. DC-free_sequences h_ave the properties gR/veights are used instead of the usual powers of 2. The hard-
their power speciral de_n5|ty (P_SD) vanishes "_ﬂ the zero f are which implements an enumerative coding scheme mainly
guency and that there is a region of frequencies close to

¢ . hich the PSD is | Th ict hsists of a ROM to store the weight coefficients, a binary
Z€ro requency In whic € IS low. The restriction dder, and subtracter. In order to obtain a feasible ROM size,
imposed on the DCRLL sequences are usually called t

“ . . . : weight coefficients can, without relevant losses in code rate,
channel constraints.” In optical disk systems, suppression 0

the low-f tent of the RLL modulati expressed in finite-precision floating-point notation [6].
€ low-lrequency content ot the moduialion SEqUENCE 1. o\ jiline of the next sections is as follows. In Section 11,

is employed pr|mar_|ly to C|rcum_vent or reduce interactio e will introduce an efficient runlength graph representation
between the data written on the disc and the servo systems

. ; e DCRLL constraints. To enable the enumeration of the
follow the track [1]. Efficient suppression of the Iow—frequenC)bCRLL sequences, knowledge of the number of distinct valid
components is essential, as error correction is totally usel '

it track lock | o1 Low-f . %%%uences is required. In Section I, we will derive these num-
! hra(l:d g)r ¢ T:.: odss tocpqrs [2]. og-(;equnpy Stl;]pprefs'oﬁ'ers from the underlying runlength graph. An enumerative tech-
should be achieved at minimum costiade ratel.€., the ratio rague for encoding and decoding DCRLL sequences will be in-

between user bit rate and channel bit rate. The maximum CQP&duced in Section IV. In Section V, we will discuss the effects

rate, called theapacity is a function of the channel constraints,¢ using finite-precision floating-point arithmetic on achievable

code rates and on the size of the required weight set. In addition,
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denote the coded channel sequence, representing the positive or
negative magnetization of the recording medium, or pits or lands
in the case of optical recording. Thenning digital sum(RDS)

at time¢ of the sequencéc; } is defined as

?
= E ¢ = %i—1 + ¢, 20 = 0. 1)
=1

A sequence is dc-free if, and only if, the RDS assumes a finite
number of values [8]. This number is called thigital sum vari-
ation(DSV), denoted by . We will start by confining ourselves
to odd values of DSV, sp;| < (N —1)/2. DCRLL constraints
will be characterized by the three integer parametérs, V).
As a finite RDS implies a constraint on the maximum runlengthig. 1. Runlength graph representing {tie 3, 7) constraint. The states are
these parameters satisfy< d < k < N — 2. denoted by theit’; values, and the edges are labeled by their lengths [9].

RLL sequences are often encoded in two consecutive steps. ) ]
In the first step, the binary user information bits are translat&y theirt/; values, where in the sequé} = d-+j — (N —1)/2,
into a sequencda;}, z; € {0,1}, having at least/ and at J = 1,..., M. Note that the states @ are related with RDS
mostk “zeros” (i.e.,z; — 0) between consecutive “ones” (i.e.,Y2lues. The sequences (2) and (3), for example, may emanate

#; = 1). The sequencés; } is often called &d, k) sequence from state 0 and terminate in state O of the graph in Fig. 1.

or a runlength-limited sequence in nonreturn-to-zero-inverse”*Ssociated with the runlength gragh is an M x M ad-

(NRZI) format. Prior to the recording, tHe, &) sequencdz;} Jacency matrixdenoted byA(D) (D-transform notation). The
is converted into the bipolar RLL channel sequeficg such adjacency matrix associated with the runlength grépturns

that the logical “ones” in théd, k) sequence indicate the posi_out to have a Hankel structure, i.e., it is constant on the antidi-

tions ofa 1— —1 or —1 — 1 transition of the corresponding""gon""_IS []. ’_A‘S an example, we pre_sen_t the a_djacency matrix
RLL channel sequence. This conversion step is commorflysociated with the runlength graph in Fig. 1, given by

calledprecoding The(d, k) = (1,3) sequence 0o 0 o o0 D?
i+ =11,0,1,0,0,0,1,0 2 0 0 o D D°

{.’L’z}—{, s Ly Vs Us Uy Ly ’} () A(D): 0 0 D2 D3 D4

would be converted, e.g., into the RLL channel sequence 0 D? D3 D* 0
{ey={-1-1,1,1,1,1,-1,-1,...}. 3) p? D> Dt 0 0

Note thatA(D) is symmetric, and that the largest exponent,
denoted by.,..(j), of the nonzero entries of( D), occurring
in the jth row (or column) which corresponds to the stéteof

Another representation of the, k) sequence can be given a
a sequence of runlengtig; } = {l,ls,...,;,...}, where
d+1<1; < k+ 1. We define a “run” in thed, k) sequence o
{z;} as alogical “one” followed by a sequence of “zeros.” Thg' Is given by

runlength sequence corresponding to {tigs) sequence in (2) Imax(j) = min{k + 1,d + j}.
would be{l;} = {2,4,2,...}. Kerpezet al. [9] introduced
another sequencfl/; }, defined bylU; = [, — U,_;, where
Uy = 0. The sequencéU;} corresponding to théd, k) se- o .
quence (2) would bél/;} = {2,2,0,...}. Let Z; denote the The nu_mber of d|st|nc(d,.k,N) cqnstramec_j sequences can
RDS of the channel sequenge } after thejth run in the corre- be described using recursive relations obtained from thg run-
sponding sequender, }. The sequencéZ; } corresponding to 1ength graphG. Let N (Uq, n,U,) denote the number of dis-
the RLL channel sequence (3) would&;} = {—2,2,0,...}. tinct sequences of length emanating from staté&’,, and ter-
BetweenU,; and Z;, we find the relatiorl/; = (—1)7Z;, and Minating in statd/q, of the gre_lpI“G. T_he number of_ sequences
hencelU;| < (N —1)/2. AsU; + U;_; = 1; > d+ 1, we find N(Uq,n,U,) can be determined using the following recursive

I1l. NUMBER OF DCRLL SEQUENCES

for all j relations. Let
N(U;,4,Uy) =0 <0 VU; €2
N -1 N -1 I Yo ) 9 Vi
d+1- U< “) N(Ua,0,U,) =1
i.e.,{U;} assumes a finite numbg{ of values N(U;,0,Ua) =0 VU; € Z\{Ua}
Mo N—1_d (5) N(U;,i,U) =0, 0<i<d;VU;€X.
A compact description of th&l, k&, V) constraints by means Ford +1 <4 < nandforalll; € X let
of a “runlength graph” has been presented by Kegtes. [9]. tmax (J)
The M states of this graph are associated Wighvalues and the N(U;,i,U) = > N =Ujyi—1,Us) (6)
edges with runlengths. As an example, Fig. 1 depicts the run- I=d+1

length graph representing tkie, 3, 7) constraint. Although not where ¥~ denotes the set of states aff. Note that
formally defined, we will denote the runlength graph underlying/ (Uq, n, U,) = N(U,,n,Uq) asG is symmetric (we call7
the DCRLL constraints by?. The states of7 will be denoted symmetric if the adjacency matrid(D) is symmetric), and
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N(Uq,n,U,) = 0if (Uqg+U,+n)is odd. This property statesz. To this end, we define the sequence of stéfgs:) through
that if U, andUg, are both even or both odd, then all sequencegsaphG associated with the sequences
emanating from staté, and terminating in stat&, of GG have

' . U, if j=1
an even length. If U, is even and/, odd, or vice versa, then ’ . ! .
all s;/ uencgs emanatlin \flrom sté?[:zand terr::ilnat\i/n in state Ui@) = q Uiza(=), !f z;=0 and j>1
9 9 9 Li(z) = Uj_y(z), ifz;=1 and j>1.

Ug of G have an odd lengtlh. Knowledge of the numbers

N(Uj;,i,U,) enables the application of enumerative coding Proposition: The inverse rank of &, k£, V) constrained se-

techniques. guencer of lengthn emanating from stat&,, and terminating
in statel, of the runlength graply- is

IV. ENUMERATIVE ENCODING AND DECODING . n .
i%(z) = 8;(@)N(lj(x) = Ujr(w),n —j+1,Ua)  (9)

i=1

A. Decoding

[

A general enumerative technique for encoding and decodiiqre
binary constrained sequences has been presented by Cover [5].
Let {0,1}™ denote the set of binary sequences of lengdnd
let S be any (constrained) subset{dgf, 1}™. We establish a 1-1
mapping from sefS onto the set of intege®, 1, ..., |S| — 1,
where|S| is the cardinality ofS (i.e., the number of distinct Proof: Let arjl = (x1,22,...,2j-1,1),1 < j < n. We
sequences i¥). SetS can be ordered lexicographically as folcan observe that for a given 1 < j < n, ns(w}) can take
lows: if # = (21,...,2,) € Sandy = (y1,...,4.) € S, one of two different values depending onlif a;(z) < d then
theny is called less tham, in short,y < =z, if there exists an ns(a:}) = 0, because in this case the number of “zeros” between
1,1 <4 < n,suchthaty; < z; andz; = y;, 1 < j < i.  thelasttwo “ones” 0&} is less tham, violating thed constraint.
For examplep0 101 < 01 010. The position ofe in the lexico- Therefore, nqd, k, N) constrained sequenaecan begin with
graphical ordering of is defined to be theank of x, denoted le SOns(x}) = 0. If a;(z) > d, thenx]l does not violate
by is(x), i.e.,is(x) is the number of all; in S with y < z. Let thed constraint. In this case, the sequengdeads grapl to
ns(z1,2,. .., 2,) be the number of elements i for which  the statd;(x) — U;_1(x), so thatns(x}) equals the number of
the firstu coordinates arér:,z2,...,x,). Therank ofx € S sequences of length — j + 1 (including the symbok; = 1)

1, if £; =0 and a;(x) >d and
8;(x) = (Ug +1i(x) — Uj_1(x) +n — j) odd
0, otherwise

can be obtained by using emanating from the state(x) — U/;_1 (x) of G and terminating
" in Ug, i.e,ns(z}) = N{Uq,n — j + 1,1;(z) — Uj_1(x)).
is(z) = Zwms(whm,---,w]’—h())- (7) Using the symmetry of7, we obtainns(x}) = N(l;(x) -
= Ui_1(z),n—7+ 1, Ug). If (Ug+1(x) —Uj_i(x) +n—j)

is even, therV(l;(x) — U;_1(z),n — j + 1,Uy) = 0. In this
An alternative of Cover's enumeration scheme can be given byse, we do not perform an addition in (9). O
counting the number of elements$ithat have a lexicographic
indexhigherthanz, theinverse rankof « [7]. The inverse rank B. Encoding

of = € § can be obtained by using The encoding operation, i.e., given the inverse lexicographic

n indexI, 0 < I < |5|, find the corresponding, is described by
ig(x) =Y Tms(r, 2o, w5-1,1) (8) the following algorithm:
j=1

wherez; = 1 — x;, the complement of;,. The algorithms [ == 1, U :==Us, 21 := 1, a:=0;

(7) and (8) implement the decoding operation, i.e., given thdor j = 2ton do

constrained sequence find the corresponding lexicographic If (Vo +a+1—-U+n —j)oddanda > d
index in setS. The inverse rank has the virtue thatthe same setof then N :=N(a+1-U,n —j+ 1,Ug);
weight coefficients can be used for encoding and decoding [7]. €lseN := 0;

We will now consider the inverse rank for enumerative decoding ?”9 if

of DCRLL sequences. if >N ..
Letz = (a1,22,...,2,) denote a(d, k, N) sequence of  thenz; :=0,1:=1-N;
length» in NRZI notation emanating from staté, and ter- elsex; =1, U:=a+1-Ua= -1,

minating in statel/g, of the graph@. Note thatz; = 1. Let end if
a;(x) denote the number of trailing “zeros” of the subvector @ := @+ 1;
(x1,22,...,2j21), €., end for

=4O i=12 ¢ Multiple State Codin
a](x)_{min{(j—i—l):1§i<j,xi:1}, 7> 2. . P g

The ranking procedure can be generalized for a set of
Letl;(x) = aj(z) + 1 be the length of the trailing run of the (d, k, N') sequences of length that emanate from a common
subvectol(xy, z2, ..., x;_1). By observinge, we can uniquely state, denoted by/,, and terminate in a state which is a
determine the sequence of states of grépborresponding to member of a predefined set of states. Conside¢erminating
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states given by, = {U/;,,...,U;, } C ¥. Ranking of this set approaches the capacity of the DCRLL constraints to within a

of (d, k, N) sequences can be accomplished by small value, say 1%, and we will determine feasible code rates
n L for (d, k, N') constraints of practical interest.
i%(z) :Z §j(z) Z N ((z) = Uj_i(z),n — j+ 1,05 ). Let V;(n) denote the number of distinct sequences of length
j=1 m=1 n emanating from the stat®; of GG. In a coding scheme that

(10) enablesn bit encoding,V;(n) > 2™ must be satisfied for all
aqlr}]ncipal stated’; of this scheme. For large, N;(n) can be

Equation (10) holds because the sets of sequences eman ap;glroximated by

from a common state and terminatinglf ,m = 1,...,L,

Tm?

are disjoint. N;(n) =~ y; A", n>1

The enumerative technique described above enables e, o ) is the largest real root of the characteristic polyno-

design of channel encoders and decoders of moderate coms det(A(A~1) — I), I denotes the x M identity matrix
plexity. Storage capacity is required for approximatéy. /2 ndy = (y1,...,yn) is a positive eigenvector of the matrix
nonzero weight coefficients. The storage capacity required f?gi AL asso70iat7ed with eigenvalue 1, i.gA(\~1) = y [1]

implementing the presented enumerative coding scheme e number of distinct DCRLL sequences of lengtlema-

combined dc-free runlength-limited sequences is about tﬂﬁting from a staté/; and terminating in a stat€; of G can
same as that required for implementing the enumerative COdWane be approximated by /

scheme for pure dc-free sequences [1].
N(Uj,n,Up) = Ni(n/2)Nj(n/2) = yiy; A", n>1
D. Even Values of DSV (11)

So far we have confined ourselves to DCRLL constraintﬁ
having odd values of DSV. Fa¥ even, arunlength graph can betion has been computed fo¢, k£, V) constraints of practical in-

derived from a Hankel-type adjacency matrix haviig- 1 — d terest and codeword lengt?80 < n < 1000, where the magni-

s.tat_es, and enumeratlve encoding and decading algonthmstﬁr e of vectory has been evaluated numerically from the actual
similar as described above. However, there may exist paths

: nUimber of sequences of a certain lengtfn = 200). In all the
even Iength a}nd paths of odd length emanaﬂng from a Btate computed examples, approximation (11) was accurate to within
and terminating in a stat& of the corresponding runlength

. X ) 0.15%. Assuming equality in (11), it follows that the principal
graph. Thus_, storage_cgpamty Is required for approximately statel/,, of coding scheme&’; that results in maximum cardi-
nonzero weight coefficients.

nality is associated with the maximum eninax; y; of vector
y. We definedc, = (max; y;)? and Ng, (n) = Ac, A" ~
N(U,,n,U,). In coding schemé&,, we intend to determine
In the following, we will consider coding schemes whichhe set of principal states;, C > so that the minimum number
translatern user information bits into codewords of an evewnf valid codewords emanating from a stdfe € X is max-
length n. Using the technique described in [10], the codienum among all possible sely,. Assuming equality in (11), it
construction can be extended to odd codeword lengths. Tiedows that this seb;, is associated with:
ratio R = m/n < C'is called the code rate, and denotes A — max min Z '
the capacity. We will distinguish two separate coding schemes. © Ty, Yi S Yi-
In the first coding scheme, denoted k63, we assume that "
all codewords emanate from a stdfe and terminate in the The optimum seE;, can be determined by starting witH") =
same statd/, of graph G. We will call the statel/, the {U; € ¥ : U; odd}, and by iteratively removing the state asso-
principal state of the coding scheng. In the second coding Ciated withmin; y; from this set. The procedure is then repeated
scheme, denoted lfys, we assume that either of the codewordstarting with>() = {U; € X : U; every. Finally, the optimum
emanates from a state which is a member of the set of sta#8&>z is selected from the best subsetsSBt) andx(®). The
Y ={U,,...,U;, } C ¥ and terminates in a state which is aninimum number of valid codewords of length>> 1 ema-
member of the same sBt,. We will call ;. the set of principal nating from a state that is a member of the set of principal states
states of the coding scheng. In both cases, transmission-z can thus be approximated Byc, (n) ~ Ac,A™. The rate
errors that may occur in the DCRLL channel sequence must®ean implemented code & = [log, N¢; (n)]/n, and the ca-
corrected before the decoding in order to prevent severe effg€ity is given by’ = log, A. The difference between code rate
propagation. In the case of coding schefiig transmission and capacity is

U; + U; 4+ n even, else 0). The accuracy of this approxima-

V. IMPLEMENTATION ASPECTS

errors can cause catastrophic error propagation, which is why 1 1
) , o (- : Y<R-C< =log .
the encoder must regularly be forced into a predefined principal n (-1+log; Ac)) s R—-C'< n log, Ac
state. Examples of optimum principal state configurations are shown

in Table | for coding schemé¢’; and in Table Il for coding

schemeC,. Also presented are the corresponding values
We will start by determining the principal stétg, of coding log, A¢, and the codeword lengthg-, = 100(1 — log, Ac, ).

scheme”; and the set of principal staték, of coding scheme The codeword length, ensures that’ — R < 0.01. Table |

C, that result in the maximum number of codewords. Walso shows the capacities of the correspondihd:, N) con-

will also investigate at what codeword lengths the code ragéraints. We see that for many DCRLL constraints of practical

A. Principal States and Feasible Code Rates
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TABLE | We define thep-bit truncated representation of, denoted by
C, CODING SCHEME: CAPACITY C', OPTIMUM PRINCIPAL STATE U, log, A¢,, |_NJ by
CODEWORD LENGTH n.¢:,, FEASIBLE CODE RATES ./ FORm = 256, »
RATE EFFICIENCIES 77, NUMBER OF BITS pmmin, AND APPROXIMATE bl ]
STORAGE CAPACITY C's IN KB FOR SEVERAL (d, k, N') CONSTRAINTS [N, = LZ (ut p)NJ gutl=p, (12)
OF PRACTICAL INTEREST

In words, | V|, is obtained fromV by leaving thep most sig-

m = 256
(d,k,N)| C |U, —logsAc, no, | % pminlCs nificant bits unchanged and setting all the other trailing bits to 0.
(0,5,7).8858] 1 1.77 277292 9897 8§ [0.5 Thep-bit truncated weightV |,, can be expressed in two-part
(0,7,9)).9276| 1 2.18  318]280 9856 7 |10 radix-2 representatiohN |, = (m,e) = m2°, where the in-
(0,11,13)|.9634| 2 348 448|270 9842 7 (0.9 ¢ q lied th " d o
(1,7,9)| 6039| 2 284 384|430 9858 8 |12 egersm ande are called the mantissa an exponent.sf ,,
(1,7,15)] .6540] 2 360  460[398 9835 8 [0.9 respectively. Apparently; bits are required to express the man-
(1,7,19)| .6639( 2 3.96 496 (392 9837 9 |2.8 tissamn. The number of bits required to express the expoa@nt
(2,10,15)| 5097 3 408 508|512 9810 7 |3.4 in the order oflog, 7. However, the exponents ande; of two
(2,10,29)|.5340| 2 507  607/490 .9784 8 |5.0 iaht coefficientsy No of simil itudeN: ~ N
(2,15,17)|.5199| 3 434  534[502 .9809 8 [3.0 weight coethcientsy, < [Vp of simifar magniiudey; ~ vz
(2,15,29)| .5400| 3 516  616/484 9795 9 |5.0 can usually be represented much more efficiently, for example,
by using the difference; — e;. The capacity of the memory
unit for the storage of the exponents of the weight coefficients
TABLE 11 is hence negligible compared with the storage capacity required
(', CODING SCHEME: OPTIMUM PRINCIPAL STATE SET 55, . log, A for the mantissa. Therefore, the exponents of the weight coeffi-
" ? 52 4 ’ . . .
CODEWORD LENGTH 7 ¢, , FEASIBLE CODE RATES 11/ FORm = 236, cients will not be considered any further here. X
RATE EFFICIENCIES 7, NUMBER OF BITS Prin, AND APPROXIMATE When use is made of truncated Weights, denoter;ecur-

STORAGE CAPACITY C's IN kB FOR SEVERAL (d, k, N') CONSTRAINTS

OF PRACTICAL INTEREST. {U;:U;} DENOTES THEPRINCIPAL STATE sion (6) results in

SET{U, U; +2,..., U} Imax ()
= 956 N, iUy = | Y NU-Uji—1,U,)

(d.k,N) [T —logy Agy ne, | n N Pwin|Cs l=d+1 P

Eg’g’g }012?}} i'gg ;gg ggg 'ggg; ; ?:g In the enumerative encoding and decoding algorithms, the trun-
©0,11,13)|{-2:4) 128 228268 9915 9 |08 cated weightsV(U;, 4, Ug) are used instead of the full-preci-

(1,7,9)]{0:4} 1.88 288|428 .9904 & (0.7 sion weightsV(U;, ¢, Ug). The effect on the set of codewords
8; }gg E;g% ;;Z g;z ggg -gggi g ;g will be that theN (Uj, 4, Ug) — N(Uj;,4, Ug) highest ranking
@ ’10: 15)|{-1:5} 270 370|508 9887 9 |42 words of I_engthL W!|| be recursively discarded from the set of
(2,10,29)|{-4:81  2.84 384|486 .9864 8 (4.5 all the lexicographically ordered DCRLL sequences.
(2,15,17) [{-1:7} ~ 2.76  376(498 .9888 10 |44 Speaking in terms of runlengths, the effect of using trun-
(2,15,20)[{-3:9} 289 389|480 9877 9 |46 cated weights will be that short runs will occur more frequently

than in the case of untruncated weights. As an illustrative ex-

interest a codeword length in the order of 500 bits is sufficief ple, Fig. 2 displays the accumulated runlength distributions

for achieving rate losses versus capacity of less than 1%. Of two (2, 10, 15) constra_lir_led enumerative C.Odes. having a rate
Also shown in Tables | and Il are feasible code rates ar?é 256/512 and arate efficiency of 98.1%, using eithex 8 or
rate efficiencies, defined by — R/C, where we have as- p = 12 bits to express the mantissa of the weights. Also shown

sumed the optimum principal state configurations and the QIH-FIQ' 2 is the accumulated runlength distribution of an ideal,

coding of 256 bits. We see that 256 bit encoding using codi Maxentropic’(2, 10, 15) constra!ned sequence, i.e., inthis case
: L o te code rate equals the capacity.
scheme’; results in rate efficiencies in the order of 98%. The N . . .
We will briefly consider the effect of using a truncated weight

rate efficiency can be further increased by using larger code- . . .
word lengths or, for fixedn, by applying coding scheme. representation on the achievable code rates. We dgfineas

We add that the same code rates as in Tables | and Il can Otgéle minimum number of bits required to express the mantissa of

) . L ; ¢ truncated weights, so that there is no rate loss as in the full-
be achieved by using principal states other than the optimuny .~ .
. ) . . . precision scheme. Values pf;,, are collected in Tables | and
configurations, for example, by usigg, = 0in coding scheme : o . .
C Il for optimum principal state configurations. We see that for
1 (d, k, N) constraints and codeword lengths of practical interest,
values ofp in the order of 8-10 are usually sufficient to avoid
B. Weight Truncation rate losses as in the full-precision scheme.
) ) As shown in [6], the mantissa of the truncated weights
In order to enable the implementation of the presentq@l(Ui’n’ U;), U; € ¥, will for increasingn become (and
DCRLL coding scheme, we will in the following express thﬁ’emain) periodic. That is, fos > no, there are integer’s and
weights in truncated radix-2 representation. hetdlenote one f such that
of the integer weight&V (U/;, n, U;). An integerN < 2” can be A o
uniquely represented by a binamtuple z = (z,_1, ..., o), N(Ui,n, U;)2" = N(Ui,n+ [,U3), U < X,n > no.
whereN = 22’;01 z;2'. Letu = |log, N| be the position We will call f the period of the mantissa of (U;, n, U;) and
of the leading “one” element or “most significant bit” af ng the preamble. The periofl of the weight coefficients is a
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Fig. 2. Accumulated runlength distributions of tw®, 10,15) constrained
enumerative codes having a rate66 /512 (obtained in computer simulations;
solid, dashed) and the accumulated runlength distribution of the correspondir
maxentropic sequence (obtained with the method developed by Ketpdz

[9], denoted by the dotted line). The step functions indicate the correspondin  -35}
average runlengths.

Power Spectral Density (dB)
: o .
S

” solid: untruncated
dashed: truncated p=12
dotted: maxentropic sequence

. _ _ 107 108 10 107!
function of the(d, &, V) constraints and the number of bjis Normalized Frequency f/fb

used to express the mantissa of the weights. The preamble

also depends on the set of principal states used for coding. By 3. Power spectra of sever@, 10,15) constrained enumerative codes

i PR ; s ;i having arate 0256/512 (obtained in computer simulations; solid, dashed) and
explomng the per|0d|C|ty of the Welght coefficients, a Slgnlfl ower spectrum of the corresponding maxentropic sequence (evaluated using

cant saving in storage hardware can often be realized [6]. Tt%@ method developed by Kerpetal.[9], denoted by the dotted line).
ROM size required for the storage of the mantissa of the weight

coefficients is approximately given by of 10-12 or untruncated weights are used, the PSD function of

B E(M — 1)pns, if N odd the coded sequence approximates Fhe maxentropi_c performance
C _ (13)  bound very closely, as can be seen in the lower solid and dashed
(M — Lpns, if Veven curves in Fig. 3. Similar behavior of the PSD function at the
wherens = min{n,no + f}. The factor(A/ — 1) in (13) is an low-frequency end has been observed(idrk, V) constraints
immediate consequence of the structure of the runlength gragher than(2, 10, 15) and for sets of principal states other than
G. We can see in Fig. 1 thd{(—1,4,U,) = N(3,i —2,U,), U, = 0. We conclude that values pf = 10 -- 12 bits to ex-
i.e., there is no need to storé(—1,¢,U,), 1 < ¢ < n.In Ta- press the mantissa of the truncated weights are suitable for ob-
bles | and 11, useful upper bounds of the ROM siZe are pre- taining a low-frequency suppression performance very close to
sented in kilobyte (kB) units, where we assumeg no + f the maxentropic bound.
and7 < p < 12. We can conclude that for mary, &, N) con- We suppose that the loss in low-frequency suppression versus
straints of practical interest the presented enumerative codihg maxentropic bound represented by the upper curve in Fig. 3
technique can be implemented by using a ROM of at most 5 k8 a result of the runlength distribution, which, as shown in
for storing the mantissa of the weight coefficients. In mankig. 2, differs remarkably from the maxentropic runlength
cases, the required ROM size is significantly lower than 5 kBdistribution. Given a certaifid, k) constraint and value of,
the loss in low-frequency suppression versus the maxentropic
C. Low-Frequency Suppression bound tends to become more pronounced with a decreasing

Suppression of the low-frequency components is an essERV or with an in_creasing codeword length, as we observed in
tial performance criterion of DCRLL codes [1]. The PSD funcEOMPputer simulations. Fgr = 12, we never observed relevant -
tions at the low-frequency end are depicted in Fig. 3 for sevef@pSes in low-frequency suppression versus the maxentropic
(2,10, 15) constrained coded sequences. Both axes of the pok@tnd. The variance of the RDS, in sheum varianceis
spectra in Fig. 3 have been normalized for a fixed-user bit raf§ten used to characterize the low-frequency characteristic of
i.e., we consideH* ( fT;) = RH(2x fT,/R). The dotted curve dc-free sequences [1]. We W(_)uld Ilkg to add that(the 0, L_S) _
in Fig. 3 represents the PSD of a maxentrodclo, 15) con- con;tramed sequence assoc!ated with the upper curve in Fig. 3
strained sequence. Maxentropic DCRLL sequences provide%’ﬂ'b'ts a sum variance that is iny about 2.5% larger than for
upper bound in low-frequency suppression capability, givendaMaxentropi¢2, 10, 15) constrained sequence, whereas from
certain(d, k) constraint and code rate [11]. The solid and dash&€ low-frequency characteristic and the theory of maxentropic
curves in Fig. 3 represent the PSD functiongaf10, 15) con- DCRLL sequences [11], we would roughly expect additional
strained sequences generated with the aid of the presented &R
merative coding technique. These codes are based on construc-
tion C; using the principal staté/, = 0 and have a rate of D- Performances of Implemented Codes
256/512 and a rate efficiency of 98.1%. The upper curve in In the following, we will briefly assess the performances of
Fig. 3 shows the PSD function of the coded sequence when Haveral selected DCRLL codes with respect to their low-fre-
weights are expressed in radix-2 representation uging 8 quency suppression capabilities. In order to obtain a fair
bits to express the mantissa. Apparently the usg ef 8 re- comparison of different DCRLL codes, both axes of the power
sults in a loss of about 5 dB in low-frequency suppression redpectra of these codes have been normalized for a fixed-user
ative to the maxentropic bound. When valueg afi the order bit rate. As a performance criterion, we determine the PSD
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0 - TABLE Il
o x EFM, 3PM principle (R=8/15) DESIGN PARAMETERS OF SEVERAL ENUMERATIVE (2, k, N') CONSTRAINED
2 5r EFM, 2 Merging Bits (R=8/16) | MODULATION CODES
x
§_10, _ code [k N p R n U, Cs (kB)
8 EFMPlus (R=8/16) EMCI|10 15 12 256/512 9810 3 3.5
| - EMGs, | EMC2|10 15 12 512/1014 .9906 3 3.5
£ N=33~ _, Emca EFM(R=8/17) EMC3|10 29 12 256/490 9784 2 9
z 20 N=29" * EMC3 | EMC4|10 29 12 512/970 .9885 2 18
g N=25 ™ EMC5|10 29 7 512/972 9864 2 5
2 EMC6[15 20 9 512/960 .9877 3 5
s 0 EMC7|15 20 7 512/962 9856 3 2
£ . EMC2
;}& -30} * EMCH1
§ a5l N 1‘2 . —16 dB. The size of the required ROM can be decreased from
& - about 5 kB to about 2 kB by using = 7 instead ofp = 9.
-40 The resulting code, denoted by EMC7, achiefg10—3) ~

0 !

10° 1 10
-
Extra Redundancy C(2,10)-R (log) —14.5 dB.

Fig. 4. Comparison of the performance of severl10,15) constrained VI. CONCLUSIONS
modulation codes. ’

We have presented an enumerative technique for encoding

of the coded sequence at a small fraction of the user bit ra@&d decoding DCRLL sequences. The size of the full-precision
for example, atf,/1000. We will compare the low-frequency Weight set required for implementing the presented coding
suppression capability of the coded sequence with the corféheme is about the same as that required for implementing the
sponding maxentropic performance bound. enumerative coding scheme for pure dc-free sequences [1]. As

Fig. 4 displays the PSIB/*(10~2) versus a parameter calledthe greater part of the electronics that implements the enumer-
the extra redundancyfor several dc-freg2,10) constrained ative coding technique is taken up by the storage of the weight
coded sequences. The extra redundancy has been defined in¢@€fficients, this technique enables the design of channel
as the difference between the capacity of ttigk) constraint, encoders and decoders of moderate complexity. To enable
denoted byC(d, k), and the rate of an implemented dc-freéhe implementation of the proposed coding technique, we ex-
code satisfying this runlength constraint. The solid curve Riessed the weight coefficients in finite-precision floating-point
Fig. 4 represents the maxentropic performance bound and fegation. We have shown that the presented enumerative coding
crosses indicate the low-frequency suppression performant&gnique can be used to encode and decode DCRLL sequences
of implemented codes. Four conventional codes are consider@@Proaching the maxentropic performance bounds very closely
the EFM code [1] applied in the CD player; EFMPIlus [2]n terms of code rate and low-frequency suppression capability.
applied in the DVD system; and two other EFM alternativelsOr channel constraints of practical interest, the hardware
described in [2]. These four codes all have finite values of DS'@quired for implementing such a quasi-maxentropic coding
and satisfy th&2, 10) runlength constraint. The power spectr&cheme consists mainly of a ROM of at most 5 kB. In many
of these codes were evaluated in computer simulations [2].C&ses of practical relevance, the size of the required ROM is
strategy for improving the EFMPIus low-frequency suppressidignificantly lower.
performance by about 3 dB is presented in [2].
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