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possible rational capacities is given by {l/4,1/2,3/4]. A rate where p = 1,2,. . . . These matrices arise as follows. Suppose we 
3/4 dc- and Nyquist-free code demonstrates the ability to code have a binary sequence sk = & 1, a rational number LY = q/p E  

at the highest rational capacity available. [0, l] with GCD(q, p) = 1, and a b > 0 such that the constraint 

REFERENCES t,:= 2 s,-rmE[-b,b], nE.Z (1.2) 
k=l 

[l] R. Karabed and P. Siegel, “Matched spectral null trellis codes for 
partial response channels, parts I and II,” Abstracts of Znt. Symp. is satisfied. We associate with t, the finite-state machine with 
Inform. Theory, Kobe, Japan, pp. 142-143, June 1988. states l/p, 111 I pb. From state t, = l/p state tn+l = 

[2] J. Justesen, “Information rates and power spectra of digital codes,” (1 *p- q)/p can be reached, provided that II kp -41 ~pb, 
IEEE Trans. Inform. Theory, vol. IT-28 no. 3, pp. 457-472, May . Ana according as s, + i = & 1. This gives rise to the skeleton matrix 

131 B. H. Marcus and P. H. Siegel. “On codes with soectral nulls at - _ I , 
rational submultiples of the symbol frequency,” IEEE Trans. Znform. 
Theory, vol. IT-33, no. 4, pp. 557-568, July 1987. 

[4] C. E. Shannon, “A mathematical theory of communication,” Bell 
Syst. Tech. .I., vol. 27, pp. 379-423, 1948. P+4 

151 J. Ashley and P. Siegel, “A note on the capacity of run-length-limited 
codes,” IEEE Trans. Inform. Theory, vol. IT-33, no. 4, pp. 601-605, 
July 1987. 

[6] J. K. Wolf and G. Ungerboeck, “Trellis coding for partial-response 
channels,” IEEE Trans. Commun., vol. COM-34, no. 8, pp. 765-773, 
1986. 

[I] A. Gallopoulos, C. Heegard, and P. Siegel, “The power spectrum of 
run-length-limited codes,” IEEE Trans. Commun., vol. COM-37, 
no. 9, pp. 906-917, Sept. 1989. 

Entropy and Power Spectrum of Asymmetrically 
DC-Constrained Binary Sequences 
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Abstract -The eigenstructure of bidiagonal Hessenbetg-Toeplitz ma- 
trices is determined. These matrices occur as skeleton matrices of 
finite-state machines generating certain asymmetrically dc-constrained 
binary sequences that can be used for simulating pilot tracking tones in 
digital magnetic recording. The eigenstructure is used to calculate the 
Shannon upper bound to the entropy of the finite state machine as well 
as the power spectrum of the maxentropic process generated by it. 

Index Terms-Hessenberg-Toeplitx matrix, dc-constrained sequences, 
magnetic recording, entropy, power spectrum. 

I. INTn00U0r10~ 

We consider in this correspondence (M + 1) x(M + 1) bidiag- 
onal Hessenberg-Toeplitz matrices 

A=(Aij)i, j=o;..,M 

01 0 . . . 0’ 
00 1 

zp-1 : I d 
. 1 . = 

0 il 0 * . . . 0 1 . . 0 1 0 ..’ 0 0 1 
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0 

0 . . . 0 1 0 0 

M+‘, (1.3) 

where M= 2[pb J, of which (1.1) is the special case with q = 
p -1. 

From the largest eigenvalue A, of A the maximum Shannon 
entropy of the finite-state machine is found as log, A,, and the 
transition matrix B for which the machine yields the maximum 
entropy is given by 

B=(B,j)i, j=o ,..., M=Ai’ 
i, j=O;,.,M’ 

(1.4) 

where p=[pO;.., pIMIT is the right eigenvector of A corre- 
sponding to A,. It will turn out that the left eigenvector of B 
corresponding to the eigenvalue 1 is a multiple of 

4=[PoP~,P1P1M-I,..‘,P~Pol. (1.9 

This vector q is the vector of stationary probabilities. Finally, 
the power spectrum of the process t, generated by the finite 
state machine with transition matrix B is proportional to 

S,(O) = i R(lkl)e-2”‘ke, (1.6) 

where 
k=-m 

R(k) = uTFBku, k =O,l;.+, (1.7) 
with F=diag(q,,q,;.., qw) and u=l/p[-m,-m+l;.., 
m  - 1, mlT (m = [ pb 1). The power spectrum s,(e) of the process 
s, = t, - t,_ i + (Y (the original binary data) is then given (since 
Et,, = 0) by 

, (1.1) S,(O) =a26(0)+4S,(0)sin2aB. (1.8) 
For the basic results concerning finite-state machines and their 
spectra we refer to [l], [4]. 

The main results of this correspondence are Theorem 1 and 
Theorem 2. In Theorem 1 all information on the eigenstructure 
of A is collected. This theorem gives rise to relatively simple 
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It turns out that S,(0) can be decomposed as (with M + 1 = 2pN We define polynomials P,,,, m = 0,i; . ., according to the 
+R) recursion 

N-l 

s,(e) = sd(e) + C  S,(e) + hide). (1.9) 
I=1 

Here S,(e) is the discrete component with spectral lines at 
e = 1/2p,2/2p,. . .,(2p - 1)/2p (no spectral line at dc) that 
are due to the eigenvalues of A of largest modulus (excluding 
the largest positive eigenvalue). Furthermore, the S,(0), 
l=l;**, N - 1, and S,,(0) constitute the continuous compo- 
nent of S,(e) and are due to the 2p eigenvalues of A of lth 
largest modulus and the R-fold eigenvalue 0 of A, respectively. 
These results can be considered as generalizations of those 
obtained by Chien [2], Justesen [4, Section V, Example 71, and 
Kerpez [5], in the sense that we consider certain (Y + 0 and 
nonintegral b in (1.2). Unfortunately, we do not see how our 
approach can be extended to the more general matrices in (1.3). 

An alternative way to evaluate S,(0) would be by using the 
general result in [2]. For this one needs the cyclic structure of 
A. Although this structure can be determined, and is even rather 
simple in this case, the resulting formulas for S,(0) are still less 
explicit than the ones we obtain. 

We conclude this introduction by briefly mentioning a possi- 
ble application of our results to pilot tracking tones in digital 
magnetic recording. In digital magnetic recorders part of the 
information storage capacity is exploited for recording servo 
position information. This information is often recorded as a 
low-frequency tone, ,usually called pilot tone, see [6]. The princi- 
ple of operation is as follows. The frequencies of the pilot tones 
on even and odd tracks are different while their amplitudes are 
equal. As the reading head moves off track in one direction, the 
observed amplitude of one pilot tone decreases while the other 
increases. This information can then be used to drive back the 
head to the middle of the track. Since we are dealing with 
binary data, the obvious technique of adding a sinusoidal wave- 
form to the data cannot be applied. Instead, one can create the 
effect of a block wave by storing over intervals of large, fixed 
length alternately a surplus and a deficit of positive symbols. 
The frequency of the block wave can be varied by appropriate 
choice of the interval lengths. 

Two relevant questions to be answered are the following. 1) 
How is storage capacity decreased by including servo position 
information of this type? 2) How should one choose the fre- 
quencies of the pilot tones so as to avoid interference of pilot 
tones and data? This correspondence addresses these questions 
under the assumptions that the storage of the surplus/deficit of 
positive symbols is in accordance with (1.2) and that the data 
can indeed be stored in accordance with the maxentropic pro- 
cess associated with the transition matrix B in (1.4). Here the 
effect on the data spectrum of switching from the surplus mode 
to the deficit mode (and vice versa) has been neglected. It turns 
out that the maxentropic process gives rise to spectral lines at 
integer multiples of 1/2p. Hence, one should choose the pilot 
tone frequencies away from the multiples to avoid interference 
of pilot tones and the data. 

II. EIGENSTRUCWRE OF A 

In this section we determine the eigenstructure of the matrix 
A in (1.1). Throughout we write M + 1 = 2pN + R, m = 21p + r, 
where R,r=0,1;..,2p-1 and N,l=O,l;**. 

pm+l(*) = *pm(*)- p*-*p+l(*), m=O,l;*. (2.1) 

with the initialization PO = 1, Pk = 0, k  < 0, also see [3]. Since 

it is seen that x E CM+ ’ is an eigenvector of A corresponding 
to A E C with nonvanishing 0th component if and only if x is a 
multiple of [P,(A), * * *, PM(A)lT with A one of the zeros of PM+ 1. 

Proposition 1: Define for m = 21p + r 

fr,Az>= i ( 
k=O 

Then 

pm(*) = *‘f,,rPp). (2.4) 
Proof: We have for the Pm’s the generating function 

F(*,A)=(l-Az+Z*p)-l= i P,(A)zW, (2.5) 
m=O 

which follows easily from (2.1). Then (2.4) follows on equating 
the coefficients of zm in (2.5). 0 

Proposition 2: All f,,, have 1 distinct positive zeros 
UO,I,r > (+l,l,r > . . . > Cl-l,l,r* 

Moreover, 
~o,i,r+l’~o,~,r~Ob,l-l,r+l>(+l,l,r+l’(+l,l,r> ... > 

> VI-2,1-l,r+l’ ur-l,l,r+l> Oi-l,l,r > 0 (2.6) 
when i=O,1;**,2p-2, and 
“o,r+l,o>~o,r,2p-1>~o,r,o>‘+l,r+l,o>~1,1,2p-1> **’ > 

> oi-l,l+l,o > al-l,l,Z,-1 ’ u1-l,l,O > uL,+l,o > 0. (2.7) 

Proof: The recursion (2.1) for P, results in the recursion 

fr,r+dz) = fi,r(z)- fi-l,r+dE)7 
l=O,l;**; r=0,1;..,2p-2, 

fr+1,o(z) = zfL2p-dz)- fi,o(Z), l=O,l;.., (2.8) 

for fi,, according to (2.4). Note that fr,,(m) > 0 for all 1, r 2 0. 
The statements of the proposition and inequalities (2.6) and 

(2.7) follow from induction with respect to m = 2Zp + r. 0 

Proposition 2 implies that the zeros of fi,, have an interlacing 
property and that a,,,,, strictly increases in m = 21~ + r. 

Proposition 3: The nonzero eigenvalues of A are 

A *ip+r = Cl 
1/2pe2rir/2p 9 Z=O,l;..,N-i, 

r=O,l;.. ,2~ - 1, (2.9) 
and 

X2lpir = (Pm(u~‘*P)e*=irm’*p)m=O,l;,.,M (2.10) 

is the eigenvector of A corresponding to A2,p+r. Here, uk = 
LT~,~,~ is the kth largest zero of fN,R. 

Prooj? This follows easily from the preceding results. 0 

Regarding the eigenvalue 0 of A we have the following result. 
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Proposition 4: Suppose R > 0 and put in (2.18) 

y,=[Pg)(o),*..,Pg’(o)]=, r=O,l;.. ,R-1. (2.11) 
E P/‘)(A)Pfi?j(A)=r!s!CZM 

Then j=O 

(l-Az:~~p)i+S+2 . 1 
AY, = 0, AY, = vr-1, r=l;..,R-1. (2.12) (2.19) 

Proof: Let r = 0, 1, . . . , R - 1, differentiate (2.2) r times and Setting A = 0 and recalling that M = 2pN + R - 1 we easily get 
set A = 0. Since P,,, has an Rth-order zero at 0 we obtain our result. 
(2.12). 0 The next theorem summarizes the results of this section. 

Note: We have Theorem 1: Let S = [X]Y] with X,Y as in (2.14). Then 

i 

0, s # r, 

p$;l, +m = r!fi,,(0) = (-l)‘v, s = r, (2*13) where 

which shows e.g., that the y, of Proposition 4 are orthogonal. 
Proposition 5: Denote 

X=[&,l”‘1X2Np-1], y=[Yol- . lyRdl] (2.14) 

with x, and y, given in Propositions 3 and 4, respectively, and 
let II be the (M + 1)~ (M + 1) matrix defined by (IIz), = z~-,,, 
for 

Then we have XTIIY = 0, and 

A := y=ny = 

0 . . . 0 (yR-l 
0 

0 cq 

:1 pr [-tl O 0 0 A’ 

. , (2.15) with I, A, and II defined in Proposition 5. 

with 

la0 0 ‘.. 0 ] We conclude this section by noting that finding the eigen- 
structure of A amounts to finding the N positive roots of the 
Nth degree polynomial fhr, R and plugging in these roots into the 

Y, = Ph+~(*rn), ol,=(-l)N(R-l-r)!r!(RNN). polynomials fr, ~ for m = 2lp + r = 0, 1, . . . , M. Moreover, the 
inversion of S. which is needed for efficient calculation of Ak, 

S-lAS= A ’ =:A [-tl OJ O’ 
0 

0 

A 2pN- 

0 

0 

R-l 
0 

with A, given in Proposition 3. Moreover, 

s-1 = r,-ls=n 

where 

(2.20) 

(2.23) 

(2.16) k=O,l;.., ’ as required in Section IV, presents no difficulty by 

Proof: We have II AII = AT. Hence, for 0 I m I 2Np - 1, 
formula (2.22). 

O<r<R-1 III. FINITE STATE MACHINE WITH MAXIMUM ENTROPY 
0 = x;IIA’+‘y, = Az’x;IIy,. (2.17) In this section we make some comments on the entropy and 

This implies that XTIIY = 0. In what follows C=M abbreviates vector of stationary probabilities of the maxentropic process 
“coefficient of zM in.” We have for A # p by (2.5) associated with the skeleton matrix A in (1.1). The entropy of 

E Pj(*)f’M-j(P) =C~M 

this process is log, Ab”) (where we have explicitly indicated the 
1 dependence of the largest eigenvalue of A on M), and it has 

increases as a function of M to 
j=O [ (1-Az+~*~)(1-~z+z*~) 1 been shown in [3] that log, AcoM) 

the limit’ 
PM+,(*)-PM+,(P) = 

A-/.L ’ 
(2.18) 

log,*?)= - 
2p-1 
- log, 

2p-1 1 

2P 
--2,10g2&. 

2P 
(3.1) 

When we take A = A,, p = A, with m # n, the left-hand side 
of (2.18) becomes x:IIx,, while the right-hand side vanishes We observe that the right-hand side of (3.1) is the entropy of 

since a binary channel generating independent k l’s with probabilities 
(p &(p - 1))/2p and average (Y = (p -1)/p. We have more 

PM+I(*,) = P,+,(L) = 0. 
And when we take A = A,,, and /I -+ A,,,, we obtain x:IIx, = ‘After completion of this work, the authors became aware of a 

Ph+,(A,). This proves the claims about XTIIX. To prove the 
theorem of M. Biernacki, quoted in P. Schmidt, F. Spitzer, Math. 

claims about YTIIY we can use (2.13). Alternatively, we have as 
Stand., vol. 8, Sect. 7, pp. 15-38, 1960, that shows that a corresponding 
limit formula holds for the more general matrices in (1.3). 



926 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 37, NO. 3, MAY 1991 

precisely, according to [3], the third-order approximation 

A$) l- 
i 

d( 2p - 1) 

2(M+2y I 
(34 

to Ab”), and it can also be shown from [3], (3.20), that, stated 
somewhat imprecisely, the asymptotic form of the eigenvector 
P”[Po,P1,..., pMIT corresponding to A(aj) is given by 

?T(m + 1) 
(2~-l)*‘~~sin M+2 M -+w. (3.3) 

Observe that for the case p = 1 the vector in (3.3) is exactly 
the eigenvector of A corresponding to the largest eigenvalue 
(see [21) 

7 1r2 
2cos - = 

M+2 2(M +2)2 
(3.4) 

To further appreciate these asymptotic results, we have calcu- 
lated for p = 2, M + 1 = 9 (so that N = 2, R = 1) the quantities 
A($‘), A$) and the approximate (3.2). We obtain (since f2,r(z) = 
z2-6z+3) 

41’4 = 1.754765351, 
(3.5) 

We conclude this section by noting that the left eigenvector q 
of B in (1.4) corresponding to eigenvalue 1 (vector of stationary 
probabilities) is given by (1.5). This is an easy consequence of 
the facts that IIAn = A* and that 

B = A,lD-‘AD, D=diag(p,,p,,...,p,). (3.6) 
Note that q is midpoint symmetric, i.e., rlq = q, and that the 
limiting form of q, when M +m, as follows from (3.3), is 
independent of p, viz. a multiple of 

sin2 
?T(m + 1) 

M+2 m=O;..,M 
(3.7) 

IV. POWER SPECTRUM OF MAXENTROPIC PROCESS 

In this section we present a decomposition of the power 
spectrum s,(0) of the maxentropic t, of (1.2) in accordance with 
the eigenvalue structure of A. The power spectra S,(O) of the 
actual binary data and s,(0) are related according to (1.8). In 
view of (1.6) and (1.7) we have 

S,(O) = 2 R(lkl)e-2”‘ke, R(k) = uTFBku, 
k=-m 

k=O,l;.., (4.1) 
where F = diag (qo, ql;. ., qM) and u=p-‘[-m,-m+ 
1;. . , m - 1, mlT with m = [ pb]. We have in the present case 

M= 2[~b], 

(4.2) 

Lemma 1: Let (see Theorem 1 and (3.6)) *CT STnDu =: v  = v,i, [ 1 (4.3) 

with 
T 

*, = [%,OJ,,l,. . .J~,2pN-11 9 
T 

vnil=[U”il,O,“‘,U,il,R-ll * 

Then 

with 
R(k) = R,(k) + Rnil(k)y k=O,l;.., 

N-l 2p-1 

R,(k) = c pf c  c,,re2airk/2p, 
I=0 r=O 

Rnit(k) = ‘k. 

(4.4) 

(4.5) 

(4.6) 
Here 

A 2lP 
PI = -3 

A0 
Cl,r = - Y&rv:,21p+rr (4.7) 

and 
R-l-k 

ck=-Ack c 
(r+l).....(r+k) 

Unil,rvnil,R-l-k-r 
r=O ffr+k 

(4.8) 
with the A's, y’s and LY’S given by Theorem 1. 

Proof Since IIu = - u it follows from Theorem 1, (1.5), 
and (3.6) that 

R(k) = ;vTi@‘;‘v. (4.9) 
0 

The formulas (4.5-4.8) now follow from the results of Section II. 
0 

Lemma 1 shows that R, contains a periodic component (the 
term with I= 0) and N - 1 rapidly decaying components corre- 
sponding to the terms with I= 1; . ., N - 1. Due to the special 
form of u the numbers c,,, can be expressed (pretty much as the 
“/m’s in (2.16)) in terms of (derivatives of) the Pm’s at special 
points. In particular, it can be shown that 

c?r = Ci,Zp-r; cl,o,cl,p E R co,0 = 0 5 Co,r. (4.10) 
As a consequence, certain terms in (4.5) can be combined, and 
we obtain the following result for the spectrum s,(e). 

Theorem 2: We have 
N-l 

(4.11) 

In this decomposition we have that 
2p-1 

is the discrete component in s,(e), and that 

(4.12) 

s,(e)=cl,,P(e)+c,,,P~ e- 2 + c Re c$! e-- 
( ‘1 “-1 [* ( 2b) 

with 

, l=l,... ,N-1, (4.13) 

T,(e) = 
1 - p: + 2ipl sin27rf3 
1-2p,c0s2ae+p; ’ 

P,(o) = ReT,(e), (4.14) 

together with 
R-l 

sni,(e) = co +2 c ckcos2rk0 
k=l 

(4.15) 



constitute the continuous component of s,(e). Here ~~,c~,~,c~ transition probability matrix of the underlying Markov chain. Several 
are given in Lemma 1. other related results about spectral lines are given. A biased coboundary 

condition is defined at a frequency f. It is also shown that this condition 
Proof This follows from Lemma 1 and (4.10). Furthermore, is necessary and sufficient for the encoded message to have a spectral 

it is used that when 0 I p < 1, 8, cp E R, and density null at f. 

up(q,e) = i plkle2~ilklv2~ik@, Index Terms -Spectrum, spectral line, biased coboundaty condition, 
(4.16) finite state transition diagram. 

k=-m 
then for A E C 

AU,(cp,e)+A*U,(-cp,e)=Re A* 
[ 

l-p2+2ipsin2rr(B-cp) 
I. INTR~DU~I~N 

i -2p c0s277(e - a> + p2 Some digital transmission systems require codes so that the 
frequency spectrum of the encoded message has a desired 

+A1-p2t2ipsin2~(B+ip) 1 shape. For example, some digital magnetic recording systems 
i-2pc0s237(e+cp)+p2 . 

(4.17) use a code by which the source sequence is encoded into the 
message having a spectral null at dc. 

And also it is used that In this correspondence we think of a directed graph with 
,2ailklq-2rikO = _ i f [s(e-q-k)+S(B+q-k)] 

labeled states as a model of an encoder and a sequence of labels 

k=-m Lk=-m 
(complex numbers) along a path in the directed graph as an 

(4.18) 
encoded sequence generated by the encoder. We consider the 
encoded message to be the function of the Markov chain given 

with S Dirac’s delta function. Here convergence of both series is by a transition probability matrix compatible with the graph 
to be taken in the sense of generalized functions. 0 whose values qre the sequences of labels along the infinite paths 

Note: The discrete component at 0 vanishes since co,o = 0. of the graph. It has been pointed out that the running digital 
sum at dc (denoted RDS,) of the encoded sequence plays an 
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Spectral Lines of Codes Given as Functions of 
Finite Markov Chains 

Hiroshi Kamabe 

Abstract -Spectral lines of signals that are given by functions of llnite 
Markov chains are investigated. A problem of characterizing encoders is 
considered such that the messages emitted from these encoders have 
some amount of information about clock, independent of the source 
statistics. Necessary and sufftcient conditions are established for the 
encoded message to have a spectral line of a given amplitude for every 

where j = J-1. (They call RDSf (a) a weighted digital sum 
variation of a.) As an extension of the previous result, Yoshida 
and Yajima [18], and Marcus and Siegel [lo] proved that the 
following three conditions are equivalent: 1) the encoder satis- 
fies a “finite RDSf condition”; 2) for every encoded sequence 
generated by a cycle of the encoder of length a multiple of n, its 
RDSf value is 0; 3) the encoded message has a spectral null at f 
(i.e., the encoded message has a zero spectral line and the 
power spectral density vanishes at f ). Moreover, Marcus and 
Siegel showed that a “coboundary condition at f” is equivalent 
to these three conditions, and that the coboundary condition is 
useful in constructing encoders for a spectral null at f (canoni- 
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Yasuda and Inose [16], [17] proved that for an encoder the 
following three conditions are equivalent: 1) the encoder satis- 
fies a “finite RDS, condition” (i.e., for every encoded sequence 
from the encoder, RDS, takes its value in a finite range); 2) the 
encoder satisfies a “loop-sum-zero condition” (i.e., for every 
encoded sequence generated by a cycle of the encoder, its RDS, 
value is 0); 3) the encoded message has a spectral null at dc (i.e., 
the encoded message has zero mean and the power spectral 
density vanishes at dc). This was rediscovered by [7], [13]. Let 
k be a nonnegative integer and n a positive integer with 
gcd(k,n)= 1. Let fs be the symbol frequency. Yoshida and 
Yajima [19] defined the running digital sum at f = kfs/n (de- 
noted RDSf) of an encoded sequence a = aoal . . . aL to be 

RDSf(a)= c ,‘_,umexp( -G+m), (1.1) 
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