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Abstract-Recently, Rnuth presented coding schemes in which each 

straint and new (1,7) code. 
codeword contains equally many “zeros” and “ones.” The construction 
has the virtue that the codes can be efficiently encoded and decoded. In 
this correspondence, we address the problem of appraising the spectral 
performance of codes based on Rnuth’s algorithm. 
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The sequences that can be generated by this encoder are identi- 
cal to those generated by the industry standard, the IBM (1,7) 
code. The statistical properties are identical as well. As far as 
the channel is concerned, the performance of the new code 
should be equivalent to that of the IBM code. If any difference 
exists, it would have to be caused by the mapping between user 
bits and channel bits. However, there is no indication that any 
such performance difference exists. 
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and the IBM code independently [2], [lo]. The runlength graphs 
were identical and the result is shown in Fig. 10. The power Index Terms-dc-balanced codes, Rnuth codes, sum variance. 

spectrum resulting from the graph is shown in Fig. 11 along with 
the power spectrum for the maxentropic case. It turns out that I. INTRODUCTION 
the constraint graph in Fig. 5 corresponds exactly to one of the 
unused components of the cubed (1,7) constraint graph in [2]. Binary sequences with spectral nulls at zero frequency have 

found widespread application in optical and magnetic recording 
VI. SUMMARY systems. These de-balanced codes, as they are often called, have 

A new (1,7) encoder has been presented along with a corre- 
a long history and their application is certainly not confined to 

sponding decoder. The finite state machine that generates the 
recording practice. Since the early days of digital communica- 

code maps two user bits into three channel bits. The encoder 
tion over cable, dc-balanced codes have been employed to 

requires 2 state variables in order to keep track of the internal 
state. The decoding algorithm is implemented by means of a 
sliding block decoder that requires no more than 8 channel bits 
to produce an estimate of the current 2 user bits. The error 
propagation due to a single-channel bit error is limited to 5 bits. 
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counter the effects of low-frequency cut-off due to coupling 
components, isolating transformers, etc. In optical recording, as 
explained in [3], dc-balanced codes are employed to circumvent 
or reduce interaction between the data written on the disc and 
the servo systems that follow the track. A present-day applica- 
tion of dc-free codes [4] is the digital audio tape recorder which 
uses an 8blOb code to circumvent the effects of crosstalk from 
adjacent tracks, and to minimize over-write noise. 

Practical coding schemes devised to achieve suppression of 
low-frequency components are mostly constituted by block codes. 
The (bipolar) source digits are grouped in source words of m 
digits; the source words are translated using a conversion table 
known as a codebook into blocks of n digits. The essential 
principle of operation of a channel encoder that translates 
arbitrary source data into a dc-free channel sequence is remark- 
ably simple. The approaches that have actually been used for 
dc-balanced code design are basically three in number: zero-dis- 
parity code, low-disparity code, and polarity bit code. 

The disparity of a codeword [6] is defined as the sum of its 
digits; thus the codewords -1,-1,-1,1,1,-l and 1,-l, 
- 1, 1, 1,1 have disparity - 2 and + 2, respectively. Of special 
interest are zero-disparity codewords. The obvious method for 
the construction of dc-balanced codes is to only employ zero-dis- 
parity codewords. 

A logical step, then, is to extend this mechanism to the 
low-dkparity code, where the translations are not one-to-one. 
The source words operate with two alternative translations (or 
modes) that are of equal or opposite disparity; each of the two 
modes is interpreted by the decoder in the same way. The 
zero-disparity words are uniquely allocated to the source words. 
Other codewords are allocated in pairs of opposite disparity. 
During transmission, the choice of a specific translation is made 
in such a way that the accumulated disparity, or the running 
digital sum, of the encoded sequence, after transmission of the 
new codeword, is as close to zero as possible. The running 
digital sum (RDS) is defined as the accumulated sum of the 
transmitted digits, counted from the start of the transmission. 
Both of the basic approaches to dc-balanced coding are due to 
Cattermole [5], [6], and Griffiths [7]. 

A third coding method (in fact a special case of low-disparity 
codes), known as the polarity bit code, was devised by Bowers [8] 
and Carter [9]. They proposed a slightly different construction of 
dc-balanced codes as being attractive because no look-up tables 
are required for encoding and decoding. In their method, each 
group of (n - 1) source symbols are supplemented by the symbol 
“one.” The encoder has the option to transmit the resulting 
n-bit words without modification or to invert all symbols. Like in 
the low-disparity code, the choice of a specific translation is 
made in such a way that the accumulated disparity is as close to 
zero as possible. The last symbol of the codeword, called the 
polarity bit, is used by the decoder to identify whether the 
transmitted codeword has been inverted or not. 

Quite recently [2], a new algorithm for generating zero-dispar- 
ity codewords was presented by Knuth. The method is based on 
a simple correspondence between the set of all m-bit source 
words and the set of all (m + p)-bit balanced codewords. The 
translation is in fact achieved by selecting a bit position within 
the m-bit word which defines two segments, each having one 
half of the total block disparity. A zero-disparity block is now 
generated by the inversion of all the bits within one segment. 
The remaining p bits of the codeword contain a balanced 
encoding of the bit position that defines the two segments. For a 
precise description of this method, we refer to Section II. 

The outline of this paper is as follows. In order to get some 
insight into the efficiency of Knuth’s construction technique we 
shall evaluate the spectral properties of its code streams. Of 
course, the spectrum may be evaluated for any given code 
structure by resorting to numerical computation. The theory 
provided in [lo] furnishes efficient procedures for the computa- 
tion of the power spectral density function of block-coded 
signals produced by an encoder that can .be modeled by a 
finite-state machine. However, the computational load of this 
procedure is enormous if m %  1. Fortunately, the structure of 
Knuth codes allows us to derive a simple expression for (an 
approximation to) the sum variance of these code. This quantity 
plays a key role in the spectral performance characterization of 
dc-balanced codes, as explained in Section III. We shall evalu- 
ate this expression in Section IV. In Section V, we compare the 
sum variance of Knuth codes with the sum variance of the 
polarity bit codes, for fixed redundancy. 

II. BALANCING OF CODEWORDS 

Most schemes for generating dc-balanced sequences use look- 
up tables, and are therefore restricted to codewords of medium 
size. An alternative and easily implementable encoding tech- 
nique for zero-disparity codewords that is capable of handling 
(very) large blocks was described by Knuth [2]. The method is 
based on the idea that there is a simple correspondence be- 
tween the set of all m-bit binary source words and the set of all 
(m + p&bit codewords. For the sake of convenience, we will 
assume in the sequel that both m and p are even. (Similar 
constructions as described here are possible if one or both of 
p,m are odd.) Then the translation can in fact be achieved by 
selecting a bit position within the m-bit word that defines two 
segments, each having one half of the total block disparity. A 
zero-disparity block is now generated by the inversion of all the 
bits within one segment. The position information which defines 
the two segments is encoded in the p bits by a balanced word. 

Let z,(x) be the running digital sum of the first k, k  I m, 
bits of the binary source word x = (xi; . ., x,J, xi E { - 1, l), or 

i-l 

and let xtkl be the word x with its last m - k bits inverted. 
(Note that the quantity z,(x) is the disparity of x.) For exam- 
ple, if 

X=(-1,1,1,1,-1,1,-1,1,1,-1), 
then the disparity of x equals 2 and 

x[41=(-l,l,l,l,l,-l,l,-l,-1,l). 

If we let pk(x> stand for the disparity z,(x[~]) of ~1~1, then the 
quantity crk(x> is 

k m 

i=l i=k+l 

= - z,(x) f2 i xi. (2) 
i=l 

As an immediate consequence, us(x) = - z,(x), (all symbols 
inverted) and o,,Jx) = z,(x) (no symbols inverted). If x is of 
even length m, then we may conclude that every word x can be 
associated with at least one k for which ck(x) = 0, or xtkl is 
balanced. The value of the first such k is encoded in a balanced 
word of length p, p even. (If m and p are both odd, a similar 



construction is possible.) The maximum codeword length m + p frequency wa and the sum variance of the sequence is approxi- 
is governed by mately l/2, or 

P 
ms p/2 . ( 1 (3) 

2w,s* = 1. (10) 
It has been found that this relationship between the sum vari- 
ance and the actual cut-off frequency is accurate within a few 
percent [12]. On the other hand, the sum variance is relevant in 
its own right as it gives the variance of the intersymbol interfer- 
ence when the channel is ac-coupled. 

Some other modifications of the basic scheme are discussed in 
[2] and [ll]. 

III. SPECTRUM AND SUM VARIANCE OF SEQUENCES 

Let {Xiii 2 0 denote a cycle-stationary channel sequence. The 
power spectral density function of the sequence is given by [16] 

As in the case of H(o), it can be shown that, under similar 
conditions, the sum variance s2 of the concatenated sequence is 
WI 

H(o) =R(0)+2 g R(i)cosio, -‘TTSOIrr, (4) 
i=l 

where R(i) = E{x~~~+~}, i = 0, + 1, k 2, . . . is the auto-correla- 
tion function of the sequence. In the sequel it is assumed that 
{xihzO is composed of cascaded codewords x of length n. Let 
x(k) = (#‘, . . .) x @)) x@) E { - 1, l}, be the k th element of a set 
S of codewords. ‘The Fourier transform XCk)(~) of the code- 
word xCk) is defined by [15] 

s* = - 
nL/ C i [Zj(x'k))]2f (11) 

#)ES j=l 

where zj(x) := C{,ixi and IS1 denotes the cardinal&y of S. 
(Observe that IS] = 2”.) 

x(k)(W) = k xjk)e-iio, -57_<OST, (5) 
i=l 

In principle, the above equations can be invoked to compute 
the spectrum and sum variance of sequences generated by 
Knuth’s method. In that case, S consists of the collection of 
(m + p&bit codewords obtained from the set of all m-bit source 
words as described in Section II. Naturally, the above operation 
of enumerating all codewords is, for large codeword sets, a 
considerable computational load. (Recall that IS] = 2m.) The 
computational load can be alleviated by making some approxi- 
mations. Ignoring the contribution from the p-bit vector (note 
that Knuth’s algorithm is especially designed for large code- 
words, i.e., p < m), the sum variance can be approximated as 

where j = a. For all i, 1 I i I n, let the number of code- 
words xCk) E S with .xik) = 1 be equal to the number of code- 
words with xi”) = - 1 (i.e., the sum of all codewords in S is the 
all-zero vector). If in addition, codewords are randomly chosen 
from S to form an infinite sequence, then it is rather straightfor- 
ward to show, following [16] and [17], that the power spectral 
density function H(w) of the concatenated sequence is s* z - .tl ,Gs jtl [zj(Y)l2. (12) 

H(o) = & c ]X(k)(,)j2. (6) This approximation is justified mathematically by the facts that 
x@) E s for y E S, and 

Note that, due to our assumptions, IS] has to be even. We will 
assume that the codewords are equiprobable. 

1) Z,(Y) = 0, 
2) 1/n~~=1[zj(u)12 = o(p3/m)= oh>,(m -+m), for a bal- 

anced p-bit word u. 
From now on, we shall assume that the set of codewords S 

forms a dc-balanced code, in other words, the disparity of all the In the next section we shall evaluate the right-hand side in (12) 
members of S is zero. The width of the spectral notch is a exactly. 
relevant quantity since it specifies the frequency region of sup- 
pressed components around the spectral null. Let H(w) denote IV. A COUNTING PROBLEM 

the power spectral density function of the sequences formed by In this section we shall provide an exact evaluation of the 
cascading the codewords. Then the width of the spectral notch is right-hand side of the approximation for s * in (12). We first 
defined by a quantity called the cut-off frequency. The cut-off introduce some useful notation. Throughout this section, m 
frequency, denoted by os, is defined by [13], [14] denotes an even, positive integer. The collection of all binary 

H(q) = ;. 
words x = (xi; . ., x,), xi E (- 1, l}, will be denoted by R,. For 
x E R,, we define z(x) = (za(x); . ., z,(x)) by 
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Another quantity used in the performance evaluation of codes 
with a null at the zero frequency is the running digital sum [12]. 

Zk(X) := i xi, (13) 
i=l 

The running digital sum Zj is defined by 
k = 0; ’ ., m. (Note that z,(x) = 0 by convention. Note also that 

zi= i xj. (8) 
z,(x) = k mod2.) Put 

i=O S, := { z(x)lx E R,} . 

Specifically, the variance of the running digital sum, in short For each integer k, - m 5 k I m, we let 
sum variance, plays a key role in the spectral performance 
characterization of dc-balanced codes. The sum variance of the R,(k) := {x E R,lz,(x) = k) 

encoded sequence is defined as and 
s* = E{Zf}, (9) S,(k):={zQ,lz,=k}. 

where E{ .} denotes the expectation operator. It was found by Let XE R,. The quantity z,(x) - (1/2)z,(x) starts at 
Justesen 1131 that for dc-free seauences the oroduct of cut-off _ - I 1 ~~ ~~ ~~ ~~~ -(1/2)z,(x) for k = 0, ends at (1/2)z,(x) for k = m, and 
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k m  

Fig. 1. Relation between z and i. 

increases by k 1 if k increases by 1. Since m is even, we 
conclude that there exists a smallest integer 1 = Z(x), 0 I l(x) I 
m - 1, for which z,(x) = (1/2)z,(x). Define x^ by 

2:=(x l~“‘~~I~-~l+l~“‘~ - 4, (14) 

with I = Z(x). Observe that in Knuth’s method a word x is 
encoded as a word with initial part x^. Observe also that 2 E 
R,(O), in other words, P is balanced. 

Next, let z E S,, with z = z(x), say. (Note that x is uniquely 
determined by z.) By abuse of notation, we set l(z) := i(x), and 
we let E be defined by i := z(a). In other words, 

ZAk := 
i 

zk, ifOIkrl(z), 
z, - zk, ifl(z)<k<m. (15) 

Note that i E S,(O) by definition. Moreover, observe that i can 
be obtained from z by a reflection of the part (z,, * * +, z,) of t 
with respect to the line y = (1/2)z,. (See Fig. 1.) 

With the definitions, the approximation (12) can now be 
expressed as 

s2 = --&h(m), 

where the quantity h(m) is defined as 

A(m):= C 2 2;. 
rE.7, j=l 

(17) 

Our aim is to move the following result. 

Theorem 1: h(m) = m(3m + 2)2m-4. 

The proof of Theorem 1 will depend on a number of lemmas 
and uses induction on m. (It is easily verified that Theorem 1 
indeed holds for small values of m.) In the course of our 
computations, we will frequently make use of the following two 
results. Let qij and pii, 1 I i, j I m, be defined by 

,,ij:= 27” c xixj, pii:= -’ c xixj. (18) 
XER, x E R,(O) 

Lemma 1: We have 

77ij = 
1, if i= j, 
0, otherwise. (19) 

Proof: Evident. 

Lemma 2: We have 

0 

1, if i= j, 
Pij = - l/(m -l), otherwise. (20) 

Proof: By symmetry, pij only depends on whether or not 
i = j holds. Moreover, from the definition of R,(O) we find that 
~~=ipij = 0. Since it is immediate that pii = 1, the result now 
follows. 0 

Lemmas 1 and 2 indicate that it is easy to compute a sum over 
S, or S,(O) of polynomial functions of the zj only (i.e., not 
involving the Zj>, simply by writing out the sum in terms of the 
Xi. 

Our next result simplifies the expression (17) for A(m). 
Lemma 3: We have 

m 

A(m)= c z, c  ii. 
ZES, j=l 

Proof: It will be sufficient to show that 

.Ec, (ii”-zmij)=o (21) 

m 

holds, for all j, 1 I j I m. To show this, we first observe that 

(see also Fig. l), and thus 

2i’ - Zmij = zi’ - z,zj. 

So we are finished if we can show that 

(22) 

(23) 

z$ (z~-zz,zj)=o. (24). 

m 

But that is easy, either by using Lemma 1, or by observing that 
the total contribution to the sum in (24) of z(x) and z(x’> is 0, 
where x’:=(xi; ..,xj, - xj+i; .., -x,). •1 

At this point, there are several ways to proceed. In view of 
Lemma 1, it would be sufficient to derive a closed-form expres- 
sion for the quantity 

ti 
c zm c h-i;). 

ZES, j=l 

(This approach is, in a sense, the most logical way to proceed.) 
It is indeed possible to evaluate this quantity (using Andre’s 
reflection principle, see for example [18]) in terms of a compli- 
cated double summation involving the product of certain bino- 
mial coefficients. Unfortunately, although we knew what the 
outcome should be we were unable to find a direct proof. 

Here, we will follow another approach that we now describe. 
For each integer k, 0 I k  I m, we let 

,q$ := z E SmlZk = 1, 
2 I 

m , 

and for z E Sg), we define zck) = (zik), . . . , z$)) by 

z!k' := 
zj? ifOsj<k, 

I zm - zj, ifk<jsm. (26) 

Observe that zCk) E S,(O) for all z E Sg), and zck) = 2 if k = 
Z(z). So we may write 

m 
A(m) = c z, c  ii 

ZES, j=l 

= kEo z &zm E zjk) - 2 c 
j=l k=OOsl<k,E.$$) j=l 

l(z)= I 

(27) 
(To see this, note that each z E S, contributes z,C~&z~“) to 
the first summation in (27) for each k such that z E S$). By 
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definition of I(z), the smallest such k equals l(z) and gives a 
contribution equal to zJim_iij, while the contributions for all 
k > 1 occur also in the second summation in (27).) We will 
evaluate the two parts of (27) for A(m) separately. 

Lemma 4: 

=km*(m+l) m 
( 1 m/2 . 

Proof: For fixed k, the map z H zck) defines a one-to-one 
correspondence between Sp) and S,(O). (Indeed, the inverse of 
this map is the map ucf(u1,~~~,uk,2uk-uk+1,~~~,2uk- 
u~-~,~u~).) Since z, = 2z, = 2zik) for all z E Sg) by defini- 
tion of S$), the first equation follows. 

To evaluate the second sum, write 

(28) 

and use Lemma 2, together with the well-known series CrZOk = 
(1/2)m(m + 1) and Crf=0k2 = (1/6)m(m + 1)(2m + 1). We leave 
all further details to the reader. q 

Lemma 5: 

k=O Osl<k rESC$ 

l(z)=1 

n-Omod2 

Proof: Fix k and 1, with 0 5 1< ic, and put n := k - 1. Let 
z E S,$), with I(z) = 1. (Observe that this is possible only if n is 
even.) With each such z, we associate a pair of sequences a(z) 
and b(z), defined as follows. 

aj( z) := 
i 

zj, ifOIjr1, 

zj+ny if l<jlm-n, (29) 

b,(z) := z~+~ - ;z-, Oljln. (30) 

Observe that b(z) represents the part of z between indexes 1 
and k, and since zk = z, = (1/2)z, by our assumptions on z, it 
follows that b(z) E S,(O). Observe also that a(z) can be ob- 
tained by removing from z the part of z between indexes If 1 
and k, and thus a(z) E S,-,, l(a(z)) = Z(z) = 1 and a,-,(z) = ,,. ,.. 
z,. (See again Fig. 1.) From these 
definition of zck), we find that 

observations, and from the 

m (k)= m-n 
zm C zj a,-,(z) C  GJ 

j=l j=l 

n r 
+ C  hi(z)+ iam-n(Z) 

L II 
* (31) 

i=l 

tion, we find from (31) that 

c z, 5 Zjk) 
XES$f) j=l 
l(z)=1 

= c c 
acS,-, bcS”(O) 

mc”q+ i b,+ ina,,,-,, 
j=l i=l 1 

I(a)=1 

where the last equation follows from the trivial observation that 

c bi = 0, 
b E S,(O) 

(33) 

1 I i I n. (Indeed, b E S,(O) if and only if - b E S,(O), and b 
and - b together contribute 0 to the sum in (33j.j 

Finally, observe that 
m-n 

c am-,, ,c c=A(m-n) 

by defmition of lyz:nn), and = ’ . . . 

c a;-, = (m - n)2m-n. 
UES,-,  

(The last statement can easily be proved using Lemma 1.) Then; 
since z, = 0 whenever z E Sz), the contribution from k = m to 
the sum in the lemma is 0, so the lemma now follows from (32) 
by summation over 1 and n. (Substitute k = n - 1.) 0 

If we now combine Lemmas 4 and 5 with the expression for 
A(m) in (27), and if we write m = 2M and n = 2k, we find the 
following result. 

Corollary 1: 

Mf1 (z,k){A(ZM-Zk)+Zk(M- k)4”-kj 
k=O 

= ;M*(ZM+l)( 21). 

By the induction hypothesis of Theorem 1, we may assume 
that 

A(2M -2k) = (2M -2k)(6M -6k +2)4”-k-2, (34) 

for k = 1; * *, M - 1. Therefore, in order to prove Theorem 1, it 
remains only to be shown that substitution of the relation (341, 
for all values k = 0,. * *, M - 1, into the expression in Corollary 
1 results in an identity. This is indeed the case that follows from 
the fact that 

Mc1 (k),( y)q”-‘-’ = ;(;j;;; (y), 
k=O 

(35) 

(e=0,1,2;. .), where (k),:=k(k-l)*.*(k-e+l) for ezl 
and (k), := 1. This easily follows from the well-known expansion 

Conversely, each pair a and b for which a E S, -n, l(a) = 1 and by calculating (1 - x)-‘F@)(x). (The instances e = 0, 1,2 of (35), 
b E S,(O) determines, through (29) and (301, a unique z E S$) which we need here, can also be derived for example from 11, p. 
with l(z)= I such that a(z)= a and b(z)= b. By this observa- 613, no. 191.) Further details are left to the reader. 



TABLE I 
RATE AND SUM VARIANCE OF KNUTH CODES AND POLARITY BIT 

CODES VERSUS CODEWORD LENGTH n = m + D 

P m 1-R s: nP 
2 

SP 
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