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Abstract — New combinatorial construction techniques are
proposed which convert binary user information into a (0, k)
constrained sequence having the virtue that at most k ‘ze-
roes’ between logical ‘ones’ will occur. In this way sequences
are constructed which have a limited runlength. These co-
des find application in optical and magnetic recording sys-
tems. The new construction methods provide efficient, high
rate codes with a low complexity. The low complex combi-
natorial structure of the encoder and the decoder ensure a
very fast and efficient parallel conversion of binary informa-
tion to code words and vice versa. Specifically, we present the
combinatorial structures to convert 16 data bits into a 17 bit
constrained sequence to obtain an optimum (0,4) code, a (0,6)
code with at most one byte error propagation, and a (0,6/6)-
code, respectively. Serious error propagation is avoided by
using constrained codes with several unconstrained positions,
which are reserved to store the parity bits of an error control
code which protects the constrained code word.

I. INTRODUCTION

A runlength-limited sequence is a sequence of binary sym-
bols characterized by two parameters, d and k, which con-
strain the minimum and maximum runlength of consecutive
like symbols in the sequence to (d + 1) and (k + 1) respec-
tively. Runlength-limited codes are widely used in optical
and magnetic recording systems [1; 2; 3]. The parameter
d controls the highest transition frequency, and the maxi-
mum runlength parameter k ensures adequate frequency of
transitions for synchronization of the read clock. Sequence
construction usually takes place by representing the sequence
by its transitions. Each transition is represented by a one.
In this case there should be at least d and at most k zeroes
between two consecutive ones. This code is referred to as a
{d, k)-code.

In recent years, interest has grown in the application of
(0, k) codes with a small redundancy for magnetic recording
systems. In these systems, the code words are usually con-
catenated. In order to maintain the runlength constraints
between consecutive code words, the number of leading and
trailing zeroes of a code word has been restricted to [ and r,
with { + » < k. The corresponding codes will be referred
to as (0,k,l,r)-codes. Several (0,k)-codes and (0,k,!,r)-
codes have been constructed in the past, using look-up ta-
bles or simple combinatorial circuitry [1]. Examples of codes
employed in magnetic recording systems are the rate 4/5,
Group-Coded Recording [4] and the rate 8/9, (0,3) code [1;
5]. Other (0, k)-constrained codes with a rate higher than 8/9
have, to the authors’ knowledge, not been used in recording
systems. It is not unrealistic to say that the presumed hard-
ware requirements of high-rate codes have hampered their
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introduction thus far.

As an alternative to combinatorial constructions, enumer-
ative constructions could be used [7; 8]. These have thus far
been proposed for the construction of prefix synchronized
codes [6; 9]. A disadvantage of enumerative coding is the
bitwise conversion of data words into code words of length n
and vice versa, and the need of comparisons and additions
with n-bit coefficients.

We consider the combinatorial construction of (0, k)-codes,
and show that it is possible to construct runlength-limited
codes with a very high rate for relevant values of k. We
first develop a method to determine the maximum code size
of (0,k)-codes and (0,%,l,7)-codes. Three techniques are
presented to construct high rate constrained codes with very
low coding complexity. In addition, we will consider the
issue of propagation of errors and propose efficient methods
to overcome corresponding problems by reversing the order
of application of error control coding and modulation coding.
Finally, we consider application of the three new techniques
to the construction of so-called (0, G/I)-codes [3], where a
(0, I} constraint is imposed on the subsequences of odd and
even positions, and a (0,G) constraint on the overall code
word.

I1. CapracITY oF CONSTRAINED CODES

In order to determine the cardinality of (0, k)-codes of
word length n, generalized Fibonacci sequences can be used,
while for asymptotic values the corresponding generating
functions can be employed.

A (0, k) constrained code of length n, denoted by C"(0, k)
is a subset of A}, the set of binary sequences of length n.
Let ]_.lgm) denote the set of constrained sequences of length
m in which runs of more than k zeroes do not occur as a
subsequence. The cardinality of .'F,gm) is denoted by F,gm).
Obviously, the cardinality of C*(0, k) is at most F,fn). For
a sequence P € A} and a set of sequences § C A3, the
set PS = {PX|X € S8} denotes the set of concatenated
sequences of length p+ s with prefix P. A sequence of length
0 is denoted by ¢, for which X¢ = ¢X = X holds for any
sequence X. Let o™ denote a (sub)sequence of m consecutive
symbols «a, a € As. _

For m < k, ™ = AP, and FFH) = AP\{0¥+1}. For
any m > k + 1, the following relation holds.

k
F = o1 FritY (1)

i=0



Since this union of subsets is non-intersecting, the following
recursive expression for the cardinality of the ]-',Em) can be
immediately obtained.

gm 0<m<k
2m -1 m=k+1

F(m) .
m)
2 ™D~ pimRY > ke ga,

(2)

To determine the cardinality of a (0, k,1, 7)-code g,(;,?’)r, it is
useful to write this set as follows.

{ r
U Yo #ri= 1

1=0 j7=0

(m) _
klr ™

(3)

The cardinality of this code, denoted by G,(:;’)r,

i r
ol =33 A

=0 7=0

equals
(4)

Since each term Fk(m) is non-negative, it is easy to show
that the cardinality of a (0, k,, r)-code is maximized for | =
[k/2], and r = k — L.

For practical applications, it is often not necessary to use
the entire code set. Usually, an m-bit data word has to be
converted into a code word of length n. This implies that the
inequality 2™ < C™(0, k) should be fulfilled. We will consider
the construction of encoding methods which are capable to
convert an (n—1)-bit data word to an n-bit constrained code
word. The redundancy R is therefore equal to 1/n. For given
k, the maximum code word length n for which a constrained
code with redundancy 1/n exists is shown in Table I. The
corresponding redundancy R is specified as well.

Table I. Maximum code length for given k, for which a constrained code
exists with at least 2" ™! code words (! = [k/2], and r = k — I).

(0, k)-code (0,k,1, r)-code
k| ng Ry g 1,r Ry
2 9 1.1-10°! 5 2.0-107!
3 21 4.8-10-2 12 8.3 10"‘2
4| 43 2.3-1072 31 3.2-107?
5] 88 1.1-1072 67 1.5.1072
61177 56-10-% 148 6.8-1073

I11I. ErrOR CONTkOL AsSPECTS

Data protected by an error control code will be vulnerable
for errors after conversion into a constrained code word, since
the distance properties of the error control code are partly
lost after conversion. The effect of errors in the modulated
code can be reduced by applying error control codes which
protect the constrained code word. A constrained code can
be constructed where each code word has the same fixed, un-
constrained positions, 1.e., the data values at these positions
can be changed without violating the code constraints. After
the data word is converted into the constrained code word,
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the parity check bits are computed for the constrained code
word, and stored at the unconstrained positions. At the re-
ceiver side, the decoder first checks the checks the received
code word for errors, and then decodes the constraint code
word. In this way the distance properties of the error control
code will be maintained.

IV. CoMBINATORIAL CONSTRUCTION METHODS

Combinatorial constructions can be used to obtain (0, k)-
constrained codes and (0, k, [, r)-codes. We present three dif-
ferent types: block constrained codes, sub-block constrained
codes, and. interleaved codes. The first construction gives
constrained codes with minimum k, while the other two tech-
niques are particularly suited to be used in combination with
the error control scheme described in section III.

A. Block constrained codes

Block constrained codes map an (n — 1)-bit data word
onto an n-bit constrained (0, k)-code. If C*(0,k) > 2"=1,
it is always possible to perform this mapping, though the
complexity may be high. For several code word lengths, it
turns out to be possible to perform this mapping procedure
using only a small amount of combinatorial circuitry. As a
specific example, a rate 16/17, (0, 4, 2, 2) code, having a min-
imum k-constraint (Table I), has been constructed using a
symmetric combinatorial structure, which will be presented
in Section V. These constructions have the following charac-
teristics: . :

¢ a symmetric data mapping structure is used to simplify
the combinatorial structure and the design process.
one central position in the code word, ., is used to
indicate whether or not the data sequence violates the
constraints. ' ‘ o
in case the constraints are not violated, leave the data.
sequence unchanged. Position y,. is set to 1, to indicate
that no viclations occurred. B

in case a violation occurs, this is caused by several data
bits being zero. These bits are replaced by a short code
which identifies the type of the violation, and by some
rearranged data bits. In this way a sequence is formed
which fulfills the constraints. Position y,. is set to 0 to
indicate that a violation occurred. '

This construction technique makes it relatively simple to con-
struct constrained codés with a minimum k constraint. The'
complexity of constructing a rate (n=1)/n, (0, k)-constrained
codes increases significantly if the maximum code size G,g’f,)’r‘
is only slightly larger than 271,

B. Interleaved codes

One option to avoid that the mapping technique changes
all data symbols is to use an interleaving technique. Assume’
that a (0, k,{,r) code of length n is available. If ¢ arbitrary
bits are inserted: between each pair of consecutive positions of
the (0, k,1, r)-code, the resulting (0, k;,l;, 7;) code of length



n; and rate (1 —1/n;) is constructed, where

ni=Mm—1)-i+n

ki=(k+1)-i+k
L=1-1+1
ri=r-i+r

Several of the unconstrained bits could be used to protect
the constrained (0, k) code word and the other constrained
positions. In this way error protection is ensured after data
mapping. For larger values of ¢, the resulting code is far from
optimum with respect to the k constraint, but for small ¢
reasonably good codes can be very easily constructed, and
error propagation effects can be easily suppressed.

C. Sub-block constrained codes

The third option is to use subblocks in the code word to
ensure the (0, k) constraints, while the other positions are
unconstrained.

Let B denote the number of subblocks, and b; be the num-
ber of positions of the i-th subblock. Then the following
relation holds for the cardinality Cp of this B-block code

B
cp <22 -1) (5)
=1

where u denotes the number of unconstrained positions (the
positions which do not belong to one of the subblocks). As
an example, consider a 3-block code, as shown in Figure 1.

Fig. 1. General construction of a 3-block (0, k) code

Three blocks of three bits each are used to fulfill the (0, k)-
constraints, irrespective of the value of the unconstrained
data positions surrounding the blocks. This can be achieved
if none of the sub-blocks contains the 3-tuple (0,0,0). The
number of unconstrained positions between the blocks is de-
noted by p,,, on the lefthand side by p; and on the righthand
side by p,. These three parameters determine the actual con-
straints as follows:

“32'Pm+Pl+Pr+9
k<pm+4
I<pi+2
r<p+2
There are 7 x 7 x 7 = 343 code words, of which only
256 code words are needed. This gives some opportunity to
further reduce the maximum runlength between two blocks.

The 3-block (0, k)-code can be realized using the symmaet-
ric mapping scheme shown in Table II. The symmetry is
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shown by splitting the data word and the code word into
a left and a right part, which is denoted by superscripts
. The 8 data symbols are thus grouped into two subvec-
tors (z4,...,z4) and (2%,...,2}), which are mapped onto
9 output positions (¢, ... ,44), v, (¥4, --.,y;). If the tuple
(z, 24, o), and (z§, 25, 27) are both unequal to (0, 0, 0), the
data bits are left unchanged and y. is set to 1 (see last pair
of rows in Table II). In this way, 196 out of 2% code words
are generated without effort. The remaining 60 code words
are formed according to the mapping scheme specified in Ta-
ble II. The first three pairs of rows in Table II show how data
is mapped in case one or more 3-tuples are {0, 0, 0). With this
3-block code, (0, k)-constrained codes can be constructed for
which n = 3k — 1.

As a specific example, a rate 16/17, (0, 6, 3, 3)-code can be
constructed by choosing py, = 3, and p; = p, = 1. Each
code word has 8 unconstrained bits. If one of the 17 bits is
erroneously received, error propagation will in any case be
limited to one byte, which makes this code very useful in
byte-oriented systems. Since a (0,5, 2, 3)-code of length 17
with 8 unconstrained positions has at most 58850 < 2! code
words, this code has the minimum k constraint among codes
of length 17 with 8 unconstrained positions.

Table II. Mapping scheme of a 3-block (0, k)-code.

I N | 1 ) r T T
J1 Y2 Ys | Yg Ye Yy | Y3 Y2 Uy
0060 |z 125/000
el 1110 1|13
000 a,fi 1 o} | of =} =
:l:f1 zy 1 0 0 1 |zfa) ]
ar:l1 $l2 xé :z:l4 1z 000
:1:’1 ac'2 :cg 1 001} 1 xi zy
x'l a:lz arg wfl 1 2y | =} =] =]
a:ll mlz xg mi 1z} | o} o} =]

Another example of a sub-block constrained codes is to
use a 5-block code. The mapping scheme for this code is
given in Table III. The number of possible code words equals
7Tx15x Tx 15 % 7="177175 > 2'6. The mapping technique
is similar as in Table II. For reasons of symmetry, it is only
shown how a violation of the constraints on the lefthand side
is remapped. If violations occur on both sides, the centre
positions (y4, e, y5) will become (1,0,1).

Table 111. Mapping scheme for a 5-block (0, k)-code

Vi vh vl | b v Ve vy | ¥s ve vh | WY ve vE VS | U5 VDT
000Cj0O0O0O0O x% 1 o] | o} of of zf | o] =}
1 0011 :1:53 zfp 1|10 0 1 |afafa]a]|a]c]]
0 00 :::f1 wf,. xé a:!, xg 1 zp | o% xf o o} | #§ o} =7
av,l3 zp 1 :I:fl :1:15 xé :1:; 0 0 1 |z} zpzpzy | o o) zf
szl 0000 .1;53 1 o | f «f «f =] | «f =] =]
xé 1 0 ar:l1 :vlz mg zzg | 0 0 1 |z} =zgzpz) |2} o) o)

Instead of using a combinatorial construction of the sub-
blocks, it is possible to represent an arbitrary data word by B



tuples, which are all non-zero. Since 0 < z; < 2% — 1, block
1 will not contain zeroes only, if it wili be filled with the
inverted binary representation of z;.. Consider for example

a 3-block code, where an arbitrary data word with index

z, 0 < z < 28, can be uniquely represented by the 3-tuple
(#1, T3, ®3), for which z3 = | 5], z2 = | %] — Tz3, and 2, =
z — 4923 — Tzs. )

V. SpeciFic COMBINATORIAL CONSTRUCTIONS

For practical applications, it is often useful to consider
data to be stored as bytes. For this reason, it is interesting
to consider mapping techniques for data word sequences of
which the length is a multiple of 8. Only the rate 8/9, (0, 3)-
code has been considered thus far [5]. We will consider the
previously proposed construction techniques for the conver-
sion of a two byte data word into-a constrained code word
of length 17. ,

Using the interleaving technique, an arbitrary rate 8/9,
(0,3,1,2)-code, e.g., [5], can be used to obtain a rate 16/17,
(0,7,2,4)-code. Using the 3-block conversion technique, a
rate 16/17, (0,6, 3, 3)-code can be constructed. Finally, we
will now show that it is possible to obtain a rate 16/17,
(0,4,2,2)-code using the following (symmetric) block con-
version method. This code is optimum in the sense that it is
not possible to construct a concatenable rate 16/17, (0, k)-
code with k < 4.

The rate 16/17, (0,4, 2,2) code

We will now present the structure of the encoder and the
decoder of the rate 16/17, (0,4, 2,2) code. Due to the sym-
metric structure we represent the data sequence by two 8-bit
sequences z) ...z5 and z7...z5. The mapping scheme is
shown in Table IV. Each pair of rows indicates a constraint
violation, denoted by vy, ..., vs, and the corresponding data
mapping to fulfill the constraints. The last violation, v,

occurs if a violation occurs on the righthand side.

Table IV. Mapping scheme of the rate 16/17, (0,4, 2, 2)-code of length 17.

vi 00000600 Oxé 1 &y o7 =g o} o) =5 =5 =]
1. 000 lat:’s"acfB 1 0 v} o zg op o) =} o5 =]
vé 0 0 Omiméxéxéxé 1 =} of =f oy =} =f =5 =]
g laclsa:zxéxgxé 1 0 v§ o} zg xf o} o} ¢} o]
vé 10000 Oxgxé 1 oy o} op o} o) o5 =) =]
1 00 1w18£8$,l7 1 0 v} of xf oy o) «f x5 o]
vi :z:'l 1 0000 O:Lr,l3 1 of of oy of o «f zf 2]
a:ll 01 1 1:1:,'3'a:)l3 1 0 of = of o] o] =] =] =]
vls a:llzlz 1 0 0 0 0 0 1.3}z gz sf c) o]
:vll 010 lazga:lz 1 0 v} =% zf o} o o§ o5 T]
vilejabalal 0 0 0 0 0 1 yfygofvyohufo)
ciojabofyr 1 0 0 0 0 1 yfvylysulvlof

type of violation:

V) = T1L2X3L4TX5LeLY
vy = T1T2T3(2a + @5 + T + £7)
V3 = XT1T9T3TaT5X6
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Vg = ToT3TQAT5L6L7

Vg = $35455:—B'5571—53

Vs = Ui+ U2+ V3+Tq+Ts
Ve = 55565756 vg

where vg is used to detect the presence of a violation. Note
that the indication of the left and right side are omitted. A
symbol of the opposite side will be identified by the super-
script s. The outputs y;...ys can be immediately derived.
The following expressions have been obtained: ‘ '

Y1 = Ty + v1 + sy + v3

Y2 = UsUsTa + Uy

Y3 = UaUsZ3 + UaZg

Y4 — Tat+vztug

Ys = UaTcZs + U1 + V3Tg -F Vg + Us + VU7
Ys = U1D3%e + DaVef + e

Y7 = U104Usx7 + (V1 + va)2s + vszg + VS
Ys = g+ Us

Ye = ESFE

Similarly, expressions have been derived for the decoder
which extracts the data bits 21 ...2s from the code words.

U1 = YaUa¥alsY.

V2 = Y2¥87,

v3 = YoUslYaYsYe

Vs = YoUalYalYs¥.

Vs = Yo¥3Y4UsY.

v = YU,

Ve = Y7YsY.

Z21 = U2Y

Zy = UaUsyz + V4 + Usyr

Z3 = UaUsYs

Z4 = U3Vqls

25 = U1U3V4UsVcYs

26 = U103U405TYs

Z7 = U1 UAVsV, Y7 + Vo Vs

2z = Yoy + (V1 + va)yr + voysz + TH0YE + vyt
The encoder can be realized with combinatorial circuitry

of 128 gate equivalents, having a propagation delay of about
9.8 ns. The decoder can be realized with 107 gate equiva-
lents, having a propagation delay of about 9.7 ns.

V1. CoNsTRUCTION OF (0;G/I) CODES

The construction of a (0,G/I) code {3; 10] is in general
more difficult than the construction of a (0, %) code; since
both the global runlength constraint, and the constraint for
the even and odd subsequences have to be fulfilled. In [11],
a combinatorial construction method of a rate 8/9, (0,4/4)
code and a rate 8/9,(0, 3/6) code have been developed. To
the authors’ knowledge, (0, G/I) codes with a rate > 8/9
have not been used thus far. : ‘ :

With several modifications, it is possible to use the pre-



viously discussed sub-block and block constrained code con-
struction. As an example, we present a rate 16/17, (0,6/6)-
code using the block constrained code technique.

The rate 16/17, (0,6/6) encoder
A rate 16/17, (0,6/6) code has been constructed using

a symmetric combinatorial mapping according to Table V.
The central position in the code word, y., is used to indicate
whether or not a conversion of the data is necessary.

Table V. Mapping scheme of the rate 16/17, (0,6/6)-code of length 17.

i [ | T

yh b uhowh vl vb o vl ve ub vh b wl vl vl ub o)
vi 0000 Oa:'s 0.11:53 1 o} of v T§ Ty o5 © T
17 01 Oxévgwé 0 2} 1 af xf zj =} ) =]
1/% z‘llOa;%OaUISOz,l,O 1 zf o zf o} =} =f o) =]
a:l,z'l 1xé latrl5t;gzz:l7 0z} 1 zgzp oy o} o) ]
v; 0w120$f‘ 0:1/:5s 0:1:18 1 z} 2% zg o} x) of x) o]
a:’7:c'2 Omf4 lxévga:g 0 z; 1 zg o xy zf o5 =
vi 0O0O:z:lsa:éxl,a:glxgxl;xgxgxgnggx’{
zhal 1z 0ab ol zh 03 1 a)afa] o) b o]

The mapping function of the encoder can be achieved us-
ing combinatorial circuitry. The following combinatorial de-
scription allows the detection for the presence of a violation,
vg, and the violation types vy, vs, v3, or vy4:

V1 = T1T9T3T4T5L7

vy = T9E4TeTa(21 + x3)

v = T1Z3T5T7(xo + 24)

vy = T1T2T3T4(xs + 7)

vs = Uy + U2+ U3+ Uy

The encoder outputs v, ... ,ys can now be immediately

derived. The following expressions have been obtained.

Y1 = Usx1 + vsTy + U1

Y = (55 -+ 1)3):82 + vexy + v476 + 1)112;
Y3 = Usxz + vs + U4

ya = (Us + va)za + vy + vazs + vazs
Ys = UsZs + vz + U3

Y6 = (Us +v1 + vs)ze + (va + v4)Ts

Y7 = Usx7 -+ v§

ys = (Us +v1 + v3)zs + (v2 + va)27?

Ye = 5562

The rate 16/17, (0,6/6) decoder

The objective of the decoder is to perform the inverse map-
ping procedure. The approach is similar as for the encoder.
First the type of violation is determined, and next the data
is recovered.

u1
v2
vz = YaYsYcYr
V4 = y3y5ycy"}

347

=7Y.y7

The decoder outputs 21,...,2s can now be derived:

z1 = Usth + vaye

72 = (Vs + v3)ye

23 = UsYs + vaya

74 = (U5 + v3)ya

25 = Usys + (v2 + v4)ys

Zg = U2VaYs + v4Y2

27 = Yeyr + (v2 + va)ys + vi(viys + Tiyi)
28 = UaUaYs + ValY4

The encoder can be realized with combinatorial circuitry of
97 gate equivalents, having a propagation delay of the critical
path in the order of 7.5 ns. Similarly, the decoder can be
realized with combinatorial circuitry of 77 gates equivalents,
having a propagation delay of about 3.5 ns.

VII. CoNCLUSIONS

Combinatorial techniques show to be very useful for the
construction of (0, k)-codes, (0, %,!, r)-codes, and (0,G/I)-
codes. The redundancy and the constraints are optimal
or close to optimal. Main advantages of the combinatorial
structure are the possibility of a parallel conversion of data
into constrained code words and vice versa. The complex-
ity of the combinatorial structure tends to be low, and the
encoder and decoder will be very fast, due to the combinato-
rial, parallel structure. We have shown that additional error
protection can be achieved by using a structure for which
it is possible to reverse the order of application of the error
control code and the runlength-limited code.
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