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Preface

Since the early 1980s we have witnessed the digital audio and video rev-
olution: the Compact Disc (CD) has become a commodity audio system.
CD-ROM and DVD-ROM have become the de facto standard for the storage
of large computer programs and files. Growing fast in popularity are the dig-
ital audio and video recording systems called DVD and BluRay Disc. The
above mass storage products, which form the backbone of modern electronic
entertainment industry, would have been impossible without the usage of
advanced coding systems.

Pulse Code Modulation (PCM) is a process in which an analogue, audio
or video, signal is encoded into a digital bit stream. The analogue signal
is sampled, quantized and finally encoded into a bit stream. The origins
of digital audio can be traced as far back as 1937, when Alec H. Reeves,
a British scientist, invented pulse code modulation [287]. The advantages
of digital audio and video recording have been known and appreciated for
a long time. The principal advantage that digital implementation confers
over analog systems is that in a well-engineered digital recording system the
sole significant degradation takes place at the initial digitization, and the
quality lasts until the point of ultimate failure. In an analog system, quality
is diminished at each stage of signal processing and the number of recording
generations is limited. The quality of analog recordings, like the proverbial
‘old soldier’, just fades away. The advent of ever-cheaper and faster dig-
ital circuitry has made feasible the creation of high-end digital video and
audio recorders, an impracticable possibility using previous generations of
conventional analog hardware.

The general subject of coding for digital recorders is very broad, with its
roots deep set in history. In digital recording (and transmission) systems,
channel encoding is employed to improve the efficiency and reliability of
the channel. Channel coding is commonly accomplished in two successive
steps: (a) error-correction code followed by (b) recording (or modulation)
code. Error-correction control is realized by adding extra symbols to the
conveyed message. These extra symbols make it possible for the receiver to
correct errors that may occur in the received message.

In the second coding step, the input data are translated into a sequence
with special properties that comply with the given ”physical nature” of the
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recorder. Of course, it is very difficult to define precisely the area of record-
ing codes and it is even more difficult to be in any sense comprehensive.
The special attributes that the recorded sequences should have to render
it compatible with the physical characteristics of the available transmission
channel are called channel constraints. For instance, in optical recording a
"1’ is recorded as pit and a 0’ is recorded as land. For physical reasons,
the pits or lands should neither be too long or too short. Thus, one records
only those messages that satisfy a run-length-limited (RLL) constraint. This
requires the construction of a code which translates arbitrary source data
into sequences that obey the given constraints. Many commercial recorder
products, such as Compact Disc and DVD, use an RLL code.

The main part of this book is concerned with the theoretical and prac-
tical aspects of coding techniques intended to improve the reliability and
efficiency of mass recording systems as a whole. The successful operation
of any recording code is crucially dependent upon specific properties of the
various subsystems of the recorder. There are no techniques, other than
experimental ones, available to assess the suitability of a specific coding
technique. It is therefore not possible to provide a cookbook approach for
the selection of the 'best’ recording code.

In this book, theory has been blended with practice to show how theo-
retical principles are applied to design encoders and decoders. The practi-
tioner’s view will predominate: we shall not be content with proving that
a particular code exists and ignore the practical detail that the decoder
complexity is only a billion times more complex than the largest existing
computer. The ultimate goal of all work, application, is never once lost
from sight. Much effort has been gone into the presentation of advanced
topics such as in-depth treatments of code design techniques, hardware con-
sequences, and applications. The list of references (including many US
Patents) has been made as complete as possible and suggestions for further
reading’ have been included for those who wish to pursue specific topics in
more detail.

The decision to update Coding Techniques for Digital Recorders, pub-
lished by Prentice-Hall (UK) in 1991, was made in Singapore during my stay
in the winter of 1998. The principal reason for this decision was that during
the last ten years or so, we have witnessed a success story of coding for con-
strained channels. The topic of this book, once the province of industrial
research, has become an active research field in academia as well. During the
IEEE International Symposia on Information Theory (ISIT) and the IEEE
International Conference on Communications (ICC), for example, there are
now usually three sessions entirely devoted to aspects of constrained coding.
As a result, very exciting new material, in the form of (conference) articles
and theses, has become available, and an update became a necessity.

The author is indebted to the Institute for Experimental Mathematics,
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University of Duisburg-Essen, Germany, the Data Storage Institute (DSI)
and National University of Singapore (NUS), both in Singapore, and Prince-
ton University, US, for the opportunity offered to write this book. Among
the many people who helped me with this project, I like to thank Dr. Ludo
Tolhuizen, Philips Research Eindhoven, for reading and providing useful
comments and additions to the manuscript.

Preface to the Second Edition

About five years after the publication of the first edition, it was felt that an
update of this text would be inescapable as so many relevant publications,
including patents and survey papers, have been published. The author’s
principal aim in writing the second edition is to add the newly published
coding methods, and discuss them in the context of the prior art. As a result
about 150 new references, including many patents and patent applications,
most of them younger than five years old, have been added to the former list
of references. Fortunately, the US Patent Office now follows the European
Patent Office in publishing a patent application after eighteen months of
its first application, and this policy clearly adds to the rapid access to this
important part of the technical literature.

[ am grateful to many readers who have helped me to correct (clerical)
errors in the first edition and also to those who brought new and exciting
material to my attention. I have tried to correct every error that I found
or was brought to my attention by attentive readers, and seriously tried to
avoid introducing new errors in the Second Edition.

China is becoming a major player in the art of constructing, designing,
and basic research of electronic storage systems. A Chinese translation of
the first edition has been published early 2004. The author is indebted
to prof. Xu, Tsinghua University, Beijing, for taking the initiative for this
Chinese version, and also to Mr. Zhijun Lei, Tsinghua University, for under-
taking the arduous task of translating this book from English to Chinese.
Clearly, this translation makes it possible that a billion more people will
now have access to it.

Kees A. Schouhamer Immink
Rotterdam, November 2004
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Chapter 1

Introduction

Given the more or less constant demand for increased storage capacity and
reduced access time, it is not surprising that interest in coding techniques
for mass storage systems, such as optical and magnetic recording products,
has continued unabated ever since the day when the first mechanical com-
puter memories were introduced. Naturally, technological advances such as
improved materials, heads, mechanics, and so on have greatly increased the
storage capacity, but state-of-the-art storage densities are also a function of
improvements in channel coding, the topic addressed in this text.

To understand how digital data is stored and retrieved from a magnetic
medium, we need to review a few (very) basic facts. The magnetic material
contained on a magnetic disk or tape can be thought of as being made up
of a collection of discrete magnetic particles or domains which can be mag-
netized by a write head in one of two directions. In present systems, digital
information is stored along paths in this magnetic media called tracks. In
its simplest form we store binary digits on a track by magnetizing these
particles or domains in one of two directions. Two (equivalent) conventions
have been used to map the stored binary digits to the magnetization along
a track. In one convention, called NRZ, one direction of magnetization
corresponds to a stored '1” and the other direction of magnetization corre-
sponds to a stored ’0’. In the other convention, called NRZI, a reversal of
the direction of magnetization represents a stored 1’ and a nonreversal of
magnetization represents a stored 0.

In magnetic recording, the stored binary digits usually are referred to
as channel bits. In all magnetic storage systems used today, either the
magnetic media or the head (or heads) used to write and/or read the data
move with respect to each other. If this relative velocity is constant, the
constant duration of the bit (in seconds) can be transformed to a constant
length of the bit along a track.

As has been observed by many authors, the storing and retrieving of
digital information from a storage system is a special case of a digital com-
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munications channel. Thus, as information theory provides the theoretical
underpinnings for digital communications, this theory applies equally well
to digital storage systems. A convenient definition of channel coding is: The
technique of realizing high transmission reliability despite shortcomings of
the channel, while making efficient use of the channel capacity. The reli-
ability is commonly expressed in terms of the probability of receiving the
wrong information, that is, information that differs from what was origi-
nally transmitted or stored. To a casual observer it may appear that coding
systems are a recent phenomenon. This is true in a purely commercial con-
text, but research into coding techniques has its roots in information theory
which goes back to the pioneering work of Shannon [296]. Shannon offered
the world the so-called "fundamental theorem of information theory’, which
states that it is possible to transmit information through a noisy channel at
any speed less than the channel capacity with an arbitrarily small probability
of error. This raises the immediate question: How can the promised the-
oretical land of arbitrarily small error probability be reached in practice?
There is no answer to that question at this moment. There is, however, a
de facto consensus as to which code structure is 'good’. A code is a set of
rules for assigning, to a source (or input) sequence, another sequence that
is recorded. The aim of this transformation is to improve the reliability
and /or efficiency of the recording channel.

In recorder systems, channel encoding is commonly accomplished in two
successive steps: (a) error-correction code and (b) recording (or modulation)
code. The various coding steps are visualized in Figure 1.1 which shows a
block diagram of a possible data storage system of this kind. The decoder,
the spitting image, or more accurately the ’egami gnittips’, of the encoder,
reconstitutes, by using the redundancy present in the retrieved signal, the
input sequences as accurately as possible. Error-correction control is real-
ized by systematically adding extra symbols to the conveyed message. These
extra symbols make it possible for the receiver to detect and/or correct some
of the errors that may occur in the received message. The main problem
is to achieve the required protection against the inevitable transmission er-
rors without paying too high a price in adding extra symbols. There are
many different families of error-correcting codes. Of major importance for
data storage applications is the family of Reed-Solomon codes [340]. The
reason for their pre-eminence in mass storage systems is that they can com-
bat combinations of random as well as burst errors. Error-correction or
error-detection coding techniques are amply dealt with in many excellent
textbooks and are not considered in this book.

The arrangement called channel or recording code, sometimes referred
to as modulation code or constrained code, on which this book will concen-
trate, accepts the bit stream (extra bits added by the error-correction system
included) as its input and converts the stream to a waveform called con-



strained sequence, which is suitable for the specific recorder requirements.
In transmission over electrical or fiber cables, the technique related to the
recording code is termed line coding. The term recording code encompasses
a large variety of codes, and it is therefore difficult to provide an exact and
general definition of such a code. In particular, the seeming lack of dis-
tinction between error control coding and recording/line coding may easily
lead to confusion in the reader’s mind. More confusion is added as there
are recording codes with error correcting capabilities, or, if you wish, error
correcting codes that satisfy certain channel constraints.

source data
ECC encoder
} 2
source data parity
check
recording code
to channel
output sequence —

Figure 1.1: Block diagram of the two coding steps in a data storage
system. The source data are translated in two successive steps: (a) error-
correction code (ECC) and (b) recording (or channel) code. The ECC
encoder generates parity check symbols. The source data plus parity
check symbols are translated into a constrained output sequence by the
recording code. The output sequence is stored on the storage medium in
the form of binary physical quantities, for example pits and lands, or posi-
tive and negative magnetizations. In this context, the method of putting a
second code on top of the first one is usually called a concatenated scheme.

An encoder has the task of translating (binary) user data into a sequence
that complies with the given channel constraints. On the average, m binary
user symbols are translated into n binary channel symbols. Any restriction
on the repertoire of symbol sequences diminishes the quantity of informa-
tion, in bits, to something less than the number of binary digits actually
utilized. A measure of the efficiency implied by a particular code is given
by the quotient R = m/n, where R is called the information rate or, in
short, rate of the code. The quantity 1 — R is called the redundancy of the
code. Since only a limited repertoire of sequences is used, the rate of a code
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that transforms input data into a constrained sequence is by necessity less
than unity. The maximum rate given the channel input constraints is often
called the Shannon capacity or, in short, capacity of the input-constrained
noiseless channel. A good code embodiment realizes a code rate that is
close to the Shannon capacity of the constrained sequences, uses a simple
implementation, and avoids the propagation of errors at the decoding pro-
cess, or, more realistically, one with a compromise among these competing
attributes.

Notably spectral shaping and runlength-limited (RLL) codes have found
widespread usage in consumer-type mass storage systems such as Compact
Disc, DAT, DVD, and so on [150]. Table 1.1 gives a survey of recording
codes currently in use by consumer-type mass data storage products.

Table 1.1: Survey of recording codes and their application area

Device Code Type Ref.
Compact Disc EFM RLL, dc-free [130]
MiniDisc EFM RLL, de-free [354]
DVD EFMPlus RLL, dc-free [151]
BluRay (1,7)PP RLL, de-free [260]
R-DAT 8-10 dc-free [259]
floppy and hard disk (2,7) or (1,7) RLL [96]

DCC ETM dc-free [142]
Scoopman LDM-2 RLL, dc-free [133]
DVC 24 — 25 dc-free, pilot tones [180]

There are various reasons for the application of a recording code. For exam-
ple, long sequences of like symbols can easily foil the receiver’s electronics
such as the timing recovery or the adaptive equalization whose design usu-
ally rests on the assumption that the signals are stationary. It seems quite
reasonable to try to protect against vexatious waveforms by removing them
from the input repertoire. A coding step in which particular sequences are
removed to minimize the effect of worst-case patterns is a good example of
a recording/line code. The special attributes that the recorded sequences
should have to render it compatible with the physical characteristics of the
available transmission channel are called channel constraints. The chan-
nel constraints considered here are deterministic by nature and are always
in force. The above case is a typical example of a channel constraint de-
scribed in time-domain terms: sequences containing runs of like symbols
that are too long are forbidden. Channel constraints can also be described
in frequency-domain terms. Common magnetic recorders do not respond to
low-frequency signals so that in order to minimize distortion of the retrieved



data, one usually eliminates low-frequency components in the recorded data
by a coding step.

The two previous examples of recording codes are used to reduce the like-
lihood of errors by avoiding those pathological sequences which are a priori
known to be most vulnerable to channel impairment and thus prone to error.
Scrambling, applied, for example, in the D1 digital video tape recorder [115],
is an alternative method often advocated to eliminate 'worst-case’ effects in
the data. Scramblers use pseudo-random sequences to randomize the statis-
tics of the data, making them look more like a stationary sequence. There
are, however, pathological input patterns for which scramblers will fail, since
any technique that performs a one-to-one mapping between input and out-
put data and by necessity does not remove error-prone sequences, remains
vulnerable to problematic inputs. We can just hope that the probability of
occurrence of such error-prone events is reduced.

Recording codes are also used to include position information for servo
systems and timing information for clock recovery. A plethora of all kinds
of codes are found in this area. They include codes for generating pilot
tracking tones and spectral null codes. Specifically in this field, coding by
means of a recording code has proven to be a powerful and versatile tool
in the hands of the system architect. All the aforementioned coding stages
are used in a modern digital video recorder [39].

There are various ways in which digital symbols can be represented by
physical quantities. All these involve assigning a range of waveforms of
a continuously variable physical function to represent some digital sym-
bol. Most digital data storage systems currently in use are binary and
synchronous, which means that in each symbol time interval, or time slot, a
condition of, for example, pit or no pit, positive or negative magnetization,
etc., is stored. During read-out, the receiver, under the control of the re-
trieved clock, properly phased with respect to the incoming data, samples
the retrieved signal at the middle of each time slot. It is well known that a
single pulse transmitted over a bandwidth-limited system is smeared out in
time due to the convolution with the channel’s impulse response. A sample
at the center of a symbol interval is a weighted sum of amplitudes of pulses
in several adjacent intervals. This phenomenon is called intersymbol inter-
ference (IST). If the product of symbol time interval and system bandwidth
is reduced, the ISI will become more severe. A point may eventually be
reached at which this effect becomes so severe that the receiver, even in the
absence of noise, can no longer distinguish between the symbol value and
the ISI and will start to make errors.

Manipulation of the sequence structure with the aim of minimizing the
effects of ISI, or to tailor the power spectral density to specific needs, is the
domain of the recording, or transmission, codes. We refer to such an oper-
ation as (spectral) coding of the message sequence. As a typical example,
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consider the effects of high-pass filtering or a.c. coupling. The a.c. coupling
of a channel manifests itself as ISI called baseline wander. A common tech-
nique to cancel the effects of baseline wander is to deploy a code that has
no spectral content at the low-frequency end.

According to Nyquist’s classical criteria for distortionless transmission
[265] all IST can be eliminated prior to detection by means of a linear filter
which essentially flattens, or equalizes, the characteristics of the channel. In
practice there are difficulties in providing correct equalization at all times.
Tape surface asperities and substrate irregularities may cause variations or
fluctuations in the intimacy of head contact, which changes the response
at high frequencies much more than at low frequencies. In disc drives, the
varying radius of the tracks results in a linear density variation of about two
to one, and the thickness of the air film, which is a function of the disc-head
speed, is also subject to change. In disc(k) systems, spindle wobble and disc
warp mean that the focal plane is continuously moving and the spot quality
will vary due to the finite bandwidth of the focus servo. Optimum equal-
ization is very difficult to maintain under dynamic conditions, although an
adaptive equalizer can be used to follow the dynamic changes. An adaptive
equalizer has limited accuracy and by necessity is has to react slowly to
the variations. A recording code must therefore be designed to show a cer-
tain acceptable ruggedness against said dynamic changes of the channel’s
characteristics that an adaptive or fixed compromise equalizer cannot cope
with. This statement applies specifically to the DAT and Compact Disc,
which are meant for domestic use and where, therefore, readjustment of the
mechanical parameters is out of the question.

The physical parameters mentioned above are associated purely with
the one-dimensional communication channel approach. Designing for high
linear density (along the recording track) cannot be the sole objective. In
a system approach, both dimensions, track and linear density, should be
considered. There can be little doubt that the system approach in which
the interaction between various subsystems (servos, materials, etc.) is taken
into account holds the key to forthcoming significant advances in informa-
tion density. In magnetic recorders, signal amplitude and signal-to-noise
ratio are proportional to the track width. In this sense, linear and track
density can be traded against each other. For mechanical design simplicity,
high-performance digital tape recorders such as the DAT recorder are de-
signed to operate at relatively high linear densities but low track density.
With the use of wide tracks with high linear densities, ISI rather than (ad-
ditive) noise is frequently the limiting factor. This statement is especially
true for optical recording systems, where noise is virtually absent. Unfor-
tunately, it is extremely difficult to analyze or quantify system factors like
crosstalk from adjacent tracks, or interaction between data written on the
disc or tape with servo systems utilized to follow the tracks. Such charac-



terization methods require much time and effort, as well as the skill of the
system engineer who carries out the experiments, if their results are to be
consistent. It is conventional to judge the performance of coding schemes
in terms of error probability. It should be borne in mind that this is not the
sole valid quantity for appraising the performance of a data storage system.
It seems to be appropriate to remark that any error correction and detection
is totally useless if track loss occurs either through an improper construction
of the tracking servo or because of excessive disc or tape damage.

Does this book provide an answer to the question: What code should be
employed in a specific data storage system? The short answer to this ques-
tion is that there is no one answer which is satisfactory under any general set
of circumstances. The actual process of selecting and devising a recording
code is in fact always a trade-off between various conflicting requirements
such as signal-to-noise ratio, clocking accuracy, non-linearities, and inter-
symbol interference. Other constraints, such as equipment limitations, ease
of encoding and decoding, and the desire to preserve a particular mapping
between the source and the code symbols all govern the encoding chosen.
The problem of code selection is further compounded by non-technical con-
siderations such as the patent situation or familiarity and these factors are
to some extent certainly valid. One further, and certainly not the least
relevant, factor that affects the choice of a coding scheme is its cost. Any
coding scheme is merely a part of a larger system and its cost must be in
proportion to its importance within that system.

The difficulty remains, of course, in actually defining the optimal channel
constraints and in appraising the code’s performance in any specific practical
situation. It should be borne in mind that, although our present knowledge
of the physics of the recording channel, whether optical or magnetic, is rea-
sonably detailed, there are still large areas where the channel behavior is
much more difficult to account for. Theories are bound to fall short of the
perfect explanation or prediction because the real world is far too complex
to be embraced in a single theory, and because in the real world there are
factors at work that are genuinely unpredictable. It is therefore doubtful
whether the tenets of information and communication theory can really be
of any more help in assessing channel code performance in the physical con-
text of a recording channel. However, information theory affords other tools
that can be helpful. The performance of ideal or mazentropic constrained
sequences, that is, sequences whose information content equals the channel
capacity, obviously sets a standard by which the performance of imple-
mented codes can be measured. The attributes of maxentropic constrained
sequences provide valuable criteria for assessing both the effects of specific
code parameters on the attainable performance, and the effects of impor-
tant trade-off’s which are involved in the system design. The performance
measures obtained can serve as a guide. It should be noted, however, that
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it can never substitute for experimental results or experience obtained by
experiments. Further definitive performance criteria seem to be, at least at
present and in this context, beyond the reach of mathematics and definitely
belong to the province of the design engineer. It is therefore likely that, in
spite of the attractions of the elegant mathematical formulation of informa-
tion and communication theory, more ad hoc approaches to coder/decoder
design are here to stay.



Chapter 2

Entropy and Capacity

2.1 Introduction

In this chapter we develop tools for constructing, describing, and analyzing
the codes and code properties that appear subsequently in this book. Our
main objective in this chapter is to provide an answer to a fundamental
question that arises in the analysis of communication systems: Given an
information source, how do we quantify the amount of information that the
source is emitting?

Generally speaking, information sources are classified in two categories:
continuous and discrete. Continuous information sources emit a continuous-
amplitude, continuous-time waveform, whereas a discrete information sour-
ce conveys symbols from a finite set of letters or alphabet of symbols. In this
book we shall confine ourselves to discrete information sources. Every mes-
sage emitted by the source contains some information, but some messages
convey more information than others. In order to quantify the information
content of messages transmitted by information sources, we will study the
important notion of a measure of information, called entropy, in this chap-
ter. The material presented in this chapter is based on the pioneering and
classical work of Shannon [296], who published in 1948 a treatise on the
mathematical theory of communications.

A channel that does not permit input sequences containing any of a
certain collection of forbidden subsequences is called an nput-restricted or
constrained channel. The constraints specify what is possible or allowed
and what is not. The physical limitations of, for instance, the time-base
regeneration or the adaptive equalization circuitry lead to the engineering
conclusion that troublesome sequences that may foil the receiver circuitry
have to be discarded, and that therefore not the entire population of possible
sequences can be used. To be specific, sequences are permitted that guaran-
tee runs of consecutive 'zero’ or ’one’ symbols that are neither too short nor
too long. This is an example of a channel with runlength constraints (a run-

9
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length is the number of times that the same symbol is repeated). Another
typical constraint may require that the difference between the numbers of
transmitted 'one’s and ’zero’s is bounded. It should be appreciated that
the channel constraints considered here are deterministic by nature and are
always in force. The basic notion is that the messages are conveyed over a
noiseless channel, that is, a channel that never makes errors. Our concern
here is to maximize the number of messages that can be sent (or stored) over
the channel in a given time (or given area) given the deterministic channel
constraints.

The main part of this book is concerned with methods how to transform,
that is encode, binary data into a series of binary data that a channel can
accept. On the average, m binary user symbols are translated into n binary
channel symbols. Obviously, since not the entire population is used, n > m.
A measure of the efficiency implied by a particular code is given by the code
rate, R, where R is defined as R = m/n. The fraction of transmitted
symbols that are redundant is 1 — R. Clearly, an unconstrained channel,
that is a channel that permits any arbitrary binary sequence, has unity
rate. It is a cardinal question how many of the possible sequences have to
be excluded, or, stated alternatively, how much of a rate (loss) one needs
to suffer at most to convert arbitrary data into a sequence that satisfies the
specified channel constraints. The maximum rate feasible given determinate
constraints is often called, in honor of the founder of information theory, the
Shannon capacity, or noiseless capacity of the input-constrained channel.

We commence with a quantitative description of information content of
various discrete sources. The central concept of channel capacity is intro-
duced in Section 2.3. The references quoted may be consulted for more
details of the present topic.

2.2 Information content, Entropy

Messages produced by discrete information sources consist of sequences of
symbols. For the time being, we will assume that each symbol produced by
such a source has a fixed duration in time (later we will deal with sources
that produce symbols of different, but fixed, length). The simplest model of
an information source is probably a source that emits symbols in a statisti-
cally independent sequence, with the probabilities of occurrence of various
symbols being invariant with respect to time.

2.2.1 Entropy of memoryless sources

This section applies to sources that emit symbols in statistically indepen-
dent sequences. Such a source is usually called memoryless. We assume
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that the symbol transmitted by the source is the result of a probabilistic
experiment. Suppose that the probabilistic experiment involves the obser-
vation of a discrete random variable denoted by X. Let X take on one
of a finite set of possible values {x1, ..., x5} with probabilities py, ..., pur,
respectively. Clearly,

M
Zpi =1L
i=1

The outcomes of the experiments are emitted by the source, which generates
a sequence denoted by {X} ={..., X 1, Xy, Xj,...}. We may imagine the
symbols being produced at a uniform rate, one per unit of time, with X,
produced at time t.

We next consider a formulation of the information content in terms of
information theory. It is not possible here to examine in detail the formal
establishment of a measure of information. Again, the references provided
at the end of this chapter may be consulted for more details of the present
topic. The fundamental notion in information theory is that of surprise or
uncertainty. Unlikely messages are assumed to carry more information than
likely ones, and wice versa. Information can be measured on the basis of
the amount of surprise, unpredictability or news value that it conveys to
the receiver. A measure of information content of an information source,
usually called uncertainty or entropy, was proposed by Shannon [296]

M
H(py,...,pm) ==Y pilogyps, 0<p; <1. (2.1)
i=1
The quantity entropy measures the number of bits (per unit of time) re-
quired to send the sequences {X} generated by the source. A translating
device called source code is needed to ”compress” the sources sequences
{X} into sequences {X.}, whose symbols are produced at (at least) H(.)
bits per unit of time. The quantity entropy sets a limit to the amount of
compression. The base of the logarithm in (2.1) is arbitrary but will, of
course, affect the numerical value of the entropy H(p1,...,py). When the
logarithm is taken to the base e, the information is measured in units of
nats (a shorthand notation of natural units). The 2-base is in common use.
If we employ base 2, the units of H(py,...,pa) are expressed in bits, a con-
venient and easily appreciated unit of information. If M = 2, one usually
writes h(p) instead of H(p,1 — p). It follows that

h(p) = —plog, p — (1 — p)logy (1 —p), 0<p <1, (2.2)

where by definition ~A(0) = h(1) = 0 to make h(p) continuous in the closed
interval [0, 1]. The function h(p) is often called the binary entropy function.
Figure 2.1 shows a sketch of h(p). We notice that the information content
of a stochastic variable reaches a maximum when p = 1/2.
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Example 2.1 Consider the flipping of a coin. Let Pr(heads) = p and Pr(tails)
= 1—p, 0 < p < 1, then the entropy is given by (2.2). That h(1/2) = 1 is of course
intuitively confirmed by the fact that one requires 1 bit to represent the outcome
of the tossing of a fair coin. For example, the outcome heads is represented
by a logical 'zero’ and tails by a logical ’one’. When we have an unfair coin,
this simple representation method is not efficient. Consider an unfair coin with
Pr(heads) = 1/4. Since h(1/4) ~ 0.811, on the average, only 811 bits are needed
to represent the outcomes of 1000 tossings with this unfair coin. How this is done
in an efficient fashion is not straightforward. Codes are required to ”compress”
the 1000 outcomes into a message of, on the average 811 bits. Compression codes
or source codes , although an important subject in its own right, are not further
pursued in this book. The reader is referred to, for example, the textbooks by
Blahut or Gallager [33, 108].
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Figure 2.1: Entropy h(p) = —plogp— (1 —p)log(1 — p). The information
content of a stochastic variable reaches a maximum when p = 1/2.

We now establish two useful inequalities. Let pi,...,py and qq, ..., qy be
arbitrary positive numbers with > p; = > ¢; = 1. Then

M M
= pilogy pi < =) pilog, g;. (2.3)

i=1 i=1

)

Equality holds if and only if all p; = ¢;. This inequality is called the Gibbs
inequality. The proof is based on the observation log, * < z—1, x > 0, with
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equality if and only if z = 1. Thus log, (¢;/p;) < ¢;/pi — 1, or log, (¢;/p;) <
(gi/p; — 1)log, e. Multiplying this inequality by p; and summing over i we
obtain

M " M
Z p; log, ; < log, 62(% —pi) =0.
i—1 i i=1

Thus

M M
—>_ pilogy pi < =) pilog, ¢,
i=1 i=1
which proves the Gibbs’ inequality.

It is important to know the conditions on a probability distribution that
lead to maximum entropy. (Clearly, the minimum value of the entropy
H(pi,...,pm) = 0 is taken if e.,g. p; = 1 and all other p; = 0.) The
application of Gibbs’ inequality (2.3) with all ¢; = 1/M yields

M M 1 M
—Z pilogy pi < —Z p; logy U log, MZpi = log, M
i=1

i=1 =1

with equality if and only if p; = ¢; = 1/M for all i. Therefore, after plugging
this result into (2.1) we obtain

H<p177pM)§10g2 M. (24)

Thus the maximum entropy of a memoryless source is log