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The termu (dA)-constrafned mequerce and runlenpth-Hmited (RIL)
i sequenice Are wsually psed ay syoonyms, acd tmditionally the desipn of
sneoden that genernie RLL sequencoes is abmost alweys condicted by
designing encodamy that generate (di}-consrained sequences followed by
a pracoder, [t s genenally balisved that this dedige procedure does aot
enlal & joss of performence In l2rms of coder complexity and error
propegation. In this papsr, however, we will show that it ® surprisingly
profitable o terms of erroc propagation 1o desigz RLL encoders dimcily,
Le withowl the intermediate step of @ (fk)-construned sequence.
Keywordy: digita! recording, error propagstion, medolation codes, state

combining algorithm
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1. Introduction

Since the early 19705, coding methods based on (d,k)-constrained sequences
have been widely used in such high-capacity storage systems as magnetic and.
optical disks or tapes. Properties and applications of (d.k)-constrained
scquences, or Tunlengtb-limited (RLL) sequences as they are ofter called, are
surveyed in ref. 1. The number of sequential-like symbols n a (binary)
sequence it known as runlengti. A (%) RLL ssquence is a sequence of hinary
symbols characterized by two paramsters, (@+ 1) and {(k+ 1) which stipalate
the mimmum and maximum runlength, respectively, that may occur in the
sequence. Closely related to RLL sequences are (d,k) sequences, A hinary
sequence is said to be (d k) constrained if the number of “zeros” berween any
pair of consecutive “ones™ {s a1 least £ and at most k, k> d. A (d.k)-constrained
sequence can be converted into a () RLL sequence by a simple coding step
which 15 known &s precoding. The ones in the (dk)-constrained sequencs
indicate the positions of a transiticn 1—0 or 0—1 of the corresponding
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ruplength-lmited sequence. [L can readily be venlicd thal the minimum and
maximum rinlenpih of the RLL sequence derived from a (d k) sequence via
precoding is d4 1 and &+ 1 symbols, respectively,

Cordes are used to translate source data into the constiained sequence.
Commonly, the source data is partitioned into words of length m, and
under the eoding mles these m-tuples are trnnskited into a-toples called
codewords. Popular (d,£) codes incorporated in disk file systems are the (2,7)
and the (1,7) codes of mite mfo = 12 and mte 23, respectively®). The codes
are designed using the bounded delay metbod™?) or the ACH siiding-hlock
code algorithm®). The principal feature of a (dk) (or other finite-lype
constraints) code constructad with the sliding-block code algonthm is that
coded sequences can be decaded by examining a limited number of consecutive
symbiols without relying on external state information. As an immediate
vongequencs, thess codes have a limited amount of crror propagation. For
example, o single bit error in u received sequence encoded by the (2,7) shiding-
hlock code propagates at most over four decoded bits, while a bit errorin the
(1,7) code propagales ut most over five decoded bits. Blaum’) showed that the
error propagation of sliding-block codes presents a problem as it entails an
extra load to the error correction circuitry usually used in conjunction with the
(ih k) code.

An alternative 1o the above shiding-block coding scheme was proposed by
Tang and Bahl), and Franaszek'). There, the authors use codes compiled
from codewords of fixed length which can be decoded without the knowledge
of preceding or succceding codewords. Codes with this property, i.¢. codes that
can be decoded by observing single codewords (the encoding operation is
allowed 1o be stae dependent), will be called block(-decodable) codes. Evi-
dently, block-tecodable codes offer an advantageous solution relative to
sliding-block codes since they make it casicr 1o prescrve a particular mapping,
between the source and the code symbaols, and, obviously, errar propagation
is loca hred 10 one decoded m-block. Block-decodable codes are highly suitable
in conjunction with Reed-Solomon error control codes. In the preferred
embocliment of the coding syslem, the eodewords have a 1-1 correspondence
with the clements of the fimic fickd GH2"), thhe cnabling ihe construciion of,
for instance, 2 Recd-Solomon code directly over the (dk)jconstrained
codewords. A notable drawback of stale-ol-the-art block-decodable code
constructions, however, is the fact that at code rates R = m/n approaching the

Shannon capacity of the (4,k)-constrained channel, the implementations can
be fairly complex, involving long codewords, For example, the minimum
codewaord lengtha allowing a rate R = /3, (1,7) block-decodable code and
rate £ = 1/2, (2,7} block-decodable code are 33 and 3, respectively. [f the
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system requirements make it possible to relax the & constraint, we can design

an R = /16, (2,10) block code, This block code [y particularly altractive as
many commercially availuble Reed-Solomon codes operate in GF2Y). A
m{nﬁﬁcatj_un of this code, involving suppression of the low-frequency com-
pouents, is employed in the Compact Disc'). A rule min — 8/12, (1)
block-decoduble code has not been published in the litarature. The question
nmm can we conslruct such n block-decodahle code (or other codes) for the
given (or other) parameters? Qur approach is based on the obscrvation that
such a code must be constructed on RLL sequences rather than (k)
sequences. In the blerature, the torms (d ) sequence and RLL BCUCHCE re
usually used as synonyms, and the design of encoders that penerate RLL
sequences 15 almost always condocted by designing encoders that pencrate
(dk) sequences followed by a precoder. Sequences (hat arc assumed to be
recorded with such an intermediate precoding step are said to be piven in
non-return-to-zero-inwrse (NRZ1) notation, whereas sequences (ransmiticd
without such a precoding step are referred to us mon-refurn-to-zero {NRZ).
Coding techniques using the NRZI format are gencrally accepted in digital
“Pﬁ?:'t Ial!d nmr;ll:m I'm:l;l;_iun practice. The NRZ1 format is convenient in
ma gnetic meordng since differentiation occurs as part of the i roCess
in the inductive heads. Each magnetic transition on the nﬂd{t‘m)m:n:]:'lm a
corresponding pules, 2 “peak™, m the read-back signal. The original binary
NR7I signal can be restored in quile  natural fashion by vbserving the
pasition of the peaks in the rend-back signal. The peaks coincide with the ones
f:crm:s:{rad sequence written in NRZI notation. The use of the NRZI format
n nnn-uflm‘ erentiating, i.e. fall-response, channels, such as the Compact Disc or
magnctic recorders with magneto-resistive read heads, is less obvious. The
reason _I'nr adopting NRZT notation in such full-respanse channels i merely
convenience, since the polarity of the received sequence is irrelevant, and
H-m:cfnm not a part of an adopted standard. 1t is generally believed that the
chaice of the NRZI format does not entail a loss of performance in terms of
cocder mple:ft?r and error propagation. In this paper, bowever, we will show
that 1t is surprisingly profitable in terms of error propagation to design RLL
encoders direcily, ie. without the intermadiate step of a (e k) -constrained
sequence. The new RIL vodes (o be discussed are block decodsible, while at
the same time they arc simpler to implement than (d,k) block-decodable codes
currenily being used.

'A_": start, in the next section, with a description of the basic idea of the new
coding technique. In Sec. 3, we will present a gencral and systematic design
tool for constructing constrained block encoders emphoying the single-word
look-ahead technique. As a result, numerous new block-decodable codes with
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TABLEI

Codebook of a d = | RLL block code.
Sonrce Channel representation

1} D000

1 D001/0110/1000

2 0ot

3 OL11f1001/1110

4 1100

5

111

relatively short block lengths will be presented in Sec. 4. Specifically, we will
present a new rale 812, (1.9) RLL hlnck-lecodable code amd a new mle 89,
{3,4) PRML hlock-decodable code (sec later for a definition), which are both
well adapled 1o byte-orienied storage sysiems.

2. Description of the hasic idea

In this section, we will describe the basic idea of the new coding tech-
nique. In order (o simplify our exposilion, it is convenient o confine our-
selves for a while to sequences with a minimum runiength only. A gen-
cralization 1o sequences with both a minimum and a maximum runlength
constiaint is postponed to a Jater section. The following simple cxample

will demonstrale the potential usefulness of the new coding lechnique, and
in fact it motivated us to pursue the work described in the sequel (o this

mil?:;mid:r the (d = 1,0) RLL code described in Table I. The Jefl hand
column shows the source symbols, represented by an integer between 0 and §,
while the right hand column shows the possible channel representations of the
correspanding source word. Note that the RLL code is presented in NRZ
notation, i.c. sequences generated by this code should therefore nat be fol-
lowed by a precoding operation. Clearly, the codeword length is four and the
code is size six. As we may observe, four of the source words, namely 0, 2, 4
and 5, are uniquely represented by a codeword. It is easily verified that these
four codewords can be freely concatenated without offending the prescribed
minimum runlength constraint. The remaining two source words arc cach
represented by three allernative codewortds whose choice depends on the last
codeword transmitted and the next codeword to come. For this specific case,
it is eusaly venfied that by looking ahead and looking back at most one
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codeword in time, it is always possible to select (al least) one of the thres

altiernative representations that fulfils the stated minimum runlength require- .

ment. The above coding rules can be cast into the modd of a standard
finite-state enonder, The encoder praph has cight states, and the output and
next-state functions can be represented by the following 8 x 8 matric:

0/0000 10000 2/0000 3/0000 40000 500007
0/0110 20110 10001 3/0001 4/0001 S5/000I
0/0011 2/001 1 {0011 3/0011 4/0011 S/0tI
0j0111 20111 011 30111 40111 511
0/1000 171000 2/1000 3/1000 41000 571000
0/111d 21110 1/1001  3/1001 4/100) {1001
O/1100 1/1100 2/1100 3/1100 4/1100 /1100
Loyt 21111 i 3 4 s |

The matrix ciements are expressed in the form x/y, where xis the encoder input
and y is the cornesponding encoder output. For reasons of space, we follow the
convention that, if a transition is allowed from state f Lo state f, the i/ matrix
clement equals the label x/y pertaining to the edge i - j; if, on the other hand,
such 1 transition is not permitted, the matrix element is empty. The look-ahead
dependence of the codewords was accounted for by tagging edge labels taken
from 1_h= look-ahead code (Table I), where the codewords are deluyed by one
block interval. Tt should he apprecisted that the standard finite-state encoder
given above is not & preferred embodiment of the coding mule. It is usually
advantageous 10 translate the code table plus the look-back and look-ahead
dependences directly into logicul gates using a CAD package rather than
minimizing the numher of cncoder states. A casual glance at the encoder Lable
is sufficient 1o convinee the reader that the table has the virtue of a unigue
state-independent inverse, which means that observation of a single codeword
is sufficient information for the retrieval of the corresponding source word. We
conclude, therefore, that the code presented in Table 1 is a (I, =) RLL
block-decodable code. In eontiast, u conventional (dk)constrained block.-
decodable code with the smnc parameters constructed with Franaszck's
method' ) bas size five, and we draw the fascinating conclusion that the above
RLL block-decodable code has a shightly larger size.
The code presented in the proceding example can be pencralized for arhi-

trary vilues of the codeward length 3. The size of the code, denoted by
N(n), is given by
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TARLE 11
Code size N(n) of (1,) RLL
bloack codes of codrwond length a
wlong with the code size, Fin—1),
of conventionnl (k) codes of the

same codeword length.
n N(r) Ru—1)
4 b 5
5 1] B
] 17 13
1 27 21
B a4 34
9 n 55
{1] 6 39
1 148 144
12 05 113

Nin) =0, n<i)
;o) = 1, m
Nin) = Nin—3)+FAn-1), N=>0,

v;hzre the Fibonacci numbers #{n) nre given by
FAn) =0, n<0,
A =1, HI)=2 (2)
Hn) = An=1)4+RAn-2), n=1l

Despite Lhe elegance of the recursive expression, we could only prove (1) after
a straightforward, but tedious, process of enumerating and, therefore, the
proof is omitted. In Table II, we have tabulated M) as a function of (he
codeword length n. The size of the (dk)-constrained block code of the same
codewand length, Fln— 1), is included for comparson purposcs.

Table [l reveals that the smallest rate 2/3,(d — 1) RLL block-docodable code
has 8 codeword lenpth n = 6. For the same mie, the conventional (k) block
code requires a codeword length of at least 18 (see for example ref. 1). We also
nole that M?) = 72, which suggests the feasibility of the coustruction of a ralc
6/9. (1, k< m) RLL block-decoduble code and, of even more practical rel-
evance, that N(12) = 305, which supgests the feasihility of the construction of
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amte 8/12 (1.k < o) RLL block code with the altractive source word length
m = 8. Both codes arc, as can be seen in Table 1L not possible with conven-
tonal (dk)}-constramned bhlock codes of the same length.

The hard part, 10 be discussed in the subsequent wections, is syslomatically
to design the above, and other, codes incorporating a maximum runlength
constraint.

3. Code design with single-wonl bok-abead

The following section serves mainly (o introduce a glossary of concepts and
notation that will be employed Iater,

3.1. General

Consider the construction of an encoder which converts source (or input)
sequences {6} to constrained (or output) cumnel sequences {x; ] and a decodes
which reconstitutes {x;} into the original {f,}. The source sequence is pur-
titioned into m-tuples {B,}, called source words, and the output sequence is
partitioncd into n-tuples {1, }, called codewords. The encoder can be modelled
as 1 fimite-state sutomaton delined by two charactenstic functions:

jl [ =] Hi“ Baw r'l ll"'r"}'

S0 = glby, .. b L), )

where 5, is @ member of a finite set called the state ser of the encoder. The
parameler a, a0, i1 called the look-ghead span of the encoder. A code
constructad by the ACH algorilhm can be decoded by a sliding-block decoder.
A shding-block decoder is given by a function

b = (5, q0e0ni5)s (4)

where g is the memory and r the anticipation of the decoder. Essentially, the
decnder comprises an n-stage register of length (g+r+1) that stores the
(g+r+1) retrieved n-bit codewords and a (Boolean) function f(.) that
translutes the contents of the repister into the retrieved m-bit source word §

Since the constants g and r sre finite, an error in the retrieved sequence {r,}
can propagate in the sequence {8} only for a finite distance, &t most the
decoder window length (r4-g + 1). The relationship between the window kength
and the various code parameter is still an apen problem. In this paper, we will
be interesied primanly m codes whose decoding function is characterized by
q = r = 0. In other words, these codes have the virtue that error propagation
i5 limiled to exactly one decoded m-bit block,
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There are a large variely of design tools for constructing constrained channel
codes. The most notable ones are the ACH algorithm®), the bounded delay
(BD) method®), and the look-ahead (LA) coding technique'). The three
design techniques produce codes of somewhat diffcrent form (a recent paper
by Franaszek') may be consulted as an eniry into the literature), but their
starting point is the same, namely e finite-state transition diagram description
representing the channel constraints. A finile-state transition diagram is a
labelled direcied praph with a finite number of stales and edges with labels. The
symbol ¥ is used to denote the set of states, and the symbol E; to denote the
sel of labels attached to the edges that have the starting state § and the ending
state j. The labels are lenpth-» eodewords, We define the |V x| ¥ trungilion
matrix T with elements 7, = |E+,-I. where | denotes the cardinality of the set
x The design procedures proceed by cormpuling an approximale eigenvector v.
An approzimale cigenvector v = (vy,...,4)", whose elements v, are non-
negative intepers (nol all 0s), sutisfics the approximate eigenvector inequality

Tezar, (5)

where (in)equality means componentwise (inJequality. The approximate cigen-
vector plays a key role in both the ACH algonthm and the new alporithm. A
simple algorithm, mtroduced by Franaszck'), can be used to computc
approximale cigenvectors. The component v, is called the weight of state i, and
the scalar « 18 a pasitive integer. For proctical codes, we have @ = 2%, Let 4
denole the largest positive eigenvalue of T. Then, provided o= 4, the existence
of an approximate eigenvector satisfying (5} is puaraniced by the tenets of the
Perron-Trobenius theory of non-negative matriccs'),

Since look-ahead 15 an essentil element of the example codes described in
the previous scction, we have focused our research on an algorithm for
designing constrained codes that employ one-block look-shead during
encoding.

3.2, A new design algorithm

The new algorithm 18 sucanctly descnibed as follows.

(1) Sct up, as outlined in the previous section, a (directed) graph describing
the given runlength constraimts. The starting graph has a transition matrix
with 0f1 elements, and it is memoryless, i.c. cach label atlached to an edge of
such a graph uniquely identifies the initial state of its corresponding edge. A
transition matrix with 0f] elements can always be found by going to the edge
graph (see ref. 6, Theorem 5.1) or by letling the admitted length-n codewards
scrve as stales. Other characteristics of the starting graph will become apparent
in the sequel.
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(2} Given the state-transition matrix T and a convenient a3>2" compute an

appraximate eipenvector ». States having zero weight are removed by crossing

out corresponding rows and columns of T,

The two previous steps of the algorithm are exactly the same as used in the
ACH algorithm, The ACH algorithm proceeds with a process of state split-
tings and state mergings. Afler a stale splitting operation, the old state is
replaced by two (or more) new states. Each new state has the same incoming
edges ag the original state, and the outgoing edges rom he origingl stale are
partitioned among the new states. The aim of the state splitting procedure is
to transform the graph into a new graph with transition matrix T with the
property that, compared with T, cither the maximum weight of staies of T or
the number of statcs with maximum weight has been reduced. The splitting
process is performed a finite number of rounds with the role of the new T
played by T until an approximate vecior # is reached having all its components
equal to zero or one (not all 0s). States having zero weight are removed by
crossing oul rows and columns of T corresponding to the weightless states.
According to ref. 6, it is always possible to find a sequence of state splittings
that converpes Lo the “all-ones” eigenvector. Then we have found a graph each
of whose states has row sums at least a, ie. each state has at least & outgoing
edges. The construction procedure is concluded by tegging the outgoing cdges
with the & source words; if necessary excess edges are deleted so that every row
sum equals a. Redundan! stales can be removed by a process called srare
mETEIng.

(3) In contrast with the ACH algorithm, the new algorithm proceeds with
a process called state combining. The aim of the state comhining procedure, the
main sfralegy i3 to oblain a new graph with transition matrix T and
approximate eipenvector # with the praperty that compared with T either the
minimum non-zero weight of states of T or the number of states with minimum
non-rero weight has been increased, and where the maximum weight, max {9, },
should not be karger than the maximum weight, max {v,}, of the states of the
ald graph. This process is applied recursively, with the role of the new T played
by T until we reach the point where we have a vector # whose components
erual either zero or max {m,}. If we divide both sides of the approximate
cigenveetor incquality (5) by max {v,}, we see that this is equivalent, with an
approximate eigenvector vector having all its compopents equul to zero or one.
The advantage of this approach is that stale combinations can be found, as will
be outlined shortly, that do not increase the anticipation (or the memary) of
the decoder, whereas, as a general rule, each round of state splittings in the
ACH algorithm increases the decoder antidpation by one.
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Fig 1. Lol piclure of o stute commbination o) belore the combination, and 8 wfier the combina-
than of stalm o amd »

We will first, in the neat section. provide a description of the state combination
procedure; thereafier, we will proceed with the design ulgorithm,

3.2.1. State combination procedure

The (w,v) combimstion of stales w and v, called the constituen! states B
obtained by the following preccdure.

{a) Decfine a new state wo and connect it to the successor states of v and v,

(b) States we P having both & and v as a successor and whose edges connect-
g w-ri and w-rw have the same label A are connected to wv with the
label A.

(c} Edpges emanating from states we o having both w and ¥ as a succesor as
wcll as having the same label are chminated.

‘The state combination is vacuous if the sel of edges entering the combined
siate wp is emply, and it is Ltherefore not considered. After invoking the ubove
procedure, the new graph has one more slate than the old onc. Figure |
illustrates the foregoing state combination procedure,

A () stete combination is said to be strategic if it is consistent with the
main strategy. Obviously, a (,0) statc combination is strategic if the weight of
the: combined state does not excead the maximum weight max {o,} and if it is
the sum of the non-zero weights of the two constituent states w and v and i
the weights of the remainmng stales e ¥ \{w,v} are unchanged. This require
ment can be captured by the following condition, called the vertical condition:

2; oty A0 NENE [>m, VieV. ()
B

It is easily verified that the above condition ensures that a) the weighi of the
ncwly crealed state equals the sum of the waghis of its constituent stales, b)
the constituent states can be dropped from the graph since they are weightless,
and c) the weights of the remuining states ure lefl unchanged. Loosely speak-
g, the vertical condition guarantees thal two light-weight stales can be

M2 Pl Jowrnsl of Bmearvh Vol & Ma & 1910

(o

changed into a stale whosc weight ia the sum of the weights of the “old” stales
withoul altering the weights of the remaining states. Tn the remainder of the
paper, unless otherwize indicated, it will be assumed that a (u,v) state combins-
tion is followed by # removal of the states v and ©. Obwioualy, after invoking
the above procedure, the number of states of the newly constructed graph is
one less than the original graph. If, after a (u,2) combination, the new graph
prescrves the Shannon enpacity of Lhe origmal grph, we say that the (u,0)
combination is lossless. A state combination should not be confused with a
state merger. Both operations roduce the number of states by one. An imparri-
ant distinction, however, is that the weight of a merged state equals the weight
of its vonstiluent states while, in our context, the weighi of a combmed stale
has & weight equal to the sum of the weights of ils conslituent states.

(4) If, aler a sequence of state combinations, o graph 15 found with gn
all-ones approximate eigenvector (weightless stales are removed), we can
proceed (o the final part of the algorithm, namely the assignment of source
words Lo the available edpes at each atate. If, on the other hand, such an
approximate exgenvector i not found, we start from the tap again by attemp-
ting alternative state combinatians. The algorithm does not guaraniee sucoess
in finding the desired situation, The above algorithm is best cxplained with a
simple example. The purpose ol ths example is a) to illustrate the fact that the
new algorithm is not restricted to the design of RLL codes, and b) that, in
general, the codes oblained are not block-decodable codes.

Exsmple 1: Consider a conventional (0,1)-constrained code with block
lengthsm = 2 and n = 3. The given paramcicrs cun be cast into a 5-stule graph

represeated by the matrix

Ir 010 010 0107
2|01t 011 011 oLl o1l
0 0 01 3 1 1 O T [
4 1o 110 110
SLIL 1 11111 1

The left-hand column gives the stafe numbers. Recall thal we follow the
convention that, if'a transition from state i (o state  is admissible, the i, | matrix
clemenl equals the label pertaining to the edge i +f; if, on the other hand, such
i Lransition 1s not permitted, the matrix element is empty. Note that the
labelled graph is not 2 familiar unifilar, or deterministic, graph, where for cach
state o) the outgoing cdges of » arc assumed to be distinctly labelled. It is
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casily vc,‘rﬁ:d that the given graph is of the Moore type, where each staie can
be associnted with a distinct state label, In order to incorporate the one-hlock
delay, we have tapped the state labels to the outgoing sdges instead of the

muvemﬁm_ul uggmg to the incoming edges. The resultant graph is backwards
deterministic, i.c. for each state ueV the edges entering u are distinetly lubslled.
It is cosily verified tha

P =(12212)

is an approximale eigenvector for @ = 2" = 4. After the (1,4} state com-
bination, we obtain the 6-state graph

[ 010 010 0i0 7
0o a1l 011 ol
101 1 1ol

i1 110 110 110
i 1y 11

4| 410 010 010
1 11g 110 J

= Lh e W B e

where the combined state is denoted by “14 4", In order to illustrute the
proceduare, we did not remove the constituent stales, 1t is sasily verified that,

in_llu new graph, state 1 is degencrate as it has no incoming cdges, and state
4 is weightless. Afier discarding states | and 4, we oblain the d-state graph

011 011 011 o011
101 101 101 10l
Iy 11 1 o

ol 010
1o 110

In the sbove graph, each state has exactly row sum four, so that we can
immediately construct an encoder graph by assigning, for cach state v, 2 = 4
distinct tags (source words) to the g = 4 outgoing cdges from v. The code
found is equivalent 1o a variable-length code with a matimum word length of
six bits; decoding can be accomplished with = sliding-block decader of window
length two (codewords). L

As seen in the above example, codes generated by the abave algorithm are, in
peneral, not block-decodahle codes. The reason is the ambiguity caused by the
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fact that there are parallel edges connecting states. Since our main objective is
the design of block-decoduble codes, we have o curc this difficulty by cxtend-
ing the algorithmn wth an extra condition. Based om the above observation, the
encoder graph of a block-decodable code must satisfy the condition that at
most one edge is allowed between states, i.¢. the entrics of the state-transition
matrix must be either ane or zero. I a {w,p) state eombination might lead to
the situation of two pamlic] adges connecting states, implying 4, = 4, = |,
J& ¥, then only one edge may be kept. Afler chiminating excess edges, however,
the new graph with state-transition matrix T must satisfy T# e, where the
pew approximate eigenvector # should be in fine with the main strategy.
Specifically, the weight of the combined state must be the sum of the weights
al the two ennstituent states. This condition can be formulated os follows. A
(uv) combination of stales u and v is strategic if both the vertical and the
horizontal condition hold:

X olldy)>alv, +0.), N
where g(x,y) = 0,if r = y = Dotherwise d{xy) = . i1, = 1, = |, an
arbitrary choice is made to delete the excess edge. The algorithm provides
freedom in the chowe of which of the two edges will be dropped.

If, afler application of a finite nmmber of state combinations satisfying both
the horizontal nnd the vertical conditions, followed by dropping the weightless
slates, a final graph is found with an all-ones approximate cigenveclor, we may
proceed 1o Ihe assignmenl part of the algorithm. Asit is assumed that we start
with a memaoryless graph whoss trnution matnix consists of zeros and ones,
it can easily be verified that a (final) graph obtaincd afier a sequence of stale
combinations preserves (hese properties. Nole that this is not the case if
combinations arc performed wilhout discarding the constituent states. A
mapping of the sel of source words to the set of states, the yource-to-siate
aisignment, concludes the construction of the encoder. There are, in gencral,
more encoder states than sowree words, so that it is not a prieri ceriain whether
a source-to-state assignment can be found that admits the desired unigue
inverse. IF an invertible source-to-stule assignment can indeed be found, then,
since the encoder graph is memoryless, there is a unique relationship hetween
any state and ils outgoing labelled edges, and we have discovered a code with
the virtue that it can be decoded by observing single blocks.

In summary, the state combination algorithm applied to a memoryless
graph will produce a block-decodable code if a) we can find an all-oucy
approximate cigenvector, and b) il an invertible source-{o-glate assignment can
be found. Apparcatly, we arc confronted with a massive computational
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problem: both the state combination process and the source-to-stale assign-
ment are essentially problems (hal must be handled by brute force. The
assigniment problem s related to the “gruph K-colorability problem™, which
is known o be NP complete'). However, it will be shown shortly that for
many cases of practical interesi block-decodable codes can be found fairly
casily.

The next example reveals how the RLL block-decodable code presented in
Sec. 2 can be found in the systematic manner described above.

Example 2: Consider a (1,00) RLL code composed of codewords of length

four, A 105 10 binary transition matrix desenibing the constraints is

(0000 0000 0000 0000 0000 0000
GHio 6110 0110 0110 0001 Q001 (K01 0001
0011 ooLl oany 0011 0011 0011
0111 oI o1 ol o1l ot
LOOO0 N0 1000 1000 1000 1000
L0 1100 1110 1110 1041 1001 1001 1001
1100 1100 1100 1100 1100 1100

| 1111 1111 1T (e 1w

Note that each state has a row sum of at least @ = 6. A source-lo-codewords

assgnment, discarding the excess edges kewving states 2 and 6, with a unique
imverse can be found. The result is the cocoder deseribed in Sec. 2.

The next example shows a code design where a unique inverse could not be

CDOO0 D000 0000 D000 0000 0000 0000 0000 -
0001 0001 0001 0001 0001
0011 0oLl 0011 0011 011 0011 0011 0011
010 010 a1 o110 0110
o111 0111 0111 oy 0L o1ey 011l o011
1000 1000 1000 1000 1000 1000 1000 1000
1001 1001 1004 1001 1000
1100 1100 1100 1100 1100 1100 1100 1100
1L 1110 11w 1o 1110
L1111 1118 131E e 1e 1 oJd

Let @ = 6. Then, we Iimd the approximate eigenvector
o= (L1,01,2,2,1.2,1,2).

Fairs of slates with unity weight are combined. There are four states of unity
weighl, und thus three feasible permututions of stale pairi. However, aller
invoking the horizontal and vertical conditions, we conclude that only one
such permulation 1§ stralegic, namely combinations (24) and (7,9). Aller
performing these combinations followed by some bookkeeping, we find an
B-state graph represented by
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found,

Example 3: Consider a rate 2/3, (1,a0) RLL oode. The starting point of the
code construction is the binary transition matrix

(OO0 000 (X4

011
100
110
111

o1l
100
110
111

100
1o

000
ool om

o1 ol
100

Let a = 4; then the apprommate eigenveotor is
o' o= (2,1,2212).
Alier the (2,5) stale combination, we oblain

Pislign Sowrual of Baeurik Vel dd K d§ 12

110
011
100
L1 1

F000 000 000
1o 001
011 011
100
"1

011
100

100

000 1
LU

000
001
b1
100 |
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Ench state has a row sum of & = 4, but a source-to-codewords assignment with
& unique inverse cannot be found.

4. Resulis

The algorithm outlined in the previous section has becn implemented and
successfully applied to find new block-decodahle codes. In order to reduce the
computer load, we have restricted the code parameters in such a way that the
entries of the approximaie cigenveelor v, arc at most two; the general case is
posiponed to a later study.

4.1, RLL codes

Numerous new BLL block-decodable codes were fonnd for runlenpth
parameters and word lengths m and a for which no conventional (d,k) block-
decodable codes are known. A hrief survey of new RILL hlock-decodable codes
of practical interest is listed in Table I11. For comparison purposes we have
tabulated in parentheses the shortest possible codeword length of conventional
block-decodable (d,k) codes of the same rate and runlength parameters. The
rate 812, (1,9) and the rate 816, {2,8) RLL block-decodable codes ure of
specific interest as they are well adapted to byte-formatted storage systems.

As remarked, the algorithm may require much computation and the
examination of candidate state combinations to find a block-decodable code

for an arbitrary choice of parameters. However, we discovered that in many
instances only a few permutations of state combinations have to be tried, and
that the stale combination process quite rapidly converges to the “all-oncs”
vector. The compuler program, guided by the saying “all good things in fife

TABLE III
Survey of new RLL block-decodable codes.

o k m n E

] [ 4 [/ {18)
0 ? b fi (12)
I o0 4 6 (18)
[ 10 6 9 (21)
1 9 B 12 (21)
2 o0 3 6 (14)
2 8 8 l& (22)
3 10 fi 15 (2m
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are [ree”, starts by performing all possible lossless state combinations. In
general, only a fiew alternatives remain to be tried. For example, the rate 8/12,

(1,9} code presented in Table 111, requires initially 460 statcs. There arc 196

siates of unity weight of which 164 can be combined without loss. Only 2 min
of main-frame computer time were needed to find strategic combinations for
the remaining 32 unity-weight states as well a5 to find and check an invertible
assignment. The required number of encoder states, 358, may look prohibi-
tively large, but this is merely the resull of the standard finite-state machine
description chosen in the algorithm. Given the finite-staic encoder, we can
easily construet a code book as depicled in Table I, and this code book can in

turn, uiing the look-back and look-ahead features, be implemented in a

straightforward manner. The required hardware is well within the reach of
modern L1, Admiltedly, the code is much more complex than the mte 2/3,
(1,7) (d.k) code, but any coding scheme |s merely a part of a larger sysiem and
its cost must be in proportion to ils importance within thar system. These
system considerations are heyond the scope of this paper.

4.2, PRML codes

The algorithm was abo applicd to code construints for partial-responae
channels employing maximum-likelihood detoction (PRML)Y*'%). In prior art
ooding techniques, the channe constraints are described using NRZT notation,
Le. the constraints take the form of limitations on the maximem number of
sequential zeros. A PRML-coded sequence, when NRZ recording is used, is a
(04)-constrained RLL sequence satisfying the characteristics that the
maxinum runlength of both the substrings of even and odd numbered symbols
which interleave to make up the code string is &, + 1. A small value of & is
desirable for accurate timing and gain control, and a small value of k, reduces
the size of the path memory in the maximum-likelihood detection. Therc is no
need o reduce inter-symbol interference by imposing a d-constraint, After
application of the new design algorithm, a rute 8/9, (k = 3, k, = 4) PRML
block-decodable code in NRZ nolation was discovered, whereas a code (in
NRZI nolation) with the same parametcrs found by the ACH algorithm has
the disadvantuge relative to the new code that it requires a shiding-block
decoder with a window kngth of two codewords (see Table I11'7).

5. Conclusions

We have developed a new algonithm for designing constrained codes having
the virtue that error propagation is limited (o exactly one decoded m-bit hlock
Various new look-ahead RLL Block-decodable codes with relatively short

Pl Jowrsl of Reowswrch Vol 8 Me.d 1992 K}

B¥:11 BDOZ 3ne Bg

S J1H

I2ES¥LZ20+1EQD

01



K.A. Schouhamer (mamink

block lengths have been found which are simpier to implement than convern-
tional {dk) block ocodes currently beng used. We have shown that it is
surprisingly profitable in terms of error propegeation to design RLL codes
dirsctly, i.= without the intermediate step of & (4, k)<onstmmined code [ollowed
by & precoding operulion. Specifically, we have presented a new rate B/12, {1,9)
RLL block-decodable code and a new rate /9, (1,4) PRML block-decodatie
code, which are both well adapted to byte-crienled storage systems.
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