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De�nition : Let Fq be a �nite �eld.

1) Hamming weight: wt(x) := #fi 2 f1; ::; ngjxi 6= 0g , x 2 F
n
q

2) C � F
n
q (linear) code: () C Fq � linear subspace

3) C [n,k,d]-Code : () C � F
n
q linear Code of dimension k and

minimum weight d = min
x2Cnf0g

wt(x)

4) Generator matrix :


(C) =

0
@ b11 : : : b1n

...
...

bk1 : : : bkn

1
A

where b1; : : : ; bk 2 C basis

5)

C � C 0 : () i) 9� 2 Sn; A :=

0
@ a1 0

. . .

0 an

1
A ;

a1; : : : ; an 2 Fqnf0g :

A � P (�) � x 2 C 0 8x 2 C

ii) #C = #C 0
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[8; 4; 4]-binary Hamming-code H8 :


(H8) =

0
BB@

1 0
1

1
0 1

��������

0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

1
CCA

#H8 = 2dimH8 = 24 = 16

I := (1; 1; 1; 1; 1; 1; 1; 1) 2 H8

WH8
(X0; X1) = X8

0 + 14 �X4
0X

4
1 +X8

1

P2(H8)(X0; X1; X2; X3) = X8
0 +X8

1 +X8
2 +X8

3

+14 �
�
X4

0X
4
1 +X4

0X
4
2 +X4

0X
4
3

+X4
1X

4
2 +X4

1X
4
3 +X4

2X
4
3

�
+168 �X2

0X
2
1X

2
2X

3
2
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Hamming weight enumerator

C � F
n
q [n; k; d]-code

WC(X0; X1) =
X
�2C

X
n�wt(�)
0 X

wt(�)
1

=
nX
i=0

Ai �X
n�i
0 X i

1

where Ai := #fx 2 Cj wt(x) = ig

Properties :

1) WC(X0; X1) homogeneous of degree n

2) WC1�C2
(X0; X1) = WC1

(X0; X1) �WC2
(X0; X1)

3) WC(1; 1) = #C

4) WC(X0; X1) = Xn
0 + Ad �X

n�d
0 Xd

1 +
nX

j=d+1

Aj �X
n�j
0 X

j
1

5)

C � C 0 ) WC(X0; X1) = WC 0(X0; X1)
6(
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Higher weight polynomials

C � F
n
2 [n; k; d]-code

Pg(C)(X0; X1; : : : ; X2g�1) :=
X

�1;::: ;�g2C

Y
a2Fg

2

X�a(�1;::: ;�g)
a

where �a(�1; : : : ; �g) := #fij 1 � i � n; a = (�1i; : : : ; �gi)g

f0; 1; 2; : : : ; 2g � 1g
'
�! F

g
2

0 7�! (0; : : : ; 0; 0; 0)

1 7�! (0; : : : ; 0; 0; 1)

2 7�! (0; : : : ; 0; 1; 0)
...

2g � 1 7�! (1; : : : ; 1; 1; 1)

0
@ �11 : : :

...
�g1 : : :

�1i
...
�gi

: : : �1n
...

: : : �gn

1
A

-
scanning
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Example : g=2.

P2(H8)(X0; X1; X2; X3) = ???

�1 = (1; 1; 1; 0; 0; 0; 0; 1)T 2 H8

�2 = (1; 0; 0; 1; 1; 0; 0; 1)T 2 H8

?�
1 1 1 0 0 0 0 1
1 0 0 1 1 0 0 1

�

X0 $ (0; 0)T

X1 $ (0; 1)T

X2 $ (1; 0)T

X3 $ (1; 1)T

�0(�1; �2) = 2

�1(�1; �2) = 2

�2(�1; �2) = 2

�3(�1; �2) = 2
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Pg(C)(X0; : : : ; X2g�1) =
X

�1;::: ;�g2C

Y
a2Fg

2

X�a(�1;::: ;�g)
a

Properties of Pg(C) :

1) P1(C)(X0; X1) = WC(X0; X1)

2) Pg(C) homogeneous of degree n

3) Pg(C1 � C2) = Pg(C1) � Pg(C2)

4) Pg(C)(X0; 0; X2; 0; : : : ; X2g�2; 0) = Pg�1(C)(X0; X2; X4; : : : ; X2g�2)

' : Pg(C)(X0; X1; : : : ; X2g�1) 7�! Pg�1(C)(X0; X1; : : : ; X2g�1�1)

Xa 7�!

�
Xa=2 a � 0(2)
0 a � 1(2)

5) C � C 0 ) Pg(C) = Pg(C
0)

6) C;C 0 [n; k]� codes and Pk(C) = Pk(C
0)) C � C 0
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Remark :

s : Fn2 � F
n
2 �! F2

(x; y) 7�!
nX
i=1

xiyi

s is a symmetric bilinear form

C [n; k]-code.

C? := fy 2 F
n
2 js(x; y) = 0 8x 2 Cg dual code of C

De�nition :

1) C selfdual :() C = C?

2) C doubly-even :() 4jwt(x) 8x 2 C

MacWilliams-Identity :

Pg(C) = W:Pg(C) ;

where W := 1p
2
�

0
@ W1 0

. . .

0 W1

1
A ; W1 :=

�
1 1
1 �1

�

and

Mn(C ) � C [Xa ]a2Fg
2
�! C [Xa ]a2Fg

2

(A; p(X0; : : : ; X2g�1) 7�! A:p(X0; : : : ; X2g�1) := p((X0; : : : ; X2g�1) �AT )
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Gg :=< W;E;AGl(g) >� GL(2g; C ) , E := Diag(1; i; : : : ; 1; i)

Theorem : (Runge)

CPg := C [Xa ]
Gg

a2Fg
2

is generated by the polynomials Pg(C) of sdde codes C.

Example : g=1.

G1 =

�
1p
2
W1;

�
1 0
0 i

��
, AGl(1) = �2.

Theorem : (Gleason)

CP1 = C [WH8
(X0; X1);WG24(X0; X1)]
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Zn

F
n
2

�C := 1p
2
� ��1(C) � Rn

� C

� = mod 2

?

6

C code 7�! #�C(z) :=
X
x2�C

e�i(xjx)�z

#�C : H �! C

Well known : C sdde =) #�C elliptic modular form

Th1 : CP1

�=
�!

M
4jk

[�1; k] = C [g4; g
2
6]

X0 7�! f0

X1 7�! f1

Th1(WH8
(X0; X1)) = g4

Th1(WG24(X0; X1)) =
11

18
g34 +

7

18
g26

10



Elliptic modular forms

�1 := Sl2(Z) modular group

f : H �! C holomorphic

f modular form of weight k :

, 1)f
�
(az + b) � (cz + d)�1

�
= (cz + d)k � f(z) 8

�
a b

c d

�
2 Sl2(Z)

2) f has a power series expansion in q := e2�iz

Siegel modular forms

H ; H g := fZ = X + iY 2 C
n�n j Z = ZT ; Y = ImZ > 0g

�1 = Sl2(Z) ; �g := Sp(2g;Z)
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Theorem: (Duke / Runge)

Thg : CPg �!
M
4jk

[�g; k]

Xa 7�! fa(Z)

g = 1; 2 :

CPg
�=
M
4jk

[�g; k]

Commuting diagram

L
4jk[�g; k]

L
4jk[�g�1; k]

CPg

CPg�1

' �

? ?

-

-

Thg

Thg�1
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