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Notation:� aprimenumber(evenor odd)

� apower of � , ��� ��� with �	��

variety = integral seperatedschemeover � algebraicallyclosed

(in mostcasesaffine or projective)

varietyover 
�� = varietyof theform � �������
��
where � seperatedandof finite typeover 
��

curve (over 
�� ) = one-dimensionalvariety(over 
�� )
����� � setof � -rationalpointson � , where

� � 
�� is afield extension(finite or infinite)
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PointCountingandCryptography

�#"%$'&(� finite, abeliangroup

enumerationof " = injectivemap ) *+" ,�- 
/.

discretelogarithmproblem(DLP) of �#"%$0)1� :
given �2$43+� )5�6"�� ,
compute� � 
 . with 7 ! � 8 , where )9�:7;� � � , )5� 8 � � 3 (if it exists)

< Thecomplexity of =?>�@��#"%$0)1� dependsonboth " and ) .

< Given ��$A3+� )9�#"�� , computationof

��B 3 * � )5��)DCFEG�H�I�J&K)LCFEG�:3'�M�
shouldbeeasy.

NPO 
 ! elliptic curve, smoothandprojective, � Q� R $TS ,
with equationUWV � X YJZ � X Z 3 .
N �[
 ! � � \ �^]_$a`b��� 
 ! ��
 ! �c` V � ] Y Z �d] Z 3feKg \Fh e

definenumerationvon
N �[
 ! � :

< find aninjectivemap i *9
 ! �j
 ! ,�- 

< define ) * N ��� �5,�- 
 . , �^]_$G`I�Lk- i+�^]_$a`I� , h k- l
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Theproblem =?>�@�� N �[
 ! �A$0)1� is hardonly if

m N �[
 ! � is dividedby a largeprime

n
needto compute

m N �[
 ! � andits factorization

(or construct
N

sothat
m N �o
 ! � is known)

countingonhigher-dimensionalvarieties:

p O 
�� curve with genusq	r s
@utwvx� p � divisor classgroupof

p
@utwv . � p � divisor classesof degree l
@utwvx� p �#��� divisor classesinvariantundery � z|{~}#� �
���� 
��A�

Theorem:Thereis anabelianvariety ��{�v�� p � sothat

�x{fv�� p �4�A�
��4�L�� @utwv . � p � and ��{fv�� p �4�o
��4�L�� @utwv . � p �#���
asabeliangroups.
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Theoryof point counting:The“ Weil conjectures“

X O 
 � smoothprojective variety, ��tw� X � �
zetafunctionof X

� � X $a�|� � �a��� � �u�
E
� � �

�
� �4$ � � � m X �o
����2�

Propertiesof thefuntion
� � X $a�|� :

< Rationality:

� � X $G�+� � V:�
��� .

� � �^�+��� CFE^��� �4¡ $ � � �^�|��� ¢/�H�|�
where

� .£�^�+� � s5, � and
� V:� �^�+� � s5, � � � .

< Functionalequation:
� � X $ � CFE � C¤E � � ¥�� �#¦'§:V©¨Mª«¦�¨ � � X $a�|� , where¬ is theEuler-Poincaŕe characteristicof X

< Riemannhypothesis:
� � �^�|� � ­ ® �¯°� E �«s±, 7 �w² ¯ �|� where 7 �³² ¯ arealge-

braicintegerswith �´7 �w² ¯ � � � � §:V for all archimedeanvaluations

If thenumbers7 �³² ¯ areknown, onecaneasilycompute
m X �[
 � ���

for all � ��
 !

The Riemann“ hypothesis“ givesan upperboundon
m X �[
��H�2� (the so-

calledHasse-Weil bound).
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Weil conjecturesandsheafcohomology

On everyvariety X , thereis anendomorphismµ¤¶�·�¸ * X ,�- X .

Frobeniusendomorphismon X � ¹º��� v;
���» X E $~¼½¼½¼½$ X¿¾0À O ��Á E $~¼½¼½¼½$4Á�ÂÃ�
�^] E $~¼½¼½¼½$G] ¾ ��k- �^] � E $~¼½¼½¼½$G] �¾ �A$ X � k- X �� sÅÄ Æ�Ä Ç

(homeomorphismon thetopologicalspace,but noautomorphismof X in

general)

mainideaon theproofof Weil conjectures:

Thepolynomials
� � �^�+� arecharacteristicpolynomialsof “ theFrobenius“

onsomevectorspacesattachedto X .

first idea:take cohomologyof Zariski sheafÈÊÉ on X
lP,J- È É ,�- Ë E ,J- Ë V ,J- Ë Y ,�- ¼½¼½¼ (injective resolution)

lP,�- Ì_� X $0È É � �6Í,J- Ì_� X $�Ë E � � ¡,�- Ì_� X $ÃË V � �ÏÎ,�- ÌÐ� X $ÃË Y ��,�- ¼½¼½¼
Ñ �Ò � Â � X $£È É � * � Ó�� ¶'� � � � O tw�Ô� � � C¤E � for all ÆÕ� 
 .

problem:
Ñ �Ò � Â � X $£ÈÊÉ1� � l for �ÔÖ ÆÕÄ R��

n Ñ �Ò � Â doesnotgive the“ right“ betti numbers8 � � ��tw� Ñ � � X � .
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solution:

< searchfor anothertopology(Zariski topologyis too“ coarse“ )

< generalizeto Grothendiecktopologies(“ sites“ )

A site × consistsof

< acategory Ø
< for each Ù � Ø , a set v0·£Ú��°ÙÅ� of families \ Ù � ,J- ÙÛe �³ÜTÝ of mor-

phisms(“ coverings“ )

sothatthreeconditionsaresatisfied:

(a) \ tw�ßÞ©e%� v4·'Ú��ÏÙÅ�
(b) “ transitivity“ of v4·'Ú
(c) “ compatibility“ of v4·'Ú with morphismsÙ ,J- �

sheafon × = contravariantfunctor Ë */Ø ,J- àuádâ sothat

Ë �°ÙÅ�±,�- �ãÜTÝ Ë �ÏÙ � � ,�-,�-
� �w² ¯ � ÜTÝ4äåÝ

Ë �ÏÙ � � Þ Ù ¯ �
for all \ Ù � ,�- ÙÛe �³ÜTÝ � v4·'Ú��ÏÙÅ�
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first example:Zariski topology æ2{f¶'� X O 
 � � on X O 
 �
< objectsof Ø = opensubsetsÙ ç X
< morphisms= inclusionsÙ è - �
< coveringsof Ù = families \ Ù � è - ÙÛe with Ù � é �ãÜTÝ Ù �

secondexample:étaletopology àJê~� X O 
��4� on X O 
��
Ù±$4� smoothvarietiesover 
 �
morphism) *ÅÙ ,J- � étale *´ë inducesisomorphisms

�2ìu�ÏÙÅ� �� ��í � ì � �#�î�
for all (closed)points

� � Ù
< objectsof Ø = étalemorphismsÙ ,�- X
< morphisms= commutative diagrams

Ù ,�- �ï ï
X � X

< coveringsof Ù = families \ ) � *9Ù � ,�- ÙÛe �ãÜTÝ with Ù � é �³ÜTÝ ) � �ÏÙ � �
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Let ð Q� � beaprime.

definitionof ð -adiccohomology:

¢ O ð ¾ ¢ := constantsheaf¢ O ð ¾ ¢ on àJê~� X O(ñ �Ñ �òoó � X $G¢_ôH� := }õtw� ¾ Üaö Ñ �ò[ó � X $G¢ O ð ¾ ¢��Ñ �ô � X O 
 � � :=
Ñ �òoó � X $G¢_ôH�J÷�ø ù0ú|ô

< Frobeniuson X induceslinear endomorphismû � on the ú ô -vector

space
Ñ �ô � X O 
��4� for lWÄ Æ±Ä R��

< � � �^�|� (seeabove)appearsascharacteristicpolynomialof û on
Ñ �ô � X O 
 � �

Ñ �ô � X O 
��4� hardto compute(no upperboundsof ��tw� Ñ �ô � X O 
��A� known

in general),but oneknows

X abelianvariety(e.g.,anelliptic curve)
n Ñ Eô � X O 
 � � � � ��ôH� X �

as ¢ ô -modules,where

�2ô�� X ��* � }õtw�¾ ÜTö X »üð ¾ À ð -adicTatemoduleof X
and X »üð ¾ À * � ð ¾ -torsionpointsof X n

Schoofalgorithm(seebelow)
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Let
ñ

bea @;= -scheme(e.g.,
ñ � ¹º��� v�ý �[
 � � )

and Ù±$G� schemesover
ñ

nilpotentimmersion* � closed
ñ

-immersionÙ è - � givenby anilpotent

idealsheafþ on �

third example:crystallinetopology ÿD¶«tõâ~� X O(ñ � on X O(ñ
< objects � nilpotent immersionsÙ è - � , where Ù ç X Zariski-

open

< morphisms= commutative diagramms

Ù è - �ï ï
Ù���è - ���

where Ù ,J- Ù � is anopenimmersion

(mayidentify amorphismwith � ,J- � � )
< coverings= families \ ) � *c� � ,�- �Êe �³ÜTÝ with � � é �³ÜTÝ ) � �^� � �

problemin definingcohomology:

< ÿ ¶«tõâ � X O(ñ � hasnofinal objectin general

< takefinal objectof thetopos � X O(ñ ��� Â ��� instead
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definitionof � -adiccohomology:

Every variety � over 
 � is a schemeover ý ¾ �[
 � � for all Ç � s .
Every commutative diagramwith � Ä Ç

X � X
ï ï

ñ � - ñ ¾
where

ñ ¾ � ¹º��� vÕý ¾ �o
��4� inducesahomomorphism

Æ � ¾ * Ñ � ��� X O(ñ ¾ ��� Â ��� $£È�É	� Â ��� �±,J- Ñ � ��� X O(ñ � ��� Â ��� $£È�É	� Â ��� �

define
Ñ �! � X O 
 � � � }õtw� ¾ Üaö Ñ � ��� X O(ñ ¾ � � Â ��� $£È É	� Â ��� �

propertiesof
Ñ �! � X O 
 � � (if X is smoothandprojective)

< finitely generatedý �[
 � � -module

< polynomials
� � �H�|� (seeabove) aregiven by the characteristicpoly-

nomialof the“ Frobenius“ on
Ñ �! � X O 
 � �

< U O(ñ
smoothlifting of X , where

ñ � ¹(� � v�ý �o
 � � , then

Ñ �! � X O 
 � � � � Ñ �
�� �HU O(ñ �±* � 
 � �HU9$����� §�� �
Thelaststatementleadsto aninterpretationof

Ñ �! � X O 
��4� in termsof

rigid analyticspaces(seebelow).
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û -crystalstructureon
Ñ �! � X O 
 � � O ê�·�¶«â

ý � ý �[
 � � , � � quotientfield of ý
y * ý ,�- ý (small)Frobeniusendomorphismof ý

û -crystal = pair ��� $���� consistingof

(i) a free ý -module �
(ii) aninjective,additive, y -linearmap

(meansthat �_�H� � � � yD�H�I���_� � � for all �Ô� ý $ � � � )

Examples:

< Ñ �! � X O 
 � � O êG·�¶«â is an û -crystalfor all X projective andsmooth.

< Let 7 � � O�� � ú�� with � ��
 . , � ��
 . Set

� � * � ý �¤» � À O �^� � , � Â �
where ý �¤» � À is thering of y -commutative polynomials.

Define � by � k- � � . Then ��� � $���� is an û -crystal.

Theorem:Every û -crystal � is isogenous(isomorphicaftertensorization

with � ) to afinite, directsumof � � .
� � � Ü! �

� ¾!"�
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< Onecanattachto eachû -crystal � apiecewiselinearfunction

#%$�& * » ld$a¶('�) ��� � À ,�- *
(calledNewtonpolygon)wherethe 7 with Ç � Q� l appearasslopes.

< All possibleNewtonpolygonsof
Ñ �! � X � , X elliptic curve or abelian

variety, areexplicitly known.

< If the Newton-Polygonis known, one can useit togetherwith the

Hasse-Weil boundto reducethecomputationof the
� � �^�|� to thecom-

putationin a

free ý ¾ �[
��A� -moduleof finite rank

(thebiggerthe“ slopes“ , thesmalleris Ç )

disadvantagesof crystallinecohomology:

< restrictionto smoothandprojective curves

< definitionyieldsnomethodof construction

< isomorphism
Ñ �! � X O 
��4�L�� Ñ �
+� � X O(ñ � doesnothelpmuch,because

(i) modulegivenin termsof hyper-cohomology(hardto compute)

(ii) Althoughsmoothprojective X O 
 � canbe lifted to U O(ñ
in many

cases,

theFrobeniuscanalmostnever belifted
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Rigid cohomology

� non-archimedeanvalued,completefield, v-,ß{f¶'��� � � l.
its ring of integers,/ maximalideal,

.|O / � � 
 �0
aseparatedandcomplete

.
-algebra

formalspectrumof
0

:= ringedspace� ¹º�21 � 0 �4$0È�ì � where

< ¹º�21 � 0 � = topologicalspace¹(� � vx� 0 O � ¾ 0 � for any Ç ��

< È�ì � }õtw� È�ì�3 where È�ì�3 � È547698;: �=< § ! 3 < � for all Ç � 


.
-formalscheme:= ringedspace�?> $£ÈA@ � that“ locally“ lookslike a for-

mal spectrum

Tatealgebra:= homomorphicimageof � B X E $f¼ ¼½¼½$ X ¾DC for someÇ , where

� B X E $f¼½¼ ¼½$ X%¾ C * � ring of convergentpower series� \FE G ÜaöH3 � G X G �9}õtw�JI G ILKNM � � G � � lFe
rigid-analyticspace:= ringedspace� X $0ÈÊÉ�� where

< X is “ locally“ themaximalspectrumof aTatealgebra

< Every pointhasabasis\ Ù � e �³ÜTÝ of neighbourhoods

sothat ÌÐ�ÏÙ � $£È�É�� is aTatealgebra.
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Facts:

< For every
.

-formal scheme> thereis a rigid analyticspace>PO and

amorphismof ringedspaces

â � *Q> O ,�- >
(If > � ¹(�21 � 0 � , simply take >RO * � ¹º� �Ô� 0 ÷TS � � .)

< Every quasi-projective variety X O 
 � canbeembedded

in a
.

-formal,affinescheme
�

.

opentubeof X in U� * � À X » ì * � â � CFE � X �±ç U�
Onehas À½X » ì � \ ] � U� �W� Á � �H]�� � Ö s�$ s+Ä Æ±Ä � e
where Á E $f¼½¼½¼ $0Á�Â±� ÌÐ� � $£È�ìß� generatetheidealof X in

�
.

Theorem:If X is asmoothprojektve varietyover 
 � , then

Ñ �! � X O 
��4� � � 
 � � À X » ì�$!���V ÉXW Y � � * Ñ �Â �[Z � X O 
��A�
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Rigid cohomologyfor affine varieties

X O 
 � smooth,affinevariety,

U := projective closureof X ,
� * � U \ X

embedU into anaffine,smooth
.

-formalscheme
�

n
getsubsetsÀ X » ì $ À U	» ì $ À � » ì of U�

À � » ì ²^] * � \ ] � U� �W� q � �H]�� � Ö _ e
where _ Ö s and q E $f¼ ¼½¼½$�q Â � Ì_� � $£È ì � generatetheidealof

�
in

�
.

For any shearË on À U	» ì , set

Ù ] * �9À U » ì`\ À � » ì ²^] $ a ] * Ù ] è - À U » ìJ$ acbHË * � }õtw�] K E a ]�d a
d] Ë

Thendefine
Ñ �Â �eZ � X ��* � 
 � � À U	» ì $fa b � �V � W Y � � � Ñ � �#Ì_� À U	» ì $fa b � �V � W Y �M� .

Theorem:
Ñ �Â �eZ � X O 
��4� is a finite-dimensional� -vectorspace.

Remark:Thecanonicalmorphismsof sheaves

�g�V � W Y ,�- a ]9d a d] �g�V � W Y ,�- a2b����V � W Y
inducea canonicalhomomorphism

Ñ �Â �[Z �^U O 
��4��,J- Ñ �Â �eZ � X O 
��4� (that

commuteswith Frobenius).
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advantagesof rigid cohomology:

< It is moreexplicit thancrystallinecohomology.

< It is definedfor non-projective andsingularvarieties.

< We have a simplerelationbetweencohomologyof affine andprojec-

tivevarieties.

< Onecanapplythetheoryrigid analyticspaces:comparisiontheorem

of Cechandsheafcohomology, Serredualityetc.

algebraicdescriptionof rigid cohomology:

X affine varietyover 
��
�0 coordinatering 
 � » X E $f¼½¼½¼ $ X ¾ À O ��Á E $f¼½¼ ¼½$0Á Â � of X0

lifting of �0 to ý �[
 � �0 b weak h -adiccompletionof
0

= homomorphicimageof

ý �[
��4�0» X E $f¼½¼ ¼½$ X%¾0À b � \ G � G X G ��i p r ld$2l Ö jÔÖ s *+� � G � Ö p j I G I e

Theorem:Thereis a canonicalisomorphism

Ñ �Â �eZ � X O 
 � � � � Ñ �
�� � 0 b ÷ ) � �«� � � � � * Ñ �& ) � �0 �
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Algorithms( ð -adicand� -adic)

(1) Schoof’s algorithm( ð -adic,roughidea)

< givenanelliptic curve
NWO 
 � with ��� ��� , � Q� R $TS

< for severalprimes ð E $4ð V $f¼ ¼½¼½$4ð Â Q� �
(a) computeactionof Frobeniuson

N »´ð � À
(using Ç -divisionpolynomials)

(b) obtaintraceof Frobeniuson �2ô � �
N � “ modulo ð � “

(“ first orderapproximationof Frobeniuson
Ñ Eô � �

N � “ )

< CRT yieldstraceof Frobeniuson
N

“ modulo � ­ Â� � E ð � � “< product r R�k � n
getexactFrobeniusl on

N
from �=lF�bÄ k �

< m N �[
 � � � �?Z s5, l
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“ smallFrobenius“ :NPO 
 � elliptic curve, �Ê� ��� , � � R
Themapping �^]_$G`I�Lk- �^] ! $a` ! � givesa morphism

N ,�- N � ! � .
If
N

is givenby ÁÐ�H]_$G`I� � l , then
N � ! � is givenby Á`mº�^]_$a`b� � l

(Frobeniusappliedto coefficientsof Á ).

n
cycleof curves

¼ ¼½¼©,J- N ,�- N � ! � ,J- N � ! Î � ,J- ¼½¼½¼©,�- N � !on � � N ,�- ¼½¼½¼

(2) Satoh’s algorithm(� -adic)

< givenanelliptic curve
NWO 
��

< computethe � -cycle of curves
N � ! � � andtheir a -invariantsa �

< computea � -adicapproximationof all the a -invariantsp � of thecano-

nical lifts of the � curves

(The p � aregivenby a � -adicpolynomialequationsystem;

useNewton iterationto approximatesolution)

< computethecoefficientsof thelifted curvesfrom their a -invariants

< computethe � -torsiongroupsof thelifted curves

(givenby a factorof the � -divisionpolynomial)

< from thatcomputethetracesof thesmallFrobenius
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(3) Kedlaya’s algorithm(� -adic,cohomological!)

< givena hyperellipticcurve
p *?U V � Á;� X � over 
��

< �0 * � coordinatering of
p \ \Fh $ Weierstrasspoints e

< roughidea:approximatecomputationof Frobeniuson
Ñ E& ) � �0 �

(requiredprecisiongivenby Hasse-Weil bound)

< decomposeFrobeniusinto “ smallFrobenii“ , obtaincycle

¼½¼½¼�qsrut�vw Ñ E& ) � �0 �xqyrzt�vw Ñ E& ) � �0 � ! � �xqyrzt�vw Ñ E& ) � �0 � ! Î � �xqsrut�vw ¼ ¼½¼
< basisof

Ñ E& ) � �0 � ! � � � givenby{ � * � \�X | U C¤E ��X , X | U C V ��X , lWÄ � Ä R q , sfe
< first step:computationof lifting of smallFrobenius

� 0 b6��� ! � � ý �[
��4�0» X $GU À O �^U V , UÁ m �fb�,�- 0 b � ý �[
��4�0» X $GU À O �^U V , UÁ��fb
(a) sendX to X qyrzt�v * � X !
(b) obtain U qyrzt�v from (app.)solving �HU qyrzt�v �°V � UÁ m � X qyrzt�v � in

0 b
< secondstep:computesmallfrobeniusondifferentials

� X | U C ¯ ��X � qsrzt�v � �ÛX ! | � � ! CFE^� �^U qyrzt�v � C ¯ ��X
andreducemodulo“ exactdifferentials“

(imageof � * 0 b ÷ � ,�- � E<F}�~ )
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< If thehomomorphism

Ñ E& ) � �0 � ! � ��,�- Ñ E& ) �u�0 �
relative to

{ E , { . givenby thematrix � , then

Ñ E& ) � �0 � ! � �4¡ � ��,�- Ñ E& ) � �0 � ! � � �
relative to

{ � � E $ { � is givenby � m � .
< third step:compute

� � � ¨ � mc¨ ¼ ¼½¼ ¨ � m n�� ¡
< fourthstep:computethetraceof

�
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Problemsin extendingKedlaya’s algorithmto generalvarities:

< needabasis(or at leastageneratingsystem)of
Ñ �& ) � �0 �

(usetheoryof rigid analyticspacesandrelation

between“ projective“ and“ affine“ rigid cohomology)

< computationof lifting of Frobeniuson � 0 � ! � � b ,�- 0 b
existenceof lifting is grantedby theoremsof Artin andBosch

task:useproofsto formulatea generalalgorithm

< useinformationon“ slopesof Frobenius“ for complexity estimates


