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Notation:

D aprimenumber(evenor odd)

q apowerof p, g = p*witha € N

variety = integral seperatedchemeover k algebraicallyclosed
(in mostcasesaffine or projectie)

varietyover F, = varietyof theform V' xg, F,

wherel” seperate@ndof finite typeoverF,
curve (overF,) = one-dimensionalariety (overIF,)

V(K) setof K -rationalpointson V', where

K | F, is afield extension(finite or infinite)
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PointCountingandCryptograply

(G, %) finite, abeliangroup

enumeratiorof G = injectvemapy : G — N

discretelogarithmproblem(DLP) of (G, ¢):

givena, b € p(G),
computep € Ny with o = 3, wherep(a) = a, () = b (if it exists)

e Thecompleity of DLP(G, ¢) depend®n bothG andep.
e Givena, b € ¢(G), computatiorof
a®b = plpT(a)x 97 (b))

shouldbeeasy

E /T, elliptic curve, smoothandprojective,p # 2, 3,

with equationY? = X3 +aX + b.

E(F,) = {(@y) €F,xF, | y*=a"+az+b}U{oo)

definenumeratiornvon E(F,):

e find aninjectvemapy : F, x F, — N

e definep : E(K) — Ny, (z,y) = ¥(z,y), 00 — 0
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TheproblemDLP(E(F,), ) is hardonly if
t E(IF,) is dividedby alargeprime

= needto computeq F(F,) andits factorization

(or constructE sothatf F(IF,) is known)

countingon higherdimensionalarieties:

C/F, curve with genusg > 1

Pic(C')  divisorclassgroupof C

Pic’(C) divisor classe®f degreel

Pic(C)y, divisorclassesnvariantundero € Gal(F, | F,)

Theorem:Thereis anabelianvariety Jac(C') sothat

Jac(C)(F,) ® Pic’(C)  and  Jac(C)(F,) = Pic"(C)g,

asabeliangroups.
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Theoryof pointcounting: The“ Weil conjectures

X /F, smoothprojectie variety dim X = d

zetafunctionof X

2XT) = en(Na),  Na=tX(Ep)

m>1

Propertieof thefuntion Z (X, T'):

e Rationality
2d .
Z2(x,7) = []P@"",  R(T)euT)
1=0

wherePy(T) =1 — T andPyy(T) = 1 — ¢°T.
e Functionalequation Z(X, ¢ 'T1) = £q™/2.tx. Z(X, T), where

X is the EulerPoincaé characteristiof X

e RiemanrhypothesisP,(T') = Hf;l(l — «a;;T) whereq; ; arealge-

braicintegerswith |« ;| = ¢*/? for all archimedeawaluations

If thenumbersy; ; areknown, onecaneasilycomputef X (F;n )

forallm € NI

The Riemann hypothesi$ givesan upperboundon f X (FF,~) (the so-

calledHasse-Wil bound).
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Weil conjecturesandsheafconhomology

Oneveryvariety X, thereis anendomorphisnk¥rob : X — X.
Frobeniusendomorphisnon X = Spec F, [ X7, ..., X,|/(f1, .-, f+)

(z1, ey ) > (25, ..., 2), X X!'1<i<n

(homeomorphisnonthetopologicalspacebut no automorphisnof X in

general)

mainideaon the proof of Weil conjectures:

ThepolynomialsP;(T') arecharacteristipolynomialsof “ the Frobeniu$

on somevectorspacesattachedo X .
first idea:take cohomologyof ZariskisheafOxy on X
0 —0x —F —F, —F — ... (injective resolution)

0 — (X, 0x) 2 T(X, F) 25 T(X, F) -2 T(X, Fs) —> ...

H' (X,0Ox)

zar

ker(dz)/lm(dz_l) forall: € N()

problem:H}, (X,0x) =0ford < i < 2d
= H’

zar

doesnot give the* right bettinumbers3; = dim H'(X).
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solution:
e searchor anothertopology(Zariskitopologyis too* coarsg)

e generalizéo Grothendieckopologies(“ sites)

A siteS consistof
e acatgoryC

e for eachU € C, asetcov(U) of families{U; — U };c; of mor

phisms(“ covering$)
sothatthreeconditionsaresatisfied:
(@) {idy} € cov(U)
(b) “ transitvity“ of cov

(c) “ compatibility of cov with morphismd/ — V'

sheafon S = contravariantfunctorF : C — Ens sothat

F(U) —>H-7:(Uz‘) — H F(U; xy Uj)
(

i€l i,j)eIxI

forall {U; — U }ier € cov(U)
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first example:ZariskitopologyZar(X/F,) on X /F,

e objectsof C = opensubsetd/ C X
e morphisms= inclusionsU — V

e coveringsof U = families{U; — U} withU = |, U;

secondexample:étaletopologyEt(X /F,) on X /F,

U,V smoothvarietiesover I,

morphismyp : U — V étale:< inducessomorphisms

for all (closed)pointsP € U
e objectsof C = etalemorphismd/ — X

e morphisms= commutatve diagrams

u — V
i I
X = X

e coveringsof U =families{y; : U; — U },erwithU = ,; :(U;)
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Let! = p beaprime.

definition of [-adiccohomology:

717 ;= constansheafZ/!"Z onEt(X/S)
Hi(X,7) = lim,en HY(X,Z/1"7)
Hi(X/F,) = Hy(X,Z) ®z,Q

e Frobeniuson X induceslinear endomorphismf; on the Q;-vector
spaceH; (X /F,) for0 < i < 2d

e P,(T) (seeabore)appearsscharacteristipolynomialof 7' on H; (X /TF,)

H}(X/TF,) hardto compute(no upperboundsof dim H}(X/F,) known

in general) but oneknows
X abelianvariety (e.g.,anelliptic cune) = H}(X/F,) = T)(X)
asZ;-moduleswhere

T)(X) :=lim X[I"] [-adic Tatemoduleof X

neN

and X [["] := ["-torsionpointsof X = Schoofalgorithm(seebelaw)
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Let.S beaPD-schemde.g.,S = Spec W (F,))

andU,T' schemesver S

nilpotentimmersion:= closedS-immersion/ < T' givenby anilpotent
idealsheaf7 onT’

third example:crystallinetopologyCris(X/S) on X /S

e objects= nilpotentimmersionsU — V, whereU C X Zariski-
open
e morphisms= commutatve diagramms
U — T

o
U — T
whereU — U’ is anopenimmersion

(mayidentify amorphismwith 7' — T")

e coverings=families{y; : T; — T}y with T = {J,.; pi(T3)

problemin definingcohomology:

e Cris(X/.S) hasnofinal objectin general

e take final objectof thetopos(X/S5).:s instead
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definitionof p-adiccohomology:

EveryvarietyV overF, isaschemever W, (F,) foralln > 1.

Every commutatve diagramwith m < n

X =X
Loy
S, — S,

whereS,, = Spec W,,(F, ) inducesahomomorphism

Z.mn : Hi((X/Sn)crisa OXcris) — Hi((X/Sm>cri87 OXcris)

defineH} (X /IF,) = limpen H'((X/Sy)eris; Oxeris)

propertieof H!(X/F,) (if X is smoothandprojective)

e finitely generatedV (F,)-module

e polynomialsP(T') (seeabore) aregiven by the characteristigoly-

nomialof the” Frobeniu$ on H}(X/F,)
e Y'/S smoothlifting of X, whereS = Spec W (IF, ), then
H,(X/F,) & Hpp(Y/S) :==H (Y, Q55)

Thelaststatementeadsto aninterpretatiorof /(X /F,) in termsof

rigid analyticspacegseebelawn).



R. Gerkmann, COUNTING POINTS ON VARIETIES USING p-ADIC COHOMOLOGY PAGE 11

F-crystalstructureon H' (X /IF, ) /tors

W =W (F,), K = quotientfield of W

o : W — W (small)Frobeniussndomorphisnof 1V

F-crystal = pair (M, ¢) consistingof
(i) afreeW-moduleM

(i) aninjective, additve, o-linearmap

(meanghat¢(am) = o(a)p(m) foralla € W, m € M)

Examples:
e H'(X/IF,)/tors is an F-crystalfor all X projective andsmooth.
o Leta=r/s € Q, withr € Ny, s € N. Set
M, = W[T]/(T" —p)

wherelV,[T'] is thering of o-commutatve polynomials.

Define¢ by m — T'm. Then(M,, ¢) is an F-crystal.

TheoremEvery F'-crystalM isisogenougisomorphicaftertensorization

with K) to afinite, directsumof M,,.

M~ @M
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e Onecanattachto eachF'-crystalM apiecaviselinearfunction
Nwy : [0,rgyp(M)] — R
(calledNewton polygon)wherethe o with n,, # 0 appeamsslopes.

e All possibleNewton polygonsof H'(X), X elliptic curve or abelian

variety areexplicitly known.

e If the Newton-Polygonis known, one canuseit togetherwith the
Hasse-Wil boundto reducethecomputatiorof the P;(T') to thecom-

putationin a

freeW,,(IF,)-moduleof finite rank

(thebiggerthe“ slope$§, thesmalleris n)

disadwantage®f crystallinecohomology:

e restrictionto smoothandprojective curves
e definitionyieldsno methodof construction
e isomorphismi(X/IF,) = H},p(X/S) doesnothelpmuch,because

(i) modulegivenin termsof hypercohomology(hardto compute)

(ii) Althoughsmoothprojective X/F, canbelifted to Y/S in mary

CasSes,

the Frobeniuscanalmostnever belifted
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Rigid cohomology

K non-archimedeawalued,completefield, char(K) =0
V itsring of integers,m maximalideal,)V/m = T,

A aseparatedindcomplete)-algebra

formal spectrumof A :=ringedspaceg(Spf(A), Op) where

e Spf(A) = topologicalspaceSpec(A/p™A) for anyn € N
e Op = lim Op, whereOp, = Ogpec(aspma) foralln € N

V-formal scheme= ringedspace( X, Ox) that“locally* lookslike afor-

mal spectrum

Tatealgebra=homomorphidmageof K (X, ..., X,,) for somen, where

K(Xi,...,X,) = ringof corvergentpower series
= {deNn a, X* | im0 |a,| =0}

rigid-analyticspace= ringedspace( X, Ox) where

e X is“locally’ themaximalspectrunof a Tatealgebra

e Everypointhasabasis{U, };; of neighbourhoods

sothat['(U;, Oyx) is a Tatealgebra.
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Facts:

e For every V-formal schemeX thereis arigid analyticspaceX™ and

amorphismof ringedspaces
sp: X7 —X
(If X = Spf(A), simplytake X~ := Spm(A ®y K).)

e Every quasi-projectie variety X /IF, canbeembedded

in a}-formal, affine schemeP.
opentubeof X in P = | X[p = sp(X)C P

Onehas
| X [p= {ZL’GP | fi(o)] <1, 1<i<r}

wherefi, ..., f, € I'(P, Op) generateheidealof X in P.

Theoremif X is asmoothprojektwe varietyoverIF,, then

H(X/E) =  H(X[n%y,) =  H,(X/E)
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Rigid cohomologyfor affine varieties

X /F, smooth affine variety,
Y :=projectveclosureof X, 7 =Y \ X
embedY” into anaffine, smooth)-formal schemeP
= getsubset$X|[p,]Y[p,]Z[p of P
[Z[py = {zeP g <A}

wherel < 1andgi, ..., g, € ['(P, Op) generateheidealof Z in P.

For ary shearF on Y [p, set
U)\ I:]Y[P\]Z[P,)\a j/\ : UA (_>]Y[P7 ]TF = }\12}])\*];\}-

Thendefine H

719

(X) :=H(Yp, 5" Uy,) = H' (Y [p, 57 y,)-

Theorem:H*

r1g

(X/F,) is afinite-dimensional -vectorspace.

Remark:Thecanonicaimorphismsf sheaes
Q].Y[P — jA*j;Q].Y[P — jTQ].Y[P

inducea canonicalhomomorphismi}, (Y/F,) — H;

T1g

(X/F,) (that

commuteswvith Frobenius).
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advantage®f rigid cohomology:

e It is moreexplicit thancrystallinecohomology
e |t is definedfor non-projectve andsingularvarieties.

e \We have a simplerelationbetweencohomologyof affine andprojec-

tive varieties.

e Onecanapplythetheoryrigid analyticspacescomparisiortheorem

of CechandsheafcohomologySerreduality etc.

algebraiadescriptionof rigid conomology:

X affinevarietyoverF,
coordinateing F,[ X, ..., X,)]/(f1, ..., fr) of X
lifting of A to W (FF,)

SN

AT weakp-adiccompletionof A = homomorphidmageof

W(F)[X1, o, Xa]' ={)_a,X* | 3C>0,0<p<1: |a,] < Cp}

Theorem:Thereis a canonicaisomorphism

Hﬁig(X/FQ) = H%R(AJr Qw (F,) K) = HJZ.\éIW(A)
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Algorithms (/-adicandp-adic)

(1) Schoofs algorithm(/-adic,roughidea)

e givenanelliptic curne E/F, with g = p*, p # 2,3
e for severalprimesly, [y, ...,[, # p

(a) computeactionof Frobeniuson F|l;]
(usingn-division polynomials)
(b) obtaintraceof Frobeniuson 7}, () “ modulol;*

(“ first orderapproximatiorof Frobeniuson H} (E)*)

e CRT yieldstraceof Frobeniuson E “modulo([ [:_; %;)*

e product> 2,/q = getexactFrobenius: on E from|c| < /g

oﬁE(IFq):q—Fl—c
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“smallFrobenius:

E/F, elliptic curwe,q = p*, a > 2
Themapping(z, y) — (2?, y?) givesamorphismE —s E®),
If Eisgivenby f(x,y) = 0, thenE® is givenby f°(z,y) = 0

(Frobeniusappliedto coeficientsof f).

= cycle of curves

v E - B0 g0y SR

(2) Satohs algorithm(p-adic)

e givenanelliptic cure E /T,
e computethe a-cycle of curves E®) andtheir j-invariantsj;

e computea p-adicapproximatiorof all the j-invariantsJ; of thecano-
nical lifts of thea cures
(The J; aregivenby a p-adicpolynomialequationsystem;

useNewton iterationto approximatesolution)
e computethe coeficientsof thelifted curvesfrom their j-invariants

e computethe p-torsiongroupsof thelifted curves

(givenby afactorof the p-division polynomial)

e from thatcomputethetracesof the smallFrobenius
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(3) Kedlayas algorithm(p-adic,cohomological!)

e givenahyperellipticcune C : Y? = f(X) overT,
e A := coordinataing of C'\ {oco, Weierstraspoints}

e roughidea: approximatecomputatiorof Frobeniuson H1,,, (A)

(requiredprecisiongivenby Hasse-Wil bound)

e decomposé&robeniuganto“ smallFrobenit, obtaincycle

frob frob

frob i frob
& Hypyy(A) & Hypy (AP) & Hypyy (AP) &

e basisof H.,,, (A")) givenby
B, = {XFY1dX, X*Y?2dX,0< k <29 —1}
e first step:computatiorof lifting of smallFrobenius
(AN = W(F)[X, Y]/ (V2= f) — AT = W(F)[X,Y]/(Y*~f)f
(a) sendX to Xob .= X7
(b) obtainY ™ from (app.)solving (YP)2 = f7(Xob) jn Af
e secondstep:computesmallfrobeniuson differentials
(XFY T dX)fob = p XPEHE-1) (yhob)=i g x

andreducemodulo” exactdifferentials

(imageofd : AT®@ K — Q) %)
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e If thehomomorphism
Hyyyy (A%) — Hjypyp(A)
relative to B, B, givenby the matrix M, then
HJI\/_IW(A(piH)) — HJIVIW(A(pi))
relativeto B;, 1, B; is givenby M?".

e third step:computeN = M - M? - ... - M°

e fourth step:computethetraceof NV
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Probleman extendingKedlayas algorithmto generabarities:

e needabasis(or atleastageneratingsystem)f Hi,,,,(A)
(usetheoryof rigid analyticspacesndrelation

betweer projectve’ and* affine' rigid cohomology)

e computatiorof lifting of Frobeniuson (A®)T — Af
existenceof lifting is grantedoy theorem=f Artin andBosch

task:useproofsto formulatea generaklgorithm

e useinformationon* slopesof Frobeniu$ for compleity estimates



